PREFACE 


Welcome to UDAAN- a program to give wings to the girl students! 


The UDAAN programme has been initiated with the primary objective of increasing the 
enrollment of girl students in leading engineering institutions. The program is designed to 
provide a platform to deserving girls who aspire to pursue higher education in engineering and 
assist them in preparing for the entrance examinations. 


The study material covers the syllabus of the Joint Entrance Examinations. It has been designed 
to ensure that it is easy to understand. The progression of the content moves from simpler to 
complex concepts as the Unit/Chapter proceeds. Each topic and subtopic 1s followed by some 
practice questions for you to attempt. Answers to these questions are given at the end. In case 
you have difficulty in solving any of them, please email us at udaanhelpdesk2017@gmail.com 
or contact at 011-23231070. 


Best of luck and happy learning! 


Chairperson, CBSE 
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UNIT-1 : PHYSICS + MEASUREMENTS 


Learning Objectives 


After going through this unit, you would be able to understand, appreciate and apply the following concept: 


Need for measurements and basic ideas related to the “measurement process”. 


Fundamental and derived units. 

Systems of units. 

The seven base units of the SI. 

Use of multiples and sub-multiples in SI. 

Derived units of some important physical quantities. 
Dimensions of physical quantities. 

Dimensional formulae of different physical quantities. 
Dimensional analysis. 

Main applications and limitations of dimensional analysis. 
Principle of dimensional homogenity. 

“Least count”. 

Precision and Accuracy in measurements. 

Errors in measurement. 

Systematic and random measurements. 

Absolute, relative and percentage errors. 


Combination oferrors. 


Rules, for calculation of net error, in calculations involving. 


— addition and subraction. 

— multiplication and divison. 

—  raisingto the power ‘n’. 

Significant figures. 

Meaning of 

— Average /mean error. 

— Mean sqaure error and root mean square error. 


— Standard deviation. 
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The ‘Need’ for Measurements 


Measurements, as we all know, have played a very significant role in the development of all physical 
sciences. It is ‘observations’, coupled with (progressively precise and accurate) ‘measurements’, that 
have helped scientist to develop, and improve, their basic theories of nature and natural phenomena. 


The ‘Measurement Process’ 


Measurement is basically a process of comparison. The ‘measure’, of a given physical quantity is obtained 
by comparing it with a standard, or reference, measure of that quantity and finding how many times (say n 
times), that standard measure is contained in the given physical quantity. The ‘measure’, of the given 
physical quantity, is then expressed as (n) units), n is known as the numerical value. 


Unit 


The standard, or reference, ‘measure’ ofa given physical quantity (chosen after due delibrations, followed 
by international agreement, as far as possible), is known as the unit of that physical quantity. 


Standard 


It is often (but not always) possible to have physical embodiments, of the units of different physical quantities. 
Such a “physical embodiment’, of the UNIT ofa physical quantity, is known as the standard measure, or 
just the STANDARD, ofthat physical quantity. 


Fundamental Units 


It turns out that one need not define out a ‘unit’ for all the (vast number of) physical quantities. A suitable 
choice, ofan appropriate number of (selected) physical quantities, enables us to define the units of ‘all 
other physical quantities’, in terms of the units of these (few, carefully selected) physical quantities. The 
unit, of these few (selected) physical quantities, are known as the fundamental units. 


Derived Units 


The units of other physical quantities can be defined in terms of the units of these (selected few) units. We 
call the units of all the other physical quanties, as “derived units’. 


Derived units may thus be viewed as units that are defined through the (selected, few) fundamental units. 
Number of the Fundamental Units 


In the initial stages, 1t was thought that one could define the units ofall the other physical quantities by 
assigning, and defining, the unit of length, mass and time. These three physical quantities — length, mass and 
time — were, therefore, regarded as the fundamental quantities. The number of fundamental units, in the 
initial stages, was, therefore, three. 


Later on, it was realized that there was a need for taking an additional number of physical quantities as 
‘fundamental, or base, quantities.’ The number, presently being used is seven. We now take the seven 
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quantities. “Length, mass, time, electric current, thermodynamic temperature, luminous intensity and amount 
of substance” as the (seven) base or fundamental quantities. 


Systems of Units 


We have had several systems of units, in use, at different places and at different times. The three more 
prominent systems of units, that have been used earlier, are 


(1) The FPS (Foot - found - second) system 
(2) The CGS (Centimeter - gram - second) system 
(3) The MKS (Meter - kilogram - second) system 


In the year 1971, the general conference on weights and measures (CGPM - the conference general 
despoids et. Measures - having its central office at Sevres, near Paris, in France) developed and 
recommended a system of units, now known by the abbreviation SI units. It is the system that is now being 
used internationally for scientific, industrial, technical and commercial works. 


The SI Units 


The SI or the international system of units (Systeme International d’ units), has seven base (or fundamental) 
units, two supplementary units (for the angle and the solid angle) and a large number of derived or secondary 
units. 


Two important features, of the SI, namely: 


1. It being a coherent system (1.e., a system in which the derived units are obtained from the basic units, 
by multiplication, or division, without introducing any additional numerical factor). 


2. The use of the decimal system in it (which makes conversions, within the system, as simple and 
convenient). 


make this system logically superior to all the earlier system of units. 
The definitions, of the seven base units, of the SI, are given below: 


metre (m) (Physical quantity : Length) — The metre is defined as the length of the path, moved by light, 
in vacuum, during a time interval of 1/299 792 458 ofa second. (Note that the effect of this definition is to 
fix the speed of light in a vacuum at exactly 299 792 458 ms“). 


kilogram (kg) (Physical quantity : Mass) — The kilogram is the mass of a cylinder of platmum-iridium 
alloy kept at the international Bureau of Weights and Measures in Paris. 


second (s) (Physical quantity : Time) : The second is the duration of 9 192 631 770 periods of the 
radiation corresponding to the transition between the two hyperfine levels of the ground state of the caesium 
133 atom. 


ampere (A) (Physical quantity : Electric Current) — This is defined as the constant current which, 1f 
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maintained in each of two infinitely long, straight, parallel wires, of negligible cross-section, placed 1 m 
apart, in vacuum, produces between the wires a force of 2 x 10” newton per meter of their length. 


kelvin (K) (Physical quantity : Thermodynamic Temperature) — In SI units, temperatures are measured 
on the thermodynamic scale with absolute zero as ‘zero’, and the triple point of water (1.e., the temperature 
at which ice, water and water vapour are in equilibrium) as the upper fixed point. The interval is divided 
into 273.15 divisions and each division is taken as the unit oftemeperature. This units is called the kelvin. 


candela (Cd) (Pysical quantity : Luminous Intensity) — The candela is the luminous intensity, in a given 
direction, ofa source that emits monochromatic radiation of frequency 540 x 10” hertz and that has a 


l 
radiant intensity, in that direction, (=) of watt per steradian. 


mole (mol) (Physical quanity : Amount of Substance) — The moe is the amount of any substance which 


contains as many elementary entities as there are atoms is 0.012 kg of the Isotope, ‘<C , of carbon. 


The two supplementary units, for the angle and the solid angle, may be defined as follows: 


Radian (rad) (The unit of angle) : One radian equals the plane angle, subtended at the centre ofa circle, 
by an arc of that circle that has a length equal to the radius of the circle. 


Steradian (sr) (The unit of solid angle) : One steradian equals the solid angle, subtended at the centre 
ofa sphere, by an area (A) on the surface of the sphere where that area (A) equals the area of a square of 
side equal to the radius ofthe sphere. 


Multiples and Sub-multiples in SI 


The SI units, as we have noted, use the decimal system. A number of multiples, and submultiples, 
correspondings to different powers of ten, are, therefore, an integral part of the SI units. 


We list the names of the multiples, and the sub-multiples, associated with the different powers often, in the 
table given below. 


Multiples Submultiples 


Power of ‘ten’ Nameofmultiple Symbol Power of ‘ten’ Nameofsubmultiple Symbol 


10'° exa e 1078 atto a 
10" peta P 10°» femto f 
10” tera T 10 pico p 
10° giga G 10” nano n 
10° mega M 10° micro u 
10° kilo k 10° milli m 
10° hecto h 10° centi c 
10! deka da 10° deci 
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Derived SI Units of Some Important Physical Quantities 


The table, given below, gives the names of some important derived units. Here it is important to remember 
that some derived units have been given names of their own. This has been done for the twin purpose of (1) 
practical convenience and (11) honouring distinguished scientists, for their contribution in the field relevant to 


the concerned physical quantity. 


For example: 


(a) 
(b) 
(c) 


The derived unit of force [ = kilogram — meter / (second’)], has been given the name ‘newton (NY. 


The derived unit of pressure [ = newton / (meter)*], has been given the name ‘pascal’ (Pa). 


The derived unit of “potential difference’ [= joule / (ampere-second)] has been given the name ‘volt’ 


(=V). 


and, so on. 


Physical Quantity 
Velocity 
Acceleration 
Momentum 
Force 
Pressure 
Work 
Energy 
Power 
Frequency 
Quantity of heat / heat energy 
Moment of inertia 
Elastic module 
Stress 
Sound intensity 
Illumination 
Luminous flux 


Surface tension 


Name of the SI Unit 


meter per second 

meter per seond squared 

kilogram - meter per second 
newton 

pascal / (newton per meter squared) 
joule 

joule 

watt 


hertz 


joule 


kilogram meter squared 
newton per meter squared 
newton per meter squared 
watt per meter squared 
lux 

lumen 


newton per metre 





Coefficient of viscosity 
Electric charge 

Capacitance 

Inductance 

Resistance 

Potential / emf 

Absolute permittivily 
Electric dipole moment 
Electric field 

Electric polarisation 

Electro chemical equivalent 
Specific heat capacity 
Specific latent heat capacity 
Coefficient of thermal conductivity 


Coefficient of linear / area / 
volume expansion 


Magnetic flux 

Magnetic field intensity 
The vector H 

Intensity of magnetisation 


Absolute per meability 


pas / (N-s/m/) 

coulomb 

farad 

henry 

ohm 

volt 

farad per metre 

coulomb metre 

newton per coulomb or volt per metre 
coulomb per metre sqaured 
kilogram per coulomb 

joule per (kilogram kelvin) 
joule per kilogram 

watt per (metre-kelvin) 


per kelvin 


weber 

tesla 

ampere per metre 
ampere per metre 


henry per metre 
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(N-s/m7”) 


Names of Some Units in General Use 


We list below the names, and symbols, of some units (of different physical quantities), that are not a part of 
the SI units, but are still used, quite often, in actual pratice. 


Name of Physical Its Unit, Still in Relation with the 
Quantity General Use Relevant SI Unit 
Name Symbol 
mass carat C IC =2 x 10*kg 
mass quintal q lq = 100 kg 
mass tonne t It= 10° kg 
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time 
time 
time 
time 
length 
length 
area 
area 
area 
volume 
pressure 
pressure 


pressure 


angle 


Dimensions 


minute 
hour 
day 


year 
micron 


angstorm 
barn 

are 
hectare 
litre 

bar 
standard 


torr 


degree 


< a rg 


um 


bar 
atm 


Tr 


1 min = 60s 
1h = 3600s 
1d = 86400s 


ly = 3.156 x 107s 


lum =10°m 
1A°=10 "m 
lb = 10” m’? 
la = 10m’ 

l ha = 10m? 

IL = 10 >m’ 

l bar = 10° Pa 


l atm = 1.013 x 10° Pa 
1 Tr= 1 mmofHg = 9.8 N/m 


V= Z] rad 
180 


The dimensions, ofa physical quantity, are the powers, to which the fundamental (or base) quantities, must 


be raised to represent it. 


The number of fundamental (or base) quantities, needed to represent a given physical quantity, depends on 
the nature of that quantity. While dealing with mechanical phenomena, we generally need only three 
fundamental quantities (mass, length and time) to represent the different mechanical quantities. However, 


while dealing with 





(1) thermal phenomenon, we also need another fundamental quantity, which has been taken as the 
(thermodynamic) temperature. 


(2) electric and magnetic phenomenon, we also need an additional fundamental quantity which has 
been taken as the electric current. 


(3) Optical phenomenon, we use the additional fundamental quantity, the luminous intensity. 


The seventh fundamental quantity, the amount of substance, is generally not needed in defining the dimensions 


of different physical quantities. 
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Example: 


l. 


The dimensions, ofthe physical quantity, area / volume, are zero each in mass and time but are 2/3 in 
length. This is because an area / volume is obtained by multiplying a length with another length / two 
other lenghts. Hence the power to which length, needs to be raised, to represent an area/ volume, 1s 
2/3. Thus the dimensions of area / volume are zero in mass, 2/3 in length and zero in time. 


The specific heat capacity of a substance equals the heat (energy) needed to raise the temperature, 
of a unit mass of the substance, through one kelvin. 


Now energy / work, equals force x length, which, comes out to be mass multiplied by the square of 
length divided by square of time. Hence, 


Specific heat capacity would correspond to 
mass X (length)? x (time) * 
mass x (temperature) 
This equals (lengthy x (time)? x (temperature) 


We may thus say that the dimensions of specific heat capacity are zero in mass; 2 in length; (—2) in 
time and (—1) in temeperature. 


Electric potential equals ‘work per unit charge’. Now electric charge equals (electric current x time). 
Hence the dimensions of electric potential would correspond to 
(mass ) x (length)° x (time) ~ 
(electric current) x (time) 
This equals (mass) x (length) x (time)> x (electric current)". 


Thus the dimensions of electric potential are 1 in mass, 2 in length, (—3) in time and (—1) in electric 
current. 


We may thus obtain the dimensions, ofa given physical quantity, through a use of its basic definition. 


Dimensional Formula 


The dimensional formula, of a given physical quantity, is a compact way, of expressing its dimensions. For 
writing the dimensions formula, of different physical quantities, we generally use the symbols M, L, T, (I/ 
A), K, (C/cd) and (mol), for representing the seven fundamental quantities. The dimensional formula, ofa 
given physical quantity, is thus an expression, in terms of these symbols, that tells us how the given physical 
quantity is co-related to the seven fundamental quantities. However, a general ‘convention’, that is followed 
here, is to write out only those fundamental quantities that need to be raised to a fixed (non-zero) power to 
represent the given physical quantity. This * convention’ helps in writing the dimensional formula in a compact 
form and avoids unnecessary confusion. 
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For the examples, discussed above, we could then say that the dimensional formula of: 
(i) area, is L’ 


(it) | volume, is L’ 


(m) specific heat capacity, is |LT °K" | 


(iv) electric potential, is | ML'T *I"' | 
and so. 


The table, given below, gives a list of the dimensional formula of a number of physical quantities. The 
examples, given above, indicate that we can get the dimensionl formuae, of ofther physical quantities also, 
once we know therr definition. 


The following table gives the dimensional formulae of some physical quantities: 


S. No. | Derived Physical Quantity Defining Formula Dimensional Formula 
l 








Area lxb [M°L?T"] 
2. Volume lxbxh [M°L7T°] 
l M 
3. Density y [M'L?T°] 
Density of Substance 
4, Specific Gravity Density of Water [M°L°T®] 
No. of Vibrations 
5. Frequency ~e [M°L°T] 
6 Angl M°L'T? 
| a= Radius I 
Displacement 
J. Velocity ~m [M°L'T] 
Distance 
8. Speed Time [M°L'T] 
. Area 
9, Areal velocity Time [MLT] 
, Change in Velocity 
10. Acceleration ~ mne [M°L'T?] 
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11. 
12. 
13. 
14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 


22, 


23. 


24. 


aD: 


26. 


27. 


28. 


29, 


Linear momentum 

Force 

Weight (= a force) 

Moment of force/Torque/Couple 
Impulse 


Pressure 


Work 


Kinetic Energy 


Potential Energy 


Gravitational constant 


Gravitational field strength 


Gravitational Potential 


Force constant (k), (ofa spring) 


Power 


Moment of Inertia (I ) 


Stress 


Strain 


Modulus of Elasticity 


Poisson’s Ratio 
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Mx V 


mass x acceleration 


W= mg 
Force x distance 


Force x Time 


Force 





Area 


Force x Distance 


= mv" 
2 


mgh 


Force x (Length y 


(mass) 


Force 





mass 


Work 
mass 


F 


L 
Work 


Time 
Mass x Distance? 


Force 





Area 


Change in length 


Origional length 


Stress 





Strain 


Lateral Strain 


Longitudinal Strain 
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[MLT] 
[M'L'T2] 
[M'L'T2] 
[MLT] 
[MLT] 
[M'L T?] 
[M LT] 
[MLT] 
[M LT] 
[M LTA] 
[MLT] 
[MLT] 
[M LT] 
[M TÀ] 
[M LT] 


[M'L?T2] 
[MOLT] 
[M'L?T2] 


[MOLT] 
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Change in velocity 








30. Velocity gradient Distance [M°L’T] 
Tangential stress 
31. Coefficient of dynamic viscosity Ca Sonden [M'L T] 
Force 
32. Surface Tension Length [M'L*T*] 
. Arc 
33. Angular displacement (0) Radius [M°L°T®] 
Angular displacement 
34. Angular velocity (œ) Tae [M°L'T 
Change in angular velocity 
35. Angular acceleration (a) a [M°L*T*] 
36. Angular momentum L [ML’T"] 
37. Angular Impulse AL [MLT] 
38. Temperature [K] 
; : ; (/ 2 £ l ) 
39. Coefficient of linear expansion (°) | y% (T emp.(t, —t )) [K] 
1 "\ 2 1 
| (Heat ) Energy 
40. Specific heat capacity Viera [L TAK] 
l Energy 
41. Specific latent heat capacity Mass [LT] 
Q Ip 22K- 
42. Entropy p [M LAT*K: | 
H 
43. Thermal capacity nm [M'L*T °K" ] 
PV 
44. Gas constant aT [ML*T °K] 
Qd 
45. Coefficient ofthermal conductivity A(0,—0,)t [M'L'T°K"] 
1 2 
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46. 


47. 
48. 


49, 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59, 


60. 


6l. 


62. 


63. 


64. 


Pole strength 


Magnetic Moment 
Magnetic flux © 


Magnetic field, magnetic 


flux density (B) 
Permeability of free space 
Magnetic susceptibilty 


Electric Charge 


Electric potential 


E.M.F 


Capacity (Electric) 


Resistance (Electric) 


Resistivity p 


Conductivity o 
Permittivity g 

Electric conductance 
Electric power 
Electrical Impedance (Z) 


Electrical admittance 


Self Inductance (L) 


ampere x meter 


= 


Xa” U~] 
IxT 


Work 
Charge 


Work 
Charge 








=< =<) 


ns 
> 


olen 


E=£,£) =(1+x)E, 


| 


~.|< 


1/Z =(Reciprocal of electric 


impedance) 
di 
-[— 
M=L7 
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[M°L'TI]] 
[MLT] 
[MLT I] 


[MTI] 


[MLT 212] 


[MOLT] 


[MLT] 
[M'L TT] 
[M LTI] 
[M LPT] 
[M'L2T 312] 
IM'L3T? 12] 
[MLT] 
[M LAT] 
[M LAPTE] 

[M'L2T3} 
[M' LTT] 


[M LPT] 


[ML2T 12] 
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Energy 
65. Boltzmann's constant Temp [M'L*T?K"] 
emp 
66 Stefan's constant a [M'L°T?K*] 
| TAG 
67. Co-efficient of friction u= N’ N = Normal reaction [M°L’T"] 
68. Dielectric constant It is also called relative permitivity [M°L’T"] 
69. Planck's constant E = hv [MLT] 
70. Refractive index u [M°L’T"] 


Dimensional Analysis 


The concept of dimensions has led to the development of ‘dimensional analysis’. Dimensional analysis has 
very many uses and applications; its simple uses include. 


(a) Checking the correctness, or otherwise, of a given formula or result. 
(b) Conversion, from one system of units, to another. 


(c) Obtaining relations showing the nature of dependance ofa given physical quantity (X) on other 
8 8 
(related to it) quantities. 


The last of these uses, however, has two built in limitations: 


(1) | Wecannot obtain the exact values ofthe numerical ‘constants’, or the nature of dependence of x, on 
any (related) dimensionless quantity. 


(1) The form, ofthe relation (fofx), can be obtained only for that many number of physical quantities as 
is the number of fundamental, or “base’, quantities, being used. 


For example, in mechanics, where we generally use, and need, only three fundamental quantities (mass, 
length and time), we can obtain the form of relation for x only in terms of (up to) three other (related) 
physical quantities. 


Principle of Dimensional Homogenity 


The above listed uses, and application, of dimensional analysis, are based on the “principle of dimensional 
homogenity”; According to this principle: 
“A relation, between different physical quantities, can be an acceptable (or correct) relation, only if the 


dimensions, of all the (different) terms, on both sides of the relation, are identical’. 


In simple terms, this principle implies that we can equate say, a force only to those terms whose “net 
dimensions” are identical to those of force. Thus a force cannot be equated to ‘momentum’ but can be 
equated to ‘rate of change of momentum’. 
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UDGION 
We now give below some examples, illustrating the above listed uses of “dimensional analysis’. 
Example: 
Check the correctness, or otherwise, of the following dimensional formulae: 
(i) | Dimensional formula, for specific latent heat capacity, is [ML TPK] 


(1) |The dimensional formula for Planck’s constant (h) (as per the Planck / Einstein suggestion : 
h x frequency of radiation = energy of a ‘photon’ of the radiation) is [ML7T"']. 


Solution: 


(1) We know that specific latent heat capacity equals the heat (energy) needed per unit mass, for change 
of state, at the melting point of the solid / boiling point of the liquid. Hence specific latent heat 


Energy 


capacity = Mass 


MLT” xL 
<. Its dimensional formula is M 
i.e. [MLT] 
The given dimensional formula (= ML?T PK”) is, therefore, incorrect. 
(1) We have h x frequency = energy 
- [b] 


T 


Energy MLT” xL 
= Frequency © 


= [ML’?T"] 
The given dimensional formula, for Planck’s constant, is, therefore, correct. 
Example: 
Check the correctness, or otherwise, of the following relations: 
G) E,=kmgh 


(E, = gravitational / potential energy, k = a numerical constant, m= mass, g = acceleration due to 
gravity, h = height (of mass m) 


G) t=k pér%s¥ 


(where t = time period of oscillation of a drop inside a liquid, k = a numerical constant, p = density 
of liquid; r= radius of drop; s= surface tension of liquid). 
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Solution: 
(1) Inthe relation 
E, = kmgh, 
The dimensions, of the term, on the left, are 
E, = (Energy) = [ML*T*] 
On the right hand side, the dimensions, of the product of the three terms, on the right, are 
(M°L*T") x (M) x (LT™) x (L) = [ML*T*] 


The dimensions, on the two sides of the relation are thus seen to be the same. Hence the given 
relation is (dimensionally) correct. 


(i) Inthe relation 
t=k p% poar 
We have, 


Dimensions, ofthe term, on the left = [M°L°T] 


and dimensions, ofthe product ofthe terms, on the right 


ee a Ao ae! 


L (.:, surface tension = force/length) 


= (MT") 
The dimensions, on the two sides of the relation, are thus seen to be different. The given relation is, 
therefore, (dimensionally) incorrect. 
Example: 


Given that the relations between the fundamental units of mass, length, time, in the FPS (feet, pound, 
second) system, and the MKS (metre, kilogram, second) system, are 


1 pound = 0.4536 kg 
1 feet = 0.5045 metre 
1 second = 1 second, 


find the relation, between the units of energy (foot poundal in FPS system, and joule inthe MKS system). 
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Solution: 
We have, 
[Energy] =[ML’*T7] 
<. The units of energy, in the FPS, system, 
Foot poundal = (pound) (foot)? (second) * 
Similarly, the unit of energy, inthe MKS system, 


joule = (kilogram) (metrey (second)? 








l foot poundal _ . pound I foot ) Es ) 


ljoule kilogram /\ metre / \ second 
_ (0.4536kg (258m ay 
7 l kg Im 


= (0.4536) (0.5048) x 1 = 0.1255 
Thus 1 foot poundal ~ 0.1255 joule 
Example: 


The period, of rotation (t), of a planet, round the sun, depends on the (1) universal gravitational constant 
(G), (11) mass of the sun (M) and (111) radius (R), of the planetary orbit. 


Use the method of dimensional analysis to obtain a formula for t, in terms of G, M andr. 
Solution: 
We assume that, 
t=k[G]*[M]°[R]©& | (k=anumerical constant) 
Taking dimensions, of the all terms, on the two sides, we get 
[M°OL°T'] = [M LTPF. M [L]° 
— lt?) p Gate) pla) 


The dimensions, on the two sides, have to be equal. Hence, we get 
(—a + b) = 0; (3a + c) = 0 and (—2a) = 1 
~, We get a = —1/2, b =-1/2 and c = 3/2 


<. The required relation is 
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R? 
t? = k? 
wte E] 


We thus get the result: 

The square, ofthe time period ofa planet, is proportional to the cube of the radius ofthe planetary orbit. 
[This result, first obtained by Kepler, 1s known as Kepler’s third law of planetary motion]. 

Example: 


The dimensional formula, for the universal gravitational constant (G), would equal that of the term: 


momentum x area 
0) density 
velocity x volume 
(2) (mass) 
acceleration x area 
(3) mass 
energy x distance 
4) —~— 


mass 
Correct answer: (3) 
Solution: 


From Newton’s law, namely 


p- GMM 
We get, 
—2 2 
aj- AEE [er] 
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Also the term, 


acceleration x area _ cs XL? | _ [M ET] 
mass M 

Hence the dimensional formula, ofthis term, is identical to that of [G]. 

[It can be checked that this equality does not hold for the other terms. ] 

Example: 


Out of the following, the only formula that is dimensionally acceptable, is 


(1) v,=(kn/rd) 





yer 
(2) v ji 
a , kd 
n 
_ kn 
(4) GEFF 


where v, is critical velocity, ofa liquid of viscosity 77 , flowing ina tube ofradius r. (d is the density of the 
liquid). 
Correc answer: (1) 


Solution: 


From Newton’s law, for viscosity, namely 


dv 
=A z owe get, 


[În] = 2 L =| MLT” | 


Now, 


L.H.S. = velocity = | LT l 
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ML'T* 
and R.H.S. (for option (1) = LMI” 


= [ET] 
Hence, for this option, the dimensions of the two sides are the 


same. Hence this option is dimensionally acceptable. 


[It can be easily seen that the other three options are not 
dimensionally acceptable options]. 


Example: 


A dimensionally acceptable formula, for the frequency (n) ofa 
tuning fork, is 





(k =numerical constant, ¢ = length of prongs; Y and d denote Young’s modulus and density of the material 
of fork): 


ye 
(1) ake 


d 

X) n=ke |— 
(2) 5 
k |y 

3) n=—,|/— 
(3) 7\7 
(4) n=£ - 
(Vy 


Correct answer: (3) 
Solution: 


We have L.H.S = frequency = M°L°T" 


1 MLT? | [1 maz ILT 
and R.H.S. (for option (3) = E pa 7 E _ | 7 | L | 


- [r] 
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Hence this option gives us a dimensionally acceptable formula. [It can be easily seen that the other three 
options do not correspond to dimensionally acceptable formulae]. 


Least Count 


The concept of ‘least count’ 1s a concept that 1s associated with every measuring instrument or device. It 
equals the smallest magnitude of the physical quantity, that a given instrument, apparatus or device (designed 
for measuring that physical quantity), can measure on its “measuring scale’. 


We need to remember that it is not just the vernier calipers, or the screw gange, that have a ‘least count’ 
associated with them. All measuring instruments, (be it the meter scale, the spring balance, the thermometer, 
the ammeter, the voltmeter, and so on); have an appropriate least count associated with them. 


It is interesting to note here that a lower value of the “least count”, is regarded as a “better least count’. 
Thus a vernier calipers, having a least count of 0.1mm, has a “better least count’ than a meter scale whose 
“least count” is (usually) 1 mm only. This means that a vernier caliper can measure a length more precisely 
than a meter scale. 


Precision in Measurements 


The precision, associated with a measurements, depends on the “least count” of the instrument used for 
making that measurement. An instrument, with a “better least count” gives a more precise measurement. 
Thus a temperature measurement, done with a thermometer of ‘least count’ 0.1°C, would be more precise 
than that done with a thermometer whose least count is 0.5°C. Similarly, an unknown emf, measured with 
a potentiometer having a potential gradient of 10 mV/cm, would be more precise than that measured with 
a potentiometer having a potential gradient of 100 mV/cm. And so on. 


Very often, an unknown quantity 1s ‘calculated’, by using a “formula” for it; after measuring the different 
physical quantities, present in that formula. The precision, of such an indirect measurement, can be calculated 
through a knowledge of the “least counts” of the different instruments used (for measuing the different 
quantities present in the formula) and the form of the “formula”. 


Accuracy of a Measurement 


It many appear logical to think that an increase in the precision of a measurement, would result ina more 
accurate measurement. This is generally true but we can have situations in which the result of measurements, 
done with more precise (having “better” least count) instruments, may be less accurate than the result 
obtained by using less precise measuring instruments. ‘Accuracy’ and ‘Precision’ thus do not, necessarily, 
go “hand-in-hand”. 


Why is this so? This is because of the way “accuracy” (ofa measurement) is defined. A measurement of a 
physical quantity (having a known standard value), is regarded as more accurate if the measured value 1s 
closer to its known standard value. Thus, if some physical quantity, having a standard value of say, 10 units, 
is measured using. 


(1) less precise instruments and the result obtained is 9.8 units. 
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(i) | more precise instruments, and the result obtained is 9.75 units, 
the first measurement would be regarded as ‘more accurate’, even though it is ‘less precise’. 
Errors in Measurement 


The measurement, ofany physical quantity, has a ‘built-in’ limitation, due to the least count/s of the measuring 
instrument/s, used for its measurement. However, based on the results of different experiments, done with 
(as high as possible) precision instruments, we generally have standard or accepted values, for different 
physical quantities. 


The result ofa particular experiment, done for measuring a given physical quantity, may not match with the 
accepted, or standard, value of that quantity. The difference, between the result of the experiment, and the 
standard value, then gives a measure of the error in that experiment. 


We can also speak of ‘error’ in another context. Suppose one takes a large number of observations during 
a particular experiment. The mean, or average value of all these measurements, then represent the (best) 
result of that experiment. The results obtained, from the different individual measurements, generally do not 
quite match this (best) results of the experiment. The difference, between the result ofa particular individual 
measurement, and the ‘mean value (or best) result’, may than be regarded as a measure of the error in that 
individual measurement. 


It is imortant to note that the term ‘error’ and ‘mistake’ are not quite the same. A mistake may be due to 
carelessness on the part of the experimentalist, or use of faulty apparatus or devices, or to some other such 
cause, which can be avoided, or corrected for. Errors, on the other hand, are there inspite of the best 
inputs of the experimentalist as well as the use of the (best possible) precise instruments. Errors may be 
viewed as an integral, or essential, ‘unavoidable’ part of the ‘experiments’. 


Systematic and Random Errors 


Errors, in measurements, are generally classified into two broad categories: (1) Systematic errors and (11) 
Random errors. 


Systematic errors may be regarded as errors that are due to causes that tend to follow the same pattern, or 
rule, during different observations. They may be thought of as errors that tend to be governed by some 
definite rule. 


For example, some built-in error / defect in the measuring instrument used; some definite imperfection or 
error in the technique / procedure of the experiment, some definite “personal error’ in the observer, are 
some of the causes that would lead to a ‘systematic error’ in the measurements. 


It is easy to realize that once the cause ofany such systematic error is located / recognized, one can correct 
for, or avoid, that systematic error. 


Random Errors, on the other hand, are errors that do not have a definite, or well / specified cause. They, 
therefore, lead to random, or irregualr, error in measurements. Physicists have developed a ‘theory’ of 
such errors; this ‘theory’ helps us to obtain the ‘best value’ of the result of (careful and precise) measurements 
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of different quantities. It also helps us to estimate the ‘net error’ in a result, obtained through different 
algebraic operations, on the different measurements, of two or more physical quantities. 


The following definitions, and rules, are a part of the ‘theory’ of ‘random errors’. 
Normal, or Gaussian, Law 


Random errors, generally, tend to follow the normal, or Gaussian law. This law, expressed through the 
graph shown here, implies that the probability of small errors is high while that of large errors decreases 
(exponentially) with an increase in the magnitude of these errors. 


In the graph shown 

x = value of the random error. 

n (x) = number of times the error x occurs. 
Absolute Error 


Let the result ofn measurements, ofa given physical quantity, 





DOK oh oo coe x . The mean value of these n results, would be x= F 
The difference 
Ax, = (x, -x ) 


i.e., the difference between the result of the i" measurement and the mean (or ‘best’) value ofall the n 
measurements, is known as the absolute error in the i" measurement. 


For the case where the result (say x) of the measurements ofa physical quantity, 1s compared with the 
standard, or accepted value (say X) of physical quantity, the difference. 


(x—X) 
is knownas the absolute error in the result of the measurements done. 
Relative Error 


The mean, of the magnitudes of the absolute errors of the different (n) measurements, would give us the 


mean absolute error (Ax ) of all the measurement. 
Ax 


The ratio, (=) is, said to represent the (mean) relative error, in the measurements, done for the physical 


quantity (x). 
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AX. 


l 


Inclidently, the ratio (x) 


x would give the ‘relative error’ in the i" measurement. 


Percentage Error 


The relative error, expressed as a percentage, is known as the ‘percentage error’ in the measurements (of 


x). Thus (mean) percentage error = (x) x 100% 


A7, 
and percentage error in the i measurement = (x) x 100% 
Combination of Errors 


The values, of different physical quantities, are generally obtained by carrying out different algebraic 
operations, (multiplication / division, addition / subtraction, raising to a power etc.) on the measurements of 
two or more physical quantities. We, therefore, need a ‘set of rules’, for finding the ‘net-error’, in the 
‘result’, obtained through such algebraic operations. We state below the ‘rules’ that are generally followed, 
for combining ‘different individual errors’, to get the ‘net-error’ in the result. 


Rule for Addition / Subtraction 


The absolute error, in the sum/ difference, of two different physical quantities, must always be taken as the 
sum ofthe absolute errors in each of these two different physical quantities. Expressed mathematically, for 
x=(a + b), Aax=+[Aat Ab]. 


Rule for Multiple / Division 
a Ax Aa Ab 
Let x = ab, or x = — . Then it can be shown that P ==) —+— 


b a b 


The relative error, in the product / quotient, of two different physical quantities, must always be taken as the 
SUM ofthe relative errors, in each of these two different physical quantities. 


Rule for ‘error’, due to taking a power (Say n), of a measured physical quantity: 


Ax Aa 
Let y = q”. It can be shown that a = ee 


The relative error, in the n™ power, ofa measured physical quantity, is n times the relative error in that 
physical quantity. 


We aften need to combine these rules to calculate the relative error / percentage error ina given measurement. 
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Let a physical quantity, P, be defined as 


a'b” 
n 


C 


P= 





Combining the above discribed rules, we can then write 


OROG] 


Example: 


Two masses, M, and M,, are measures with accuracies of + 5g and + 2g, respectively. The error, in their 
sum, and their difference, would then be, respectively, 


(1) 7gand3g 

(2) 3gand7g 

(3) 3gand3¢g 

(4) 7gand7g 
Correct answer: (4) 
Solution: 


The (absolute) error, in the sum, or difference, of two quantities, is always taken as the sum of the (absolute) 
errors in them. Hence the error, in both cases is (5+2)g, 1.e. 7g. 


Example: 


The length (L), of a table, is measured (in m) to an accuracy of 0.01m while its breadth (B) is measured 
(in m) to an accuracy of 0.02m. Theerrors, in the area (A ) of the table, and the ratio, x, ofits length to 
breadth, would then be, respectively, 


0.01L ad 


(1) (0.01B+0.02L) and 72 


0. OIL +0. 02B 
(2) (0.01L+ 0.02 B) and 


(3) (0.01 B+0.02 L) and 


0. O18 +0. 02L 
(4) (0.01 L +0.02 B) and 


ca 
eee .01B +0. a 
O 
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Correct answer: (3) 

Solution: 
We have, 
A=LB 


_ AA _ AL | AB _ 0.01 0.02 


A L B L B 


TA 


> 





= an al LB = (0.01B+0.02L) 


Ax AL AB 0.01 0.02 


x L B L B 


Aya | 001 , 0.02) (L 

L B/)\B 
0.01 0.021 _ eee + ad 
ae 


B B? 
Example: 


The formulae, for resistivity ( p ) and Young’s modules (Y) are, respectively, 


°R FL 
bas and Y = 








i mr 0 


The relative errors, in p and Y, would then be, given, by the respective expressions. 
Ap 2Ar AR Af AY dF AL 2Ar Af 
A an ee 
p r R ë Z Y F L r Z 


Ap 2Ar AR A AY dF AL 2Ar A 
Qs. a an ae T 


p r R L Y F L r 4 





Y FL f 
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Ap 2Ar AR A AY AF AL 2Ar A 
4) lZ =n 7. —, |\and |. - "= io > 

p Tr R ¢ Y E L r 4 
Correct answer: (1) 


Solution: 


The relative errors, in all the products as well as the quotients, have to be all added to get the relative error 
in the given quantity. 


Ar Ar 
Note the relative error in r° is 2 (= and NOT 2 (= . Hence, the two expressions, given only in 


option (1), correspond to these rules. 
Example: 
The height (h), and the base radius (r) of a cone, are measured to have values of 9.3 cm (using a meter 


scale of least count 0.1 cm) and 2.45 cm (using a vernier calipers of least count 0.01 cm). Find the volume, 


l 
V, = a a) of the cone, along with the error in it. 


3 
Solution: 
We have, 
I 
= =—Trh 
X 3 
= =n (2.45) x 9.3cm’ = 58.466cm" 
I 
As V==-7arh, 
3 
We have, 
and 
| r h 
_ 0.01 0.1 
2.45 9.3 
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= +{0.0082 + 0.011] =+[0.0192] 


“AV = +0.0192 x 58.466cm* = +1.12 cm” 


The error, in V, is, therefore, of the order of 1.1 cm’. We would therefore, approximate the value of V and 
write it as 


V =(58.5+1.1)cm” 
Example: 


The length, ¢, of the sides of a cube, equals (4.0 +0. 1) cm. The mass ofthe cube is measured to be 
(64.8+0.2)g. Obtain the value, of the density of the material of the cube, on the basis of these 


measurements. 


Solution: 


mass 





We have, density = 
volume 


z4 ae pay! 
64.8 4.0 


+[0.0031+0.075] = +0.078 


pat d= fgg EO] 


~. Ad =1.0125x0.078( g/cm ) =0.079( g/cm ) 
z 0.08( g/ cm 
We would, therefore, write (after rounding off to the second place of decimal) the value of d as 


d =(1.01+0.08)(g/cm’ ) 
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Additional Notes 
A. Significant Figures 


We know that the limit of precision of any measurement is dependent on the ‘least counts’ of instruments 
used for that measurement. We, therefore, need to express ‘our experimental results’ only up to that 
number of digits that are ‘permitted’ by the limitations ofthe measuring instruments. The concept of ‘significant 
figures’ has been introduced to keep this point in mind. 


The ‘significant digits’, in a result, are normally those digits that are known reliably, plus one additional digit 
that is uncertain. Here it is important to note that (1) a “change of units’ (11) the location of the ‘decimal 
point’, do not affect the number of significant digits in a number. 


We generally follow the following rules / conventions in (1) deciding / counting the number of significant 
digits in a number and (11) in fixing the number of significant digits in a result obtained through addition / 
subtraction; multiplication / division of two or more numbers having their own (respective) number of 
significant digits. 


(1) The number of digits, in a number, counted from the first non-zero digit, on the left, gives the number 
of significant digits in it. 


(2) The last significant digit, in a number, is the (first) digit in it that is (not reliable) / (is uncertain). 
(3) The ‘zeroes’, present in a number, are 
(1) | not counted as significant when they are present immediately after the decimal point. 


(1) not counted as significant when they are present towards the end of a number that has no 
decimal point in it. 
(m) counted as significant when they are present on the right ofa decimal point. 
(4) The sum, or difference, oftwo numbers, is regarded as having only as many significant digits as is the 
(lowest) number of significant digits, in the numbers being added / subtracted. We, however (increase 


the previous digit by one) / (do not change the previous digit), ifthe first digit, being rejected, in the 
sum / difference, is (5, or more than 5) / (less than 5). 


(5) The product / quotient, of two numbers, can have no more significant digits than are present in the 
less precise, of the two numbers, that are used for calculating it. 


It is usual, however, to initially retain ‘one more’ digit, in the product / quotient and then do the 
‘rounding off’, following the rule of (more than / less than) 5, quoted above in point (4). 


(6) When the (first) insignificant / uncertain digit in a number is 5 itself, we (1) increase the previous digit 
by 1, 1f it is an even digit (11) do not change the previous digit, if it is an odd digit. 


In addition to all these rules / conventions, we may have to rely on “common sense’ to decide the number 
of significant digits in a ‘result’ obtained through a combination of different algebraic operations. 


29 


UDGION 
We also often define / use the following terms in the context of ‘ERRORS’. 
Average / Mean Error: 
The average, of the mod (magnitudes) oferrors, 1s called the average mean error. 
= 5,|+|8,]+]3,]+ T ++8,| 
n 
Mean Sqaure Error: 


The mean, ofthe squares of errors, is called the mean sqaure error. 


52 6° +65 +....+6 
n 

Root Mean Square Error: 

The square root, ofthe mean square error, is called the root mean sqaure (rms) error. 


n 
Standard Deviation 


Let x be the mean value ofa (large) number of observation, say x, x,, x,.......x,. The deviation, 6,, of the 


i“ observation, from the mean value, is then 
Ò, = (x, -x ) 
The mean value, of the sqaures ofall the deviations, is then given by 
De 
2 isl 


ò = 


n 


The square root, of this mean square value, is taken as an indicator of the standard deviation (o) , for the 


given set of observations / data. 


j 


o7] J2 


n n 
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The standard deviation, in the sum/ difference, product / quotient of two numbers, is calculated through 
their own standard deviations, by using the follwoing rules: 


G) IfA=B + C;wehave 64 = 6 +6} 


2 2 2 
(i)  IfA= B xC; we have CAPSE 4. Sc 
’ A B C 
2 2 2 
(m) A again have AARE 
C’ A B C 


ADDITIONAL EXAMPLES 


l. Let [Eo | denote the dimensional formula of the permittivity of vacuum. IfM = mass, L = length, 


T = Time and A = electric current, then: 


(a) [e,| =[M'L°T*A7] (b) [e| = [M LTA] 

(c) [e] = [M LT "4A] (d) [e] = [M LTA] 

Correct option is (1) (IIT 2013) 
Solution: 


According to Coulomb’s law 


F - l ddz 
ATE, r 


A'T? 
E= ae =|M'L°A?T* | 


2. Atrain is moving on a straight track with speed v = 20ms". It is blowing its whistle at the frequency 
of 1000 Hz. The percentage change in the frequency, heard by a person (standing near the track), as 
the train passes him is (v = speed of sound = 320 ms‘) close to 


(a) 18% (b) 24% 
(c) 6% (d) 12% 
Correct option is (4) (IT 2015)) 
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Solution: 





U 
v'= v 
We know that =] 


RaT 2) 
V V 


This gives a percentage change of 12% 


PROBLEMS FOR PRACTICE (SET-D 


1. Find the dimensions of (1) universal constant of gravitation (11) permeability of free space. 
2. Inthe formula, for acceleration (f), given below, a, b and c are constants and t represent time. 
f = at + bt? + ct 
The dimensions, ofb and c, should then be, respectively, 
(a) LT“andLT> (b) MLT” and MIT” 
(c) LT” and LT” (d) MLT* and MLT> 


3. The dimensional formula, for specific latent heat capacity is 


(a) MLT? (b) MLT? 

(c) MLT? (d) MLT” 
4. The dimensional formula, for Planck’s constant (h), is 

(a) MLT”? (b) MLT” 

(c) MLT! (d) MLT” 


5. The number of particles, crossing per unit area, perpendicular to X-axis, in unit time is given by: 


a a 
XX 
Here, n, and n, are, respectively, the number of particles per unit volume, for the values x, and x, of 
x. The dimensions, of the diffusion constant D, are: 


(a) MLT? b) MLT 
(c) MLT” (qd MLT 
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The relation beween the SI unit (watt) and the CGS unit (erg s'), of power, is 
(a) IW=10 erg s” (b) 1W= 10° erg s” 
(c) 1W= 10" erg s` (d) 1W= 10° erg s” 


Ifp and v stand for pressure and volume, respectively. The dimensions, of the constant, a, in the term 


a 
p t 5] , Should be: 


(a) MLT” (b) MLT? 

(c) ML°T! (d) MLT? 

The dimensional formulae, for specific heat capacity and thermal conductivity, are, respectively 
(a) MLT°K'and ML’*T°K"' (b) MLT°K'and L°T°K' 

(c) MIL*T°K'and L°T°K' (d) L’*T?K'and ML?T°K" 


The dimensions, ofthe constant €, , in Coulomb’s formula, (for the force (F), between two charges 





: F — l QQ, 
(Q,, Q,), separated by a distance (r), * = > |> would be 


Ane, T 
(a) M LOTT”? (b) M'LOTT 
(c) ML*T’P? (d M'L*T’P 
ANSWER KEY 
(a) 2. (a 3. (a) 4. (c) 5. (d) 
(c) 7. (4) 8. (b) 9. (b) 


PROBLEMS FOR PRACTICES (SET-ID 


Find the ‘least coutnt’ of (1) a ‘vernier’ that has 50 divisons on its vernier scale coinciding with 45 
divisions on the main scale; the main scale is graduated in (⁄2) millimeters, (11) a “screw gauge’, that 
has 100 divisons on its circular scale and a pitch of 0.5 mm. 


Find (with error limits) the surface area ofa sphere, whose radius is measured to be (4.1 + 0.1) cm. 


A particle covers a distance of (20.5 + 0.5)m in a time interval of (4.1 + 0.1)s. Find its average 
speed along with the ‘percentage error’ in the same. 


In an experiment on verification of Ohm’s law, the current in the circuit is measured to be 1.3A (using 
an ammeter of least count 0.1A) and the voltage, across the resistor, is measured to be 5.2 V (using 
a voltmeter of least count 0.2V). Find the resistance of the resister used, along with the ‘error’, in the 
result. 
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>. 


If the errors, in ten observations, ofa physical quantity, are —0.55, +0.43, +0.05, —0.36, 0.08, 0.05, 
0.00, —0.03, —0.05 and +0.06, find the ratio of the (1) average mean error and the (11) root mean 
square error, of these observations. 


Give the number of significant digits in the following numbers: 
(a) 235.4 (b) 8300 
(c) 0.00357 (d) 625.0 
(e) 3.46x10° 


State the result, up to the appropriate number of significant digits, in the following: 


(a) (66.23 + 3.5) (b) (8.305 — 3.27235) 
(c) (4.052 x 60.18) (d) (7400+ 21.25) 
In the relation 
_ WL 
mr 


The percentage errors in W, ¢,r, and Lare 1.0%, 0.5%, 1% and 2% respectively. The percentage 
error in Y would be 





(a) 4.5% (b) 5% 
(c) 5% (d) 1% 
T pr’ 
Inthe formula V = j 
Snl 


the fractional relative errors in V, p, 1 and ¢ are known to be 0.06; 0.01, 0.01 and 0.02, respectively. 
The fractional relative error in, r, would be 


(a) 0.02 (b) 0.01 
(c) 0.005 (d) 0.0025 


The diameter (d), and length ( ¢ ), of a cylindrical wire, are measured by instruments having least 
counts of 0.0005 cm and 0.01 cm, respectively. The fractional relative error, in the curved surface 
area, and volume, ofthe wire, calculated from these observations, would be 





d 4 


0.0005 0.01 0.001 0.01 
i T a 


l , respectively 


0.001 0.01 0.002 0.01 
(b) a y and, e , respectively 
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(2 aor (a aer 
(c) a y and, Ga ph respectively 





0.0005 _ 0.01 0.0005 _ 0.01 
(d) and, | — 


+ ° 
d Ea d DA | , respectively 


ANSWER KEY 


(i) 1/20 mm, (iù 0.005 mm 2. (2114 10)cm’ 

(5.0 + 0.2)ms" 4. (40+0.5)Q 

(a) 4, (b) 2, (c) 5, (d) 4, (e) 3 7. (a) 69.7, (b) 5.033, (c) 243.85, (d) 350 
(b) 9. (Cc) 

(a) 
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10. 


11. 


12. 


13. 


14. 
15. 


Key Learning Points 


The process of measurement has played a very significant role in the development of all physical 
sciences. 


Measurement is basically a process of comparison. 


‘Fundamental quantities’ are a few selected physical quantities that can be used to define other 
physical quanties. 


All physical quantities, that are defined in terms of the ‘fundamental quantities’, are knwon as ‘derived 
quantities’. 

In the initial stages, only three physical quantities - mass, length, time - were taken as ‘fundamental 
units’. 

The number of ‘fundamental quantities’ has now been increased to seven. The seven fundamental 
quantities are: 

Mass, length, time, electric current, thermodynamic temperature, amount of substance, luminous 
intensity. 

In addition to these seven fundamental quantities, two supplementary quantities - the angle and the 


solid angle - are also used in defining other quantities. 


A number of system of units - like the FPS units, the CGS unit and the MKS units - have been used 
over different times, and in different countries. 


In the year 1971, asystem of units - now known by the abbreviation ‘SI units’, - was developed and 
recomended, (for use by all countries), by the general conference on weight and measures. The SI 
units are now being used (almost) all over the world. 


The seven fundamental, or ‘base’ units, in SI, are are the metre (m), kilogram (kg), second (s), 
ampere (A), kelvin (k), mole (mol) and candela (cd), for length, mass, time, electric current 
(thermodynamic) temperature, amount of substance and luminous intensity. 


The SI units, for the two supplementary quantities - angle and solid angle, are the radian (rad) and 
steradian (sr), respectively. 


All the units, in SI, have been given very precise, and well defined, meaning and definitions. 


We also use a number of multiples (corresponding to different positive powers of ten) and subultiples 
(corresponding to different negative powers often) in SI. These have all been given definite names 
and symbols. 


A number of units, of the ‘derived quantities’, have also been given names oftheir own. 


We can co-relate different ‘derived quantities’, with the ‘fundamental quantities’, (in a “compact 
way’) by introducing the concept of ‘dimensions’. 
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The ‘dimensions’, ofa given physical quantity, are the ‘powers’, to which the fundamental quantities, 
must be raised, to represent it. 


The “dimensional formula’, ofa physical quantity, is the representation of that quantity, in terms of the 
(1) symbols of the fundamental quantities and (11) its own ‘dimensions’. 


The dimensional formulae, of force and momentum, for example, are [MLT] and [MLT], 
respectively. 


We have a very useful principle — the principle of dimensional homogenity. According to the principle: 


“The ‘dimensions’ ofall the terms, on both sides ofa physically acceptable (or valid) relation, must 
be identical.” 


We use ‘dimensional a nalysis’ (based on the concept of ‘dimensions’ and ‘principle of dimensional 
homogenity’) for a number of useful practical applications. 


The applications of “dimensional analysis’ include: 

(1) | Checking a given formula, or relation. 

(1) | Conversion, from one system of units to another. 

(i) Obtaining ‘dimensionally valid’ relations, between different physical quantities. 


The concept of ‘least count’, ofa given measuing device / instrument, helps us to know the precision 
of our measurement. 


The terms “precision” and ‘accuracy’’, in the context of “experimental measurement and therr results”, 
have different meanings. 


The terms ‘mistake’ and ‘error’ have different meanings for experimental measurements. 


Errors can be “systematic” (which can be reduced, or even eliminated) and “random” (which cannot 
be eliminated all together). 


Random errors, generally, tend to follow the normal or ‘Gaussian law’. The probability, of an error 
x, decreases (exponentially) with an increase in the value of x. 


We define the absolute error, ina measurement (Say x, ), as the difference between that measurement, 
and the standard (or mean value x ofa large number of observations) value, of the relevant physical 
quantity. 


Absolute error = (x, -x ) 


The relative error, of a measurement, equals the ratio of the (1) mean ofthe absolute errors ofall the 
quantities and (11) mean value of the measured quantity. 


The relative error, expressed as a percentage, gives the ‘percentage error’. 
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30. 


31. 


32. 


33. 
34. 


The values, of different physical quantities, are generally calculated by using a relation or ‘formula’, 
that expresses that physical quantity in terms of “other physical quantities’. 


We, therefore, need to have a set of ‘rules’ that enable us to calculate the absolute / relative error, in 
the ‘value’ ofa given physical quantity, that has been obtained by using a ‘formula’ or a ‘relation’. 
Each of the different physical quantities, present in that relation, and measured, has an error of tts 
own. 


The following rules are generally followed for calculating the ‘net error’, due to anumber of ‘individual 
errors’. 


(1) |The absolute error, in a sum or difference, is always taken as the SUM ofthe absolute errors 
in the quantities being added / subtracted. 


(i) The relative error, ina product / quotient, always equals the SUM ofthe relative errors in the 
terms being multiplied / divided. 


(iit) The relative error, in the n™ power ofa physical quantity, is n time the relative error in that 
quantity. 


We often need to combine these rules to calculate the ‘relative error’ in a given situation. 


We also follow a set ofrules, coupled with ‘logical reasoning’, to decide the number of ‘significant 
figures’, that need to be used, while stating the ‘final result’, that is based on a number of algebraic 
calculations. 
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Easy 


Unit—1 : Physics + Measurement 


1. The SI Unit, of surface tension, equals: 


(1) 


(2) 


(3) 


(4) 


joule — s 
newton / metre’ as well as ——_,— 
m 


watt —s 
newton / metre as well as = 





joule — s 
newton / metre as well as ——,—_ 
m 


watt —s 
newton / metre as well as E 





Correct answer: (2) 


Solution: 


Surface tension, by definition, equals 


(1) force per unit length as well as, 


(2) (mechnical) surface energy per unit area. 
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Derived Units 


(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 


The SI units of force and energy are the newton and joule (= watt — s). Hence the SI units of surface 


watt — s 





tension are (newton / metre) as well as 5 
m 


Average 


Unit-1 : Physics + Measurement 


2.  TheSI unit, of the coefficient of viscosity, can be equated to 


(1) 


(2) 


(3) 
(4) 


Derived Units 


(joule x s) as well as the unit of pressure x (length x acc)” (Incorrect) 
~ _ torque x time period 
(joule x hertz) as weel as the unit of ————T—_————_ (Incorrect) 
volume 
pascal (hertz) ' as well as the unit of modulus of elasticity x (length / acc. )” (Correct) 
pascal (s) as well as the unit of stress x (length x acc.)” (Incorrect) 


4] 
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Correc answer: (3) 


Solution: 


We have, by Newton’s law, 





dv 
F=-nA— 
” dx 
newton x m 
Hence, n , has units of —>——__ > Le., 
m^ x ms 
pascal) / _ hewton — 
(newton ms). This equals ede Jel.” pascal = E andhertz =s | | It also equals the unit of 


modulus of elasticity x [length x (acceleration) ']”. This is because the unit of modulus of elasticity is 
(newton/m_”) and that of [length x (acceleration ']” is [mx(ms~”)"']”, i.e., s. 


Unit—1 : Physics + Measurement 
Average Derived Units 


3.  TheSlI unit of moment of inertia can be equated to the SI units of 


. force x area | 

(1) [density x volume x area] and a (Correct) 
energy x area 

(2) [density x volume / area] and Pore EN (Incorrect) 
energy x area 

(3) [density x area / volume] and (veloci ty) (Incorrect) 
force x area 

(4) [relative density x mass x area] and (veloci ty j (Incorrect) 


Correct answer: (1) 
Solution: 
The SI unit of moment of inertia is (kg — m°?) 


The SI unit of 
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kg 
‘ 3 2 2 
density x volume x area = -37 XM xm = (kg -m ) 
m 


and the SI unit of 


force x area _ kgms” “ (m°) (kg B m?) 
acceleration (ms i ) 


Unit—1 : Physics + Measurement 
Easy Derived Units 


4. The ‘pair’, having identical SI units, is 


(1) Work and torque (Correct) 
(2) Surface tension and pressure (Incorrect) 
(3) Pressure and Poisson’s ratio (Incorrect) 
(4) coefficient of viscosity and thrust (Incorrect) 


Correct answer: (1) 
Solution: 
We have, 
Work = force x distance 
and torque = force x (per pendicular arm’s length) 


The SI units, of both these terms, 1s therefore, the same; equal to (N—m). 


Unit-1 : Physics + Measurement 


Easy Derived Units 
5. The unit of capacitance, (the fared), expressed in terms of the fundamental units, inSI, is 
equal to 
(1) kg 'm“*s*A? (Incorrect) 
(2) kg*m’s’A* (Incorrect) 
(3) kgmr’s’A? (Incorrect) 
(4) kg 'm’s*A? (Correct) 
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Correc answer: (4) 


Solution: 
coulomb 
We have farad = —————— 
volt 
coulomb 7 (coulomb) 
( joule / coulomb) joule 


(ampere — s) 








kg m's” 
= kg 'm’s*A? 
Unit—1 : Physics + Measurement 
Easy Change of Units 
6. The unit of pressure, in SI units, is related to its unit in CGS units as 
(1) 1 pascal = 10° dyne / cm? (Incorrect) 
(2) 1 pascal = 10° dyne / cm? (Incorrect) 
(3) 1 pascal = 10 dyne / cm? (Correct) 
(4) 1 pascal = 107 dyne / cm’ (Incorrect) 
Correct answer: (3) 
Solution: 
We have pressure = oe 
area 
- — | =ML"T? 


_ _UnitofpressureinSTunit _| kg m ) = j 
~ Unit of pressurein CGS units g J\cm 


= 10°x(10?) x1=10 
s. l pascal = 10 dyne / cm? 


44 


A program to give wings to girl students 


Unit—1 : Physics + Measurement 


Easy Change of Units 














7.  Theratio of the SI units, to the FPS unit, of pressure, is equal to the ratio of the corresponding 
units of 
(1) ‘Energy per unit volume’ as well as Poisson’s ratio (Incorrect) 
(2) ‘Bulk modulus’ as well as ‘energy per unit volume’ (Correct) 
(3) ‘Poisson’s ratio’ as well as “modulus of rigidity’ (Incorrect) 
Stress Force/area © ae 
(4) ‘Coefficient of viscosity’ as wellas Young’s modulus = Te ( acne) onless) -~ | ML T | 
(Incorrect) 
Correct answer: (2) 
Solution: 
We have, 
Pressure = ee [ML T? ] 
area 
Also, 
t F / 
Bulk modulus = È = = sacha ion | ML'T* | 
train (dimensionless ) 
l force x distance 
and, energy per unit volume = ———__—_———_ 
volume 
ML?T” co 
_ | 5 | = | ML T l 
<. The ratio, of the SI and FPS units, will have the same value for these three quantities. 
Unit—1 : Physics + Measurement 
Average Derived Units 


8. The SI unit of specific heat capacity (say ‘s,’) would be related to its CGS unit (say ‘s,’) as 


10° 
(1) ls, = 274 a (Incorrect) 
(2) Is, = (273) 10°s, (Incorrect) 
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10° 
(3) I= 773 |”? (Incorrect) 
(4) 1s, =10*s, (Correct) 


Correct answer: (4) 


Solution: 


We have specific heat capaicty 


heat (energy) 


mass x change in temperature 


_ ML’T* 
Mx (K) 





=Ï TK- 


HJE 
y cm S Cay 
=(100)? x 1x1 


(- Achange in temperature of 1°C also equals a change of one kelvin on the thermodynamic, or 





kelvin, scale.) 


Unit-1 : Physics + Measurement 


Difficult Derived Units 


9. 


The horse power (H.P.), a pupular unit of power in the FPS units, is related to the SI Unit of 
power (the watt), as 


1 H.P. = 746 W 
[The FPS unit of force is the poundal; 
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Givern that 1 kg = 2.205 pound and 


1 m=3.28 feet] the relation between the FPS unit of power (= ft — poundal/s) and the HP is, 


(1) 1HP= 17.7 x 10° ft-poundal/s (Correct) 
(2) 1HP=550 ft-poundal/s (Incorrect) 
(3) 1HP=31.5 ft-poundal/s (Incorrect) 
(4) 1HP=41.03 x 10* ft-poundal/s (Incorrect) 


Correct answer: (1) 


Solution: 


work | MLT°L : 
We have power = |. > ee = | MLT | 


time T 


ee le | m } (8) 

= FPS unit of power | pound j\ foot) (s 
watt 

= (ft - poundal / s) 





= 2.205x(3.28) x(1) ” 


PANE 
~. lwatt = 23.72 ft-poundal/s 


<. 1 HP = 746 W = 746 x 746 x 23.72 ft-poundal/s 
~ 17695 ft-poundal/s 
~ 17.7 x 10° ft-poundal/s 


Unit-1 : Physics + Measurement 


Difficult Derived Units 


10. 


The SI value, of R, (the universal gas constant) occuring in the equation of state (pv = nRT) 
for a perfect gas, would be related to its CGS value as 


(1) SI value of R= CGS value of R (Incorrect) 
(2) SI value of R= 10’ CGS value of R (Correct) 
(3) SI value of R=273 x 10’ CGS value of R (Incorrect) 
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(4) SI value of R= 274 x 10’CGS value of R (Incorrect) 


Correct answer: (2) 


Solution: 
MLT? , 
pv | po 
We have nT K 
= [ML?T°K"] 


_ SlvalueofR _ [kg (=) e) E) 
-© CGS value of R g j\em} \ls = 
= 10° (10°) (1) (1)7 = 10’ 


(- per kelvin equals per °C; the size of the degree, on the kelvin scale, equals that on the celsius 
(or °C) scale) 


- SI value of R= 10’ CGS value of R 


Unit—1 : Physics + Measurement 
Average Changing over to new (assumed) fundamental units 


11. Ifforce (F), velocity (V) and surface tension (S) were taken as the ‘fundamental units’, the 
dimensional formula, for momentum (p), would be 





(1) | VSF? | (Incorrect) 
(2) [PVs | (Correct) 
3) al [PVS] (Incorrect) 
(4) | V’SF? | (Incorrect) 


Correct answer: (2) 
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Solution: 
We have, [F] = [MLT 7] 

[V]=[LT"] 

and [S] = (force / length) = [MT °] 
<. We get 





VS 


-.[M]=| ST? |= s. -( 7 | 


Now momentum [|p] = mass x velocity = [MLT] 


[GES 


= PVS- 





Unit-1 : Physics + Measurement 
Difficult 


12. 


Changing over to new (assumed) fundamental units 


If mementum (P), acceleration (A), the specific heat capacity (S) and time (T), were taken 


as the fundamental units, the dimensional formula, for the coefficient of thermal conductivity 
(co), would be 


a) [ol= | PAPS T* | (Correct) 
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(2) o= | PAPST | (Incorrect) 
3) o= | PAPST | (Incorrect) 
(4) o= [P'A?S"'T* | (Incorrect) 


Correct answer: (1) 
Solution: 
We have [P] =[MLT"], 
[A] =[LT™] 
(Heat ) energy ae 
[S] = peee -er K* | 


mass X temperature 


<. [L]=| AT’ |[M] = (Pr | 





-.[M]= pa s =| PA`T” | 








LIT ATT 
K — — 
Also, | S | S | 
= |STAPT? | 


o(area )( temp. difference ) 


Now rate of heat flow = (distance) 





. Mir | _o[L’|[K] 


T [L] 


MĽT> 
= [o]=— 





-= | MLT°K" | 


Substituting values, we get 
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[o] = [PA`T || AT? || T° |x [S'ACT? | 


= [PAPST #] 


Unit—1 : Physics + Measurement 
Difficult Changing over to new (assumed) fundamental units 


13. If Planck’s constant (h), velocity of light (C) and the universal gravitational constant (G), 
were to be taken as the fundamental units, the dimensinoal formula, for surface tension 


(S), would be 

(1) the Go| (Incorrect) 
2) [DGC] (Incorrect) 
Gy [h!7 œ? Cc) (Incorrect) 
(4) [h7 G> C] (Correct) 


Correct answer: (4) 

Solution: 

We have h x frequency = energy 
<. [b] = [MLT] 
Also, [C] = [LT] 


Force x (distance) yar 
and [G] = mass x mass g 


-< [hG] =L'T> 

and C’ = L°T> 

E =) =T° or [T]=h*G” Cc” 
C 


Also, [L]=[CT] = | h* G*C™ | 


h.h“ G’?C” 
-1M]=(b.L2T) =| ———— 
[M] ( ) hGc? 
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| n“ G% c* | 
— h 2 


force 


Now surface tension S= 7 ~ 7 
length 


= [MT] 
O a 2 
». [S]=(h* G c*) r) 


s[i GAC] 





Unit—1 : Physics + Measurement 
Average Changing over to new (assumed) fundamental units 


14. Ifmoment of inertia (I), torque (xq ) and frequency (v), were to be taken as the fundamental 
units, the dimensional formula, for Reynold’s number (N,) could be 


(1) [me | (Incorrect) 
D [mv | (Incorrect) 
B) [T> | (Incorrect) 
(4) [r | (Correct) 


Correct answer: (2) 
Solution: 


Reynold’s number (N,,) is defined as a ‘combination’, of terms, that is dimensionless in mass, length, and 
time. We, therefore, need a ‘combination’, of I, t and v, that is dimensionless in M, Land T. Now, 


[I] = ML? 
[ t ] = (force x distance) = [ML’T7] 
and [v] = 1/T 


52 


UDOON 


A program to give wings to girl students 


t | 
It is easy to see that the combination E as =| has zero dimensions in M, L and T. 


I 


Hence a dimensional formula, for N,, in terms of I, t and v, could be IN. |= [I'v | 


Unit—1 : Physics + Measurement 


Average Changing over to new (assumed) fundamental units 


15. A ‘hypothetical system’ uses the acceleration due to gravity (g), the areal velocity (v, ) 


and the momentum (p) as its ‘base’ units. The dimensional formula, for the force (F), in this 


system, would be 

(1) [p g” w (Correct) 
(2) [p g”v | (Incorrect) 
(3) |p g” wa (Incorrect) 
(4) |p p- | (Incorrect) 


Correct answer: (1) 


Solution: 


Wehave |g]= [LT? ],[v er 


and |p|= | MLT” | 


- We get, 
[T]= E g” | 
[H]=[s*v,“] 


and [M] = [p g” w 


Now force = [MLT] 
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n [F]= (pg*va“ )(g“v*) 


(p g” N ) (g* ve (va g” ) 


⁄% 


= [p g” wA 


Unit—1 : Physics + Measurement 
Average Comparing dimensions 


16. The ‘dimensions’, of the constant a, in the Van-der-wall equation of state 


p+ |(V-b)=nRT 


can be obtained by multiplying the dimensions, of the universal gas constant, G, by 


(1) [MLT | (Incorrect) 
(2) [MPT | (Correct) 
(3) [MPPT ] (Incorrect) 
4) [MLT] (Incorrect) 


Correct answer: (2) 


Solution: 


a 
The ‘dimensions’ of S) , must be the same as that of ‘p’. 


Hence dimensions of ‘a’ would correspond to 


Fone, (volume) = force x (length y 
area 


The dimensions of ‘G’, would correspond to 


54 


force x (length 


(mass) 


i sulk of a _ (mass) : (length) 
dimension of G 


~. The ‘required multiplication’ needs to be done by the term [M’L’] 


Unit—1 : Physics + Measurement 
Average 
17. The dimensions, of the constant n, obtained from Stokes’ law 
F = 6nnrv 
(F = force, r = radius, v = velocity) 


when used in the Poiseuelli equation 


4 
y=- Pt 
(8n/)’ 





(p =pressure, ¢ = length) 
would give the dimensions of V as 
(d) [MLT] 
(2) [MLT] 
(3) [MTT] 
(4) [MLT] 
Correct answer: (4) 
Solution: 
From Stoke’s law equation, we get 


force MLT” 
Soe) ey ML TT 
[n] length x velocity F xLT* | l | 


Using this, in Poiseuelli’s equation, we get 
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Comparing dimensions 


(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 
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_ pressure x (length y 


[v] a 


-2 
MLT? p; 


peT 





Unit—1 : Physics + Measurement 
Average Comparing dimensions 


di 
18. The dimensions, of the inductance (L), (induced emf= —L T (i = current, t = time)) and the 


l 
capacitance (C) (angular frequency = JLC? are, respectively, 








(1) [MLT T] and [M LTT] (Correct) 
(2) [M LTT] and [MLT T] (Incorrect) 
(3) [M HLT T] and [MLT] (Incorrect) 
(4) [ML'TT] and [M LTT] (Incorrect) 


Correct answer: (1) 


Solution: 
l di 
From induced emf = -L —, 
dt 
time 


L] = emf x ——— 
we get | aaa current 


_( work time \ | ML°T°xT 
charge current [xTxT 





= [METAT] 


l 
Now angular frequency, ® = 
VLC 
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=M'!L?T’P.T? 
= [M LTT] 


Unit—1 : Physics + Measurement 


Average Comparing dimensions 


19. Magnetic field strength (B) is known to equal force on a unit charge moving with a uniform 


velocity. We also have 





Ant r’ 


B -heyfi | (dé/ r= length) 


The dimensions, of B and u,, are, therefore 


(1) [MT°I"'] and [ML YTT], respectively (Incorrect) 
(2) [MLT"T'] and [MLT I], respectively (Incorrect) 
(3)  [MTT'] and [MLT T], respectively (Correct) 
(4) [MLT T>] and [MT T'], respectively (Incorrect) 


Correct answer: (3) 


Solution: 


We have, 


Pl- Tcharge][velocity] ~[IT][LT) 
= [MTT] 
Also, 


[B]| length?| = | MTT" || L | 


eo Teurrent][length]  [[L] 


=[MLT2F7] 
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Average 


20. Electric field strength (E) equals force on a unit charge. Also, 


l (q 
0 


The dimensions of E and ¢, are, therefore, 


ay 


(1) [MLT T | and |M LTT | , respectively 


(2) | MLT>T | and | M M`'LĊT T |, respectively 


J. 
(3) [M LTP | and|MLT“I" |, respectively 
|. 


(4) |M'L°T’? | and|MLT'T' |, respectively 
Correct answer: (2) 
Solution: 


We have, 





|= force _[MLT?| 
charge [IT] 


. [E]=| MLT°T | 


Also, 





dal Charge [IT] 


[E]| length? | | MLT°T' || L | 


= /M'L°T*? | 
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(Incorrect) 


(Correct) 


(Incorrect) 


(Incorrect) 


Easy 
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Unit—1 : Physics + Measurement 


21. The dimensions 


[ML2T"] 


can correspond to 


(1) 
(2) 
(3) 
(4) 


rate of change of force 
impulse 
rate of change of momentum 


angular momentum 


Correct answer: (4) 


Solution: 


We have angular momentum = mvr 


~, [Angular momentum] 


= [MLT x L]=[ML’*T"] 


Identifying physcial quantity from given dimensions 


(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 


[It is easy to verify that the given dimensions do not correspond to the other listed quantities. | 


Average 


Unit-1 : Physics + Measurement 


22. The dimensions 


[ML TT] 


can correspond to 


(1) 
(2) 
(3) 
(4) 


Electrical resistance 
Selfinductance 
Capacitance 


Rate of change of electric field 


Correct answer: (1) 


Identifying physical quantity from given dimenions 


(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 
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Solution: 


We have R = 





cee ere 


= [MUTT] 


[It is easy to see that the given dimensions do not correspond to the other listed quantities. | 


Average 


Unit-1 : Physics + Measurement 


Identifying physical quantity from given dimenions 


23. The dimensions 





[ML>TÀ>T'] 
can correspond to 
(1) Rate ofchange of electric field (Incorrect) 
(2) Rate of change ofthe capacitance ofa parallel plate capacitor with distance between its two 
plates (Incorrect) 
(3) Flux ofelectric field through a surface (Correct) 
(4) Rate ofchange of potential difference between two points (Incorrect) 
Correct answer: (3) 
Solution: 
. Force 
We have electric filed = 
Charge 


MLT“ 





= | =| MLT`T | 
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~, Flux ofelectric field through a surface 
=(EScos0)=|MLT°I' |x| L | 
=([ML°T°T"] 


[It is easy to see that the given dimensions do not correspond to the other listed quantities. | 


Unit—1 : Physics + Measurement 
Average Identifying physical quantity from given dimenions 
24. The dimensions 
[IMI7?T?r] 


can correspond to 


(1) Flux ofelectric field through a surface (Incorrect) 
(2) Magnetic moment ofa magnet (Incorrect) 
(3) Flux of magnetic field through a surface (Correct) 
(4) Rate of change of magnetic field (Incorrect) 


Correct answer: (3) 


Solution: 
We have, 
a F 
| Magnetic field | = eee 
Charge x Velocity 
5 
7 a z | MTT" | 
ITxLT 


<. Flux of magnetic field through a surface 
(= magnetic field x (normal) area) 

= [MT T! x L7] 

= [MLT T] 


[It is easy to see that the given dimensions do not correspond to the other listed quantities. | 
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Unit—1 : Physics + Measurement 
Difficult Identifying physical quantity from given dimensions 
25. The dimensions 
[M°L?T°T] 


can correspond to 


(1) Magnetic dipole moment (Correct) 
(2) Rate of change of magnetic field (Incorrect) 
(3) Flux ofmagnetic field through a surface (Incorrect) 
(4) Magnetic permeability ofa medium (Incorrect) 


Correct answer: (1) 
Solution: 
We know that, 
Torque = (Magnetic dipole moment x magnetic field) 


<. [Magnetic dipole moment] 


B Torque | MLT” 
Magnetic Field MTT” 


= [IL}] 





= [MLT] 


[It is easy to see that the given dimensions do not correspond to the other listed quantities. | 


Unit—1 : Physics + Measurement 
Average Comparing Dimensions 
26. The following are four pairs of physical quantites: 
(A) (Planck’s constant; rate of change of momentum) 


(B) (Bulk modulus; pressure) 
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(C) (Areal velocity; (angular momentum / mass) 
(D) (Impulse; momentum) 


From this, the one pair, that is dimensionally incompatible, is the pair labelled as: 


(1) A (Correct) 
(2) B (Incorrect) 
(3) C (Incorrect) 
(4) D (Incorrect) 


Correct answer: (1) 





Solution: 
Energy 
We have [ Planck’s constant | = ee 
requency 
MLT” 
= | = | =ML’T" 
Change in momentum 
and [rate of change of momentum] = Time 





= ar | =| MLT” | 


Thus, the two quantities, in this pair, are dimensionally incompatible. 


[It can be verified that the two quantities, in each ofthe other three pairs, are dimensionally compatible 
with each other]. 


Unit-1 : Physics + Measurement 


Difficult Comparing Dimensions 


L 
27. The dimensions, of the product (Hoo = | 


( u, = magnetic permeability; ¢,= electric perimittivity, L= Inductance; R = resistance) 


are, 
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(1) | MLT°I? | 
(2) [M TTT | 
(3) [MLT T | 
(4) [M TTT | 


Correct answer: (4) 


Solution: 


The dimensions, of the different terms, are 


[uy ]=| MLT*T? | 
[e] =| MTTF | 
[L]=| MĽT>T | 


[R]=| MPT °T? | 


2 (meo) E) =(L°T’).T=[L°T? | 


Alternatively, We know that 


l 


UoEo 


nE 





and 


w | o 


= C = Velocity 


= time constant = time = |T] 


see} 


(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 


Unit—1 : Physics + Measurement 
Easy 
28. Inthe dimensional formula 
[X] =[ML“T”], 

the quantity, X, can be 

(1) Surface tension ofa liquid 

(2) Coefficient of viscosity of a liquid 

(3) Universal gas constant 

(4) Atmospheric pressure 
Correct answer: (4) 
Solution: 


We have, 


Force | 


[Atmospheric pressure] = [Pressure] = ban 





_ bs | =[ML'T? | 
Unit-1 : Physics + Measurement 
Average 
29. Inthe dimensional formula 
[Y] = [MLT°K"], 

the quantity Y can correspond to 

(1) Specific latent heat 

(2) Specific heat capacity 

(3) Coefficient of thermal conductivity 

(4) Heat energy per unit rise in temperature 


Correc answer: (3) 
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Comparing dimensions 


(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 


Comparing dimensions 


(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 


UDOON 
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Solution: 


The coefficient of thermal conduction (say o ), 1s defined through the equation 


EO 
_ _[AH]-[Ax] 


* Lol Taiala] 


Difficult 


— | MET? | [L] 


— Eei] ( AH = Heat = energy) 


= [MLT?K~] 


Unit-1 : Physics + Measurement 


Comparing dimensions 


30. Inthe dimensional formula 


[Z] =M°LT'K~], 


the quantity [Z] can correspond to the 


(1) (ratio of specific heat capacity to specific latent heat) as well as (coefficient of linear expansion) 
(Correct) 
(2) (ratio of specific latent heat to specific heat capacity) as well as (coefficient of thermal 
condcutivity) (Incorrect) 
(3) (cofficient of thermal condcutivity) as well as (coefficient of volume expansion) (Incorrect) 
(4) (coefficient of volume expansion) as well as (thermal capacity) (Incorrect) 
Correct answer: (1) 
Solution: 
We have, 
| | Heat (energy ) E | MLT” l 
Specific heat capacity = | nassx (risein temperature) 7 [M][K ] 
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— [LTK] 


Heat (mee) _ | MLT” l 


Specific latent heat = Mass M] 


= [LT] 
~. [Ratio ofthe two] = [K] = [M°L°T°’K"'] 
Also, 


(Changein length ) 
[Coeficient of linear expansion] = (Original length )x (Rise in temperature ) 





L] r 
~ fete] 


Z [M°L°T°K-] 


Unit—1 : Physics + Measurement 
Average Identifying ‘dimensional equality’ of different physical quantities 


31. “A given ‘dimensional formula’, cannot give a unique unambigous identification, of the 
relevant physical quantity.” 


The above statement is illustrated through the fact that the ‘dimensional formula’, of ‘specific 
latent heat’, is identical with the ‘dimensional formula’ of 


(1) gravitational P.E. per unit mass (Correct) 
(2) angular momentum per unit mass (Incorrect) 
(3) linear momentum per unit mass (Incorrect) 
(4) power per unit mass (Incorrect) 


Correct answer: (1) 
Solution: 


We have, 


Specific latent heat = 


Mass 


Heat energy | MLT? 
M 
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Also, 


= [LT] 


DOD mgh 
Gravitational P.E. per unit mass = Pa = [gh] 


=[LT°?.L] =[L’°T?] 


The “dimensional formula’ of ‘specific latent heat’, 1s thus sen to be identical with the “dimensional formula’ 
of gravitational P.E. per unit mass. 


Unit—1 : Physics + Measurement 


Average Identifying dimentinoal equality 


32. 


The ratio, of the dimensional formulae, for ‘thermal capacity’ and ‘coefficient of volume 
expansion’, can correspond to the dimensional formula of the 


(1) universal gas constant R. (Incorrect) 
(2) universal gravitational constant, G. (Incorrect) 
(3) product pAv (p= pressure, Av = change in volume) (Correct) 
(4) angular momentum (Incorrect) 


Correct answer: (3) 


Solution: 


We have | Thermal capacity | = . 


and [coefficient of volume expansion] = 


Heat energy | 


Risein temperature 





| MLT” 
K 


| =| MLT°K” | 


Changein volume 


Original volume x Risein temperature 





ii | 
| elle" 
<. [Ratio of the two] =[ML7T 7] 
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Also, 


Force \ | MLT” as 
[Pressure] = (=e) = | 2 | ~ | ML T | 





and [Change in volume] = [L>] 
~. [Product ofthe two] =[ML*T*] 


Thus the dimensional formula, of the (specified), ratio, equals that of the (specified) product. 


Unit—1 : Physics + Measurement 
Average Checking ‘dimentinoal compatibility’ 


33. The relation, for the rate of flow (V) of a liquid, through a capillary tube of radius (r) and 


length / ,in terms of the coefficient of viscosity (1) of the liquid, and the pressure difference 
(p), across the ends of the capillary tube, could have the form: 


(1) V=k(pr°/n£) (Incorrect) 
(2) V=k(pr*/né) (Correct) 
(3) W=k(p*r’/12) (Incorrect) 
(4) V=k(pr*/1°¢) (Incorrect) 


Correct answer: (2) 


Solution: 


Volume flowing | _ CT! 
Time taken 


We have V (= rate of flow) = 


MLT” Pe 
Also, p = Pressure difference = Z] = | ML 'T | 


r = radius = [|L] 
¢ =length = [L] 


n = coefficient of viscosity = [MLT] 


69 


UDOON 


pre 7 ML T” x Lí = er) 
ne | | MC 'T'xL 


, pr 
“ Vek. =) is a dimensionally compatible relation. It is, therefore, a ‘possible’ relation. (The 


same is NOT true for the other relations). 


Unit—1 : Physics + Measurement 
Difficult Dimensional Compatibility 
34. Theterm 
(HoE )C°Gm, 
rv 
(u, =permeability, e, = permittivity, C = velocity, G = gravitational constant, m, = mass, 


r=radius, v = frequency) is dimensionally compatible with the term 


lo 


(1) 2) (1 = moment ofinertia, œ = angular velocity, t = torque) (Incorrect) 


Gh 
(2) (= (G = gravitational constant, h = Planck’s constant, €, = permittivity, C = velocity) 





(Incorrect) 
Ho€o - a 
(3) C (u =permeability; ¢, = permittivity; C = velocity) (Incorrect) 
prv . . . l . 
(4) ra (p =density, r= radius, v = speed, n = coefficient of viscosity) (Correct) 


Correct answer: (4) 
Solution: 


We have dimensions of 
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UDAAN 
l ee ee 
(HoE )C°.G.m, _ (EOM LT ’ [IM] 


— [M°L°T°} 


Thus the given term is a dimensionless term. 


We also find that the term 
prv ML”.L.LT~' 
ease eor] 


Thus this term is dimensionally compatible with the given term (Other terms are not so). 


Unit-1 : Physics + Measurement 


Difficult Dimensional Compatibility 


ns 
35. The term (#8) (n = coefficient of viscosity, s = surface tension, t = torque), would become 


dimensionally compatible with a term obtained by multiplying, G, (the universal gravitational 
constant) with another quantity, having the dimensions of 


(1) (Velocity) x (pressure) (Incorrect) 
(2) Time x (density) (Correct) 
(3) Frequency x (force) (Incorrect) 
(4) Momentum/ (acceleration) (Incorrect) 


Correct answer: (2) 


Solution: 
We have, [n] =[ML'T"] 
[s] = [MT*] 


[t] = [MLT] 
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| =] 7 ae x MT” | 
BE: MLT” 
= [M"L PT] 
Also, [G] =[M‘L°T?] 
., The required multiplier is [M’?L°T] 
This equals time x (density)? because the dimensional of this term are (T) x (ML°) 
=[M’L*T], 


which are the required dimensions. 


Unit—1 : Physics + Measurement 
Average Relative Error 


36. The length of a wire is measured to be (10.25 + 0.01) cm. The radius is measured to be 
(0.840 + x) cm. If the relative error, in the volume of the wire, is calculated to be 0.0158, 
the least count of the instrument, used for measuring the radius, is 


(1) 0.004 cm (Incorrect) 
(2) 0.002 cm (Correct) 
(3) 0.001 cm (Incorrect) 
(4) 0.0005 cm (Incorrect) 


Correct answer: (2) 
Solution: 
We have, V = nr”? 
Se 
V r t 


AV 
Here, —— = 0.0158 


E 
Al 0.01 
A E E | 

and 10.25 
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2Ar 
= — = 0.0158 — 0.011 = 0.0048 


z. Ar = 0.0048 x ae 





= 0.002 


Thus the least count of the instrument, used for measuring r, is 0.002 cm. 


Unit—1 : Physics + Measurement 
Average Relative Error 
npr’ 
snl 





37. The formula V = 


(V =rate of flow, p = pressure difference, £ = radius, l= length, n = Coefficient of viscosity) 
is used to find n for water. The percentage error, in n, is found to be 9%. If the percentage 
errors, in the determination of p, V and / were 2%, 3% and 2%, respectively, the percentage 
error, in the determination ofr, is 


(1) 12% (Incorrect) 
(2) 3% (Incorrect) 
(3) 2% (Incorrect) 
(4) 0.5% (Correct) 


Correct answer: (4) 
Solution: 

npr’ 
Fromthe formula V = w , we get 


4 

npr 
n= p 
8VZ 





he Gl cas SY as 
n p r v 
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ki 9% = 2% 4E 43% 4+2% 
r 


(0) 
A 2% _ 9 594 
r 4 


Unit—1 : Physics + Measurement 


Average Relative Error 


38. 


In an experiment on determination of resistivity (p ) of the material of a wire, the following 
measurements were made: 


Resistance of wire = (40+1)Q 
Length of wire = (120 +0. 1) cm 


Radius of wire = (0.26 +0.02)cm 


2 
mr R 
Given that p = F> the value of p would be quoted as 


(1) (7.081.3)x10*Q-m (Incorrect) 
(2) (71)x10*Q-m (Correct) 
(3) (7.079+1.27)x10*Q-m (Incorrect) 
(4) (7.41.3)x10*Q-m (Incorrect) 


Correct answer: (2) 





Solution: 
o mR 
j l 


. Ap_ Ar, AR | Ag 


— + 
r R l 
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0.02 1 0.1 
= 2x ——+—+ 


26 40 120 
~(.154+0.025 + 0.0008 = 0.18 


(0.26) x40x10~ 5 


OP 59192 a 


= 0.0708 x 107 Q-m 
= 7.08 x 10* Q-m 
“. Ap =1.3x107*Q-m 


p=(7+1)x10°Q-m 


Unit—1 : Physics + Measurement 
Average Relative Error 


39. The relation Y = p’q’rs” is used to calculate Y, on the basis of measurements of p, q, r 


and s. The relative errors, in the measurement of p, q, r and s are 0.005, 0.04, 0.004 and 
0.02, respectively. If the calculated value, of Y, comes out to be 3.528 units, the result 


Should be quoted as: 

(1) (3.528+0.3528) units (Incorrect) 
(2) (3.5340.35) units (Incorrect) 
(3) (3.5 t 0.4) units (Correct) 
(4) (40.4) units (Incorrect) 


Correct answer: (3) 


Solution: 


1 


We have Y= p’q’r's 2 


AY _,Ap 34g, Ar lAs 
Y p 2q r 2s 
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= 2s 0.005 +x 0.04 + 5x 0.04 Hox 0.02) 


= (0.010 + 0.06 + 0.02 + 0.01) 
=0.1 
“AY =0.1x3.528 = 0.3528 = 0.35 = 0.4 


We should, therefore, quote Y as 


Y= (3.5+0.4) units 


Unit-1 : Physics + Measurement 
Easy Relative Error 


40. The volume, V, of a cube, is calculated to be 


V =(1000+6)m° 


The side of the cube is 

(1) (1 0 2) m (Incorrect) 
(2) (1 0.0 0.2) m (Incorrect) 
(3) (1 0.0 2) m (Incorrect) 
(4) (1 0.00+ 0.02) m (Correct) 


Correct answer: (4) 


Solution: 


We have y = ø 
<. l= VŽ =(1000)* =10m 


Al AV _ 3At 
ma 
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6 _ Ae 

1000 10 
ee) 
1000 3 100 


We, therefore, have 


¢ =(10.00+0.02)m 


Unit—1 : Physics + Measurement 


Average Finding dimensional formula 


CG 
41. The dimensional formula, for the product X = = (C = velocity of light, G = Universal 


gravitational constant, e = electronic charge), would be 


d) [MLT T | (Incorrect) 
(2) [MTT ] (Correct) 
6) [MLT T | (Incorrect) 
4) [MILTI | (Incorrect) 


Correct answer: (2) 


Solution: 


We have [C]=| LT" | 


e 
=| MLT?” | 


[e]= [1T] 





m 
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CG E EN | 


, x| X 





[IT] 
_ | MILT“ | 
Unit—1 : Physics + Measurement 
Difficult Finding dimensional formula 
G 
42. The dimensional formula, for the ratio is (L = inductance, R = resistance, u, = 
Ho€o 


permeasility, ¢, = permittivity) equals: 


(1) [MET] (Incorrect) 
2) | M°LT | (Incorrect) 
G) [MET] (Incorrect) 
4) [MPT | (Correct) 


Correct answer: (4) 

Solution: 

We can do this problem quickly if we rembmer that: 
L). 
R) tme constant 


l 
and Jus, =C = velocity of light 
L 
.|=|=[T 
Au 
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Unit—1 : Physics + Measurement 
Average Dimensional formula 


L, s 


43. The dimensional formula, of the term Y, where Y= Ea (L, = specific latent heat, s = 
0 


specific heat capacity, K, = thermal conductivity), equals: 


(1) [M'LT°K*] (Incorrect) 
(2) [M PTK | (Incorrect) 
6) [M PT? | (Correct) 
(4) [MUT ] (Incorrect) 


Correct answer: (3) 


Solution: 


Heat (energy ) 
Mass 


We have Ly = 





a ee = "E | =| PT? | 
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D Heat (energy) E MT | 


Mass x change1in temperature MK 


= [M° PTPK" | 


do 
=K,A— 
Also, Q 0 di 


l [K ] 7 Heat energy x length 
) ""  Areax change in temperature 


 [MET? 
LĽ xK 


| =|MLT°K" | 





L LI XLT K 
7 yS = A — = [MPT | 
K MLT K- 
Unit—1 : Physics + Measurement 
Average Dimensional formula 
44. The physical quantity, whose dimensional formula matches that of the quantity 
7 | L,.spT | 
K, 


(L, = specific latent heat of fusion, s = specific heat capacity, p = density, T = time of heat 
flow, K, = thermal conductivity), is: 


(1) frequency (Correct) 
(2) time period (Incorrect) 
(3) velocity (Incorrect) 
(4) momentum (Incorrect) 


Correct answer: (1) 


Solution: 


We have [L] 


í Heat ener B ar l 
Mass 
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[s] _ Heat energy B [PTK l 
Mass x change in temperature 


[p]=[ML* ].[T]=[7] 
[K,]=|MLT°K™ | 


iz- LT? |x| PTPK” |x| ML® |x[T] 
p | MLT °K" | 
= [T] 


, This matches the dimensional formula of frequency. 


Unit—1 : Physics + Measurement 
Average Dimensional formula 


45. The ‘dimensional formula’, of the term 


7 (=) 
€R 


(e = change, C = capacitance, £, = permittivity, R = resistance), equals: 





(1) [METT | (Incorrect) 
(2) [MPT F | (Correct) 
G) [MCTI] (Incorrect) 
4) [M PLT] (Incorrect) 


Correct answer: (2) 


Solution: 


We have le? | = LIT] = | PT? | 


8 | 


POY 
UDAAN 
[C]= [LT | 


[e,]=|MIL°T’? | 


[R]=|MLT°r? | 


ge ee 


[MECT P || MPT °T” | 
Pr | 


Unit-1 : Physics + Measurement 


Difficult Dimensional incompability 


46. Theterm ¢,E’ (£, =permittivity, E = electric field) is dimensionally incompatible with the 


term 
(1) p(p=pressure) (Incorrect) 
(2) 7 (k = spring constant, x = displacement) (Incorrect) 
(3) CV?(C= capacitance, V = potential difference) (Correct) 
mgh 
~ x, | (m=mass, h= height, V = volume, g = acceleration due to gravity correct 
(4) v ( h= height, V li l d ) (h ) 


Correct answer: (3) 


Solution: 


The term ¢,E* has the dimensions of energy density, i.e. energy per unit volume. [We know that the energy 


l 
density, ofthe electric field, 1s 5 E&E”, (The dimensions ofthe term can also be obtained through a substitution 


of the dimensions of g, and E)]. 





. | &)E? |= bere | =|ML'T? | 
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Now p= ee LET 
bd _ meg o [META] 


These terms are thus dimensionally compatible with the term £,E^ . 





Ch arge 


However, | CV? l = x (potest) | 


potential 


work 





= Chargex = (work) = | MLT” | 


charge 


This term is, therefore, dimensionally incompatible with gE’ ' 


Unit-1 : Physics + Measurement 





Difficult Dimensional incompability 
B? 
47. The term =) (B= magnetic field, u, = permeability) is dimensionally incompatible with 
0 
the term 
p 
(1) Ey (p =momentum, m= mass, V = volume) (Incorrect) 
(2) LI(L=self mductance, I= current) (Correct) 
Rt 
(3) V (I= current, R = resistance, t = time, V = volume) (Inorrect) 
S 
(4) F (S = surface tension, x = distance) (Incorrect) 


Correct answer: (2) 
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Solution: 


B 
The term = has the dimensions of energy density, 1.e. energy per unit volume. [We know that the 
0 


2 





energy density of the magnetic field 1s (This may also be worked out through a direct use of the 


2u ’ 


B? ML’T~ a 
dimensions of B and u, )|. Hence the dimensions of Ln are | 73 LC, | ML T l 


0 





p _ — | _ [MLT] 








| 
cae 


E | = | MET” | (- PRt= Heat produced) 


S Force / length =(ML"T") 
x length 


B? 
All these terms are, therefore, dimensinoally compatible with the term i 
0 


emf x me | 


However, inthe term (LI), we have [L] = (Self inductance) = 
current 


= [LI] = emf x time 





= (MĽ’T T’) 


B? 
This term is, therefore, dimensionally incompatible with the term : i 
0 
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Dimensional incompability 


S 
48. Theterm Z= 7 (s = distance, u = speed) is dimensionally incompatible with the term 


(1) LC(L=selfimductance, C = capacitance) 
L l , 
(2) R (L= self inductance, R = resistance) 


(3) RC(R=resistance, C = capacitance) 


4 
(4) É ( = length, g = acceleration) 


Correct answer: (1) 


Solution: 
S e e e 
The term Z| = m has the dimensions of time. 


Using the dimensions of L [L] =MĽL'T T l 


R|[R]=MLT°I* | and C| [C] = M 'L°T'P | 


L 
We find that the terms =] and (RC) both have the dimensions of time. 


R 


Fl 


< This term also has the dimensions of time. 








Also, 


However, the term | LC] = | T? | 


It, therefore, is dimensionally incompatible with the given term, 1.e. Z. 
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Unit—1 : Physics + Measurement 
Average Dimensional incompability 


49. From the following relations, the one, that does not meet the requirement of dimensional 
compatability, is the relation: 


4 
npr 
(1) V= > 7 (V =rate of flow, p = pressure, r = radius, ¢ = length, n = coefficient of viscosity) 





(Incorrect) 


(2) F=6nnr"v (F = force ( viscous), r = radius, v = velocity (terminal), 1 = coefficient of 


viscosity) (Correct) 
(3) = ee (S = surface tension, r = radius, h = height, p = density, g = acceleration, 
0 =angle of contact (Incorrect) 
(4) W=pV (W = work, p = pressure, V = volume) (Incorrect) 


Correct answer: (2) 
Solution: 


On substituting the dimensions of different terms, we find that the dimensions ofthe LHS and the RHS, are 
equal in relations (1), (3) and (4). Hence these relations meet the requirement of dimensional compatibitility. 


However, in relation (2), dimensions of LHS and RHS are different. Hence this relation is “dimensionally 
incompatible.” 


Unit—1 : Physics + Measurement 
Easy Dimensional Compatibility 


50. The dimensions formula [M'L*T~] can correspond to the dimensional formula of 


la 
(1) Gas well as Fa (G = universal gravitational constant, I = moment of inertia, 


a = acceleration, M = mass) (Correct) 


A 
(2) Gas wellas 5] (G= univeral gravitational constant, A= area, M = mass, t= time) 


(Incorrect) 
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h V 

(3) =) as well as Z) (h= Planck’s constant, V = volume, t = time) (Incorrect) 
hv S 

(4) M2 |} 2$ well as MV (h = Planck’s constant, v = frequency, M = mass, S = surface 

tension, V = volume) (Incorrect) 


Correct answer: (1) 


Solution: 


Force x (distance) 


We find that [G] = o ao [M UT? | 
(mass) 


at, E E rer] 


Both the terms, in option (1), thus match the given dimensinos. 


However, one, or both the terms, in the other three option, are NOT dimensionally compatible with the 
‘given dimensions’. 


Unit-1 : Physics + Measurement 


Average Writing dimensional formulae in terms of 
a new set of (assumed) fundamental units 


51. Ifforce (F), acceleration (a) and surface, tension (S), are taken as the ‘fundamental units’, 
the dimensional formula, for G, the universal gravitational constant would be: 


(1) [Fas] (Incorrect) 
(2) [F z s”°] (Incorrect) 
(3) [F as'] (Incorrect) 
(4) [Fa’s?] (Correct) 


Correct answer: (4) 
Solution: 


We have, [F] = [MLT °]; [a] =[LT~’] and [S] = [MT~] 


. [M]=| Fa" | 
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Also, [T]=| 8% F# a | g a s j 


and [L] = [F S~] 


= PES = | Fa’s” | 


[Note: This result may be converted into dimensions in terms of M, L and T and compared with the known 
dimensions of [G] in terms ofM, L and T. This ‘checking’ can help in all such questions. ] 


Unit-1 : Physics + Measurement 


Difficult Writing dimensional formulae in terms of 
a new set of (assumed) fundamental units 


52. If mass, time, ¢, (permittivity) and u, (permeability) are taken as the ‘base’ units, the 


dimensional formula, for electrical resistance, R would be: 


(1) [R]=| Mey“H9”T | (Incorrect) 
(2) [R]= | Me, uT | (Correct) 
(3) [R]=|M°e,”t, “T° | (Incorrect) 
(4) [R]=[M‘e,“n)"T | (Incorrect) 


Correct answer: (2) 


Solution: 
We have, |, | = | MIL? rT‘? | 


and [u,|= | MLT*I? | 


From these, we get 


[L]= | (Eok )" T| 
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and [I]= Fe uy" MT* T? 


Now [R]=|ML’T°T? | 


—— (e*m MT) 


= M 
(EU, 


1 


[a] -peeswer 


Unit-1 : Physics + Measurement 


Average Writing dimensional formulae in terms of 


53. 


a new set of (assumed) fundamental units 


It Planck’s constant (h), linear momentum (p) and angular velocity (œ ), were taken as the 
fundamental units, the dimensional formula, for surface tension (S) would be: 


(1) [S]=[b’pPo] (Incorrect) 
(2) [S]=|h?po | (Incorrect) 
(3) [S]=[h'p’o] (Correct) 
(4) [S]=|hp?o' | (Incorrect) 


Correct answer: (3) 


Solution: 


We have [h] (= energy x time) = [MLT] 


[p] = [MLT] 


and (œ) = (T) 


These give [T] = fo | 


[L] = [hp '] 
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and [M] = p.L T = | ph'p"'e | 


Now, 





[s] _ Force =[MT?] 


p length 7 


= [hpo ‘a | _ [hpo | 


Unit—1 : Physics + Measurement 


Difficult Writing dimensional formulae in terms 
of a new of (assumed) ‘base’ units 


54. IfG (universal gravitational constant), h (Planck’s constant) and C (Velocity of light) were 
taken as the fundamental units, the dimensional formula, for pressure (p), would be 


(1) [p]=[h°G"'c’ | (Incorrect) 
(2) [p]=|h?Gc™ | (Incorrect) 
(3) [p]=|hG?C” | (Incorrect) 
(4) [p]=[h'G?c’ | (Correct) 


Correct answer: (4) 
Solution: 
We have [G] = [M Y L’T>?] 
[h] =[ML°T™] 
[C] = [LT] 
From these, we get 
[G h] = LT? 
Also, [C°] = L°T> 


[Sr or [T]-0% Hc 
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. [L]=[CT]= |G” HC” ] 
and [M]=[hL°T" ]=/h(G'h'c’)(G* H*C*)| 


= [n G% | 
Now pressure, p = [ML T] 


. [p]=[h'G°c’ | 


Unit—1 : Physics + Measurement 


Average Writing dimensional formulae in terms 
of a new of (assumed) ‘base’ units 


55. Ifspecific heat capacity (S), specific latent heat (L,), mass (M) and time (T), were taken as 
the ‘base’ units, the dimensional formula for coefficient of thermal conductivity (o ), would 


be: 
o]=| MSLĚT | (Correct) 
o]=| M S*LÝT? | (Incorrect) 
o]=| MS“L%T” | (Incorrect) 
(4) [o]=[MS*LĚT" | (Incorrect) 


Correct answer: (1) 

Solution: 

We have [S] = [M°L?T K] 
[L] = [MLT] 

These give [K] = [L/S] 

and [L]=[ST°K]” 


1 


= ST Tel =L 
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Now, [o] = | MLT” K” | 


. fol ~ (LT) mE] 
=| MSLÝT” | 


Unit—1 : Physics + Measurement 
Easy Relation between units of two systems 


56. It is known, that the units of mass, length and time, in the SI units and FPS system, are 
related as 


1 kg = 2.205 pound; 1 m = 3.28 feet, Is = 1s 


The value of the surface tension of water is 7.3x107 N/m. Its value, in the FPS units, would 


be 

(1) 0.066 FPS units (Incorrect) 
(2) 0.033 FPS units (Incorrect) 
(3) 0.16 FPS units (Correct) 
(4) 0.32 FPS units (Incorrect) 


Correct answer: (3) 








Solution: 
We have, 
| Force |_| MLT” 
[Surface tension] = length L 
=([MT?| 


Unit of surface tension in SI units 


~ Unit of surface tension in FPSsystem 


(a) a O 


pound j\s ] poind 





= 2.205 
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“+ 73x10 Units in SI Units = 2.205 x 7.3x10~ Units 
~16.1x10 FPS units 


~ (). 16 FPS Units 


Unit—1 : Physics + Measurement 
Average Relation between units of two systems 


57. The specific latent heat of fusion of water is known to be 80 cal/g. Given that 1 cal = 4.2J, 
1 kg = 2.205 pound, 1 m = 3.28 feet, the value of this specific latent heat, in FPS units, is 


(1) 1102 x 10° FPS units (Incorrect) 
(2) 3615 x 10° FPS units (Correct) 
(3) 102 x 10° FPS units (Incorrect) 
(4) 31.2 x 10° FPS units (Incorrect) 


Correct answer: (2) 


Solution: 
We have, 

| (He ner | MUT?) er 
[Specific latent heat] = mace M 


e O E ee) 
~ Unitof surface tensionin FPSsystem | ft } | Is 


_{ 3.28 feet 
I feet 


j (1)=10.76 


$0cal 80x4.2J 


<. Specific latent heat of water = ogo (10°kg) 


=336x10° J/kg = 336x10° (m’s” ) 


= (336 x 10° x 10.76) FPS Units 
~ 3615 x 10° FPS Units 
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Unit—1 : Physics + Measurement 
Average Relation between units of two systems 


58. The Young’s modules of copper is known to have a value 1.3x10" in CGS units. Given that 
1 pound = 453.5 g, 1 foot ~ 30.5 cm, the value of Young’s modulus of copper, in FPS units, 
is: 


(1) (8.7x105) FPS units (Correct) 
(2) (8.7x10'°) FPS units (Incorrect) 
(3) (7.24x10°) FPS units (Incorrect) 
(4) (7.24x10°) FPS units (Incorrect) 


Correct answer: (1) 


Solution: 


_ (Stress) | MLT? | | Poe 
We have, v-($)- [? |-[M T | 


_ Unitof YinCGSunits | g m) Bj 
= Unitof YinFPSunits | pound J\ ft Is 


TAFA] (1) 


= Bae = 0.067 
453.5 

















<. 1.3x10'°CGS units = 1.3 x 00.67 x10"° FPS units 


~ 0.087 x10'° FPS units 
= 8.7x 108 FPS Units 


Unit—1 : Physics + Measurement 
Average Relation between units of two systems 
59. The specific heat capacity of water is known to be 1 cal/(g°C). 


A system of units uses a unit of mass that equals 500g, a unit of length that equal 50cm and 
a unit of time that equal 100s. It also uses to Fahrenheit scale of temperature in which 
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there are 180 divisons between the temperature of melting ice (0°C) and that of (normal) 
boiling point of water (= 100°C). 


The value of the specific heat capacity of water, in this hypothetical system, would be: 


(1) 9.3 x 10’ units ofthe hypothetical system (Correct) 
(2) 1.9 x 10’ units of the hypothetical system (Incorrect) 
(3) 1.9 x 10” units of the hypothetical system (Incorrect) 
(4) 9.3 x 10” units of the hypothetical system (Incorrect) 


Correct answer: (1) 
Solution: 


We have, 


Heat energy 


[Specific heat capacity] = Mass xchange in temperature 





7 bas | = PTK” | 


l Unit of specific heat capacityin SI units 
~ Unit of specificheat capacity in the hypothetical system 


B í m ) S ) kelvin degree 7 
50cm / \ 100s Fahrenheit degree 
Now 100 divisions on the celsius scale 
(= 100 divisions on the kelvin scale) 
= 180 divisions on the Fahrenheit scale 


+ I division on the kelvin scale 


= 1.8 divisions on the Fahrenheit scale 


— (100cem (Ay 18°F) 
+ Above ratio = 50cm 100 PF 
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SAI ve 
1.8 


= 2.22 x 10° 


lcal 
Now specific heat capacity of water = ( g°C) 


4.25 4.2x10J 


_ —__—_- = =42~x10° 
10°kg(K) kg(K) SI Units 


= 4.2 x10? x (2.22 x10 ) units in the hypothetical system 


= 9.32410’ units in the hypothetical system 


~ 93x10’ units 


Unit—1 : Physics + Measurement 
Difficult Relation between units of two systems 
60. The gas constant, R, has a vlue of 8.32 J mole’ K~“ in SI units. 


A hypothetial system uses a unit of mass that equals 2kg, a unit of length that equals 5m 
and a unit of time that equals Ims. The system also uses the Hahrenheit scale of temperature 
in which there are 180 divisions between the temperature of melting ice and that of the 
(normal) boiling point of water (=100°C). 


The value of the gas constant, R, in this sytem would be (nearly): 


(1) 30x10 (new energy unit) (mole) (°F)! (Incorrect) 
(2) 9.2x10 (new energy unit) (mole) (°F)! (Correct) 
(3) 15x10 (new energy unit) (mole) (°F)! (Incorrect) 
(4) 4.6x10° (new energy unit) (mole) (°F)! (Incorrect) 


Correct answer: (2) 
Solution: 
We first note that the 1 mole would still contain the same number of ‘entities’. 


Also 1J= 1 kg (1m)? (1s)? 
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Ikg )\(1m)( 1s \~ 
= Ike | 5m) ims} B¥ enersy units 


= 2x10 new energy units 


Also 100 divisions on the celsius scale = 100 divisions on the kelvin scale = 180 divisions on the Fahrenheit 


scale. 


< IK=18F 

(IK)? = (1.8) RY" 

< R= 8.32 J (mole) (K~ 

= 8.32 (2x 10® new energy units) (mole) [(1.8)1! CF)"] 


16.64 8 l 
-o 10" (new energy unit) (mole)! (°F)! 


= 9,.23x10-* (new energy unit) (mole)' (°F) 
~ (9.2x 10®) (new energy unit) (mole) (°F)! 


Unit-1 : Physics + Measurement 


Average Errors 


61. 


A beam, made from a material of Young’s modulus Y, has a length /, a width b and a 
thickness d. When it is placed symmetrically on two knife edges, at its ends, and loaded in 
the middle by a mass M, it gets depressed by an amount § where 


Mgt? 
ò = 
4bd Y 
The relative errors, in the determinations of ¢ and d, have identical values of 1% each. 


The error, in the determination of M is 0.5%, that in the determination of b is 0.2% and 
that in the determinations of § is 0.1%. The value of ‘g’ is used from standard tables. 





The relative error, in the determination of Y, on the basis of these measurements, would 
be: 


(1) 0.2% (Incorrect) 
(2) 0.8% (Incorrect) 
(3) 2.8% (Incorrect) 
(4) 6.8% (Correct) 
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Correct answer: (4) 
Solution: 

We have, 


_ Mg" 
4bd°*5 





AY AM Ag „Al Ab „Ad Ad 
6. SS 
Y M g l b d ò 


=0.5% + 0 +3 x1% + 0.2% + 3x1% + 0.1% 
= 6.8% 


The relative error, in the determinatino of Y 1s, therefore, 6.8% 


Unit-1 : Physics + Measurement 


Average Errors 


pr” 
62. Intherelation t =k,/—., 
o 


The quantities t, p, r and c refer to the time of oscillation, density, radius and surface 
tension, respetively. The relative error, in the determination of o, is calculated on the 
basis of the relative errors, of 0.5%, 0.1% and 0.2% in the measurement of p, r and t, 
respectively. This relative error would equal: 


(1) 1.2% (Correct) 
(2) 0.8% (Incorrect) 
(3) 0.6% (Incorrect) 
(4) 0.4% (Incorrect) 


Correct answer: (1) 
Solution: 


We have, 


3 
t =k, | 
O 
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3 
. __12PF 
oa 


Ee Ao _Ap,,4r_ At 
O p r t 


= 0.5% + 3 (0.1%) + 2 (0.2%) 
=1.2% 


Unit—1 : Physics + Measurement 


Average 
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Errors 


63. The modules, of rigidity, n, the material of a wire, is calculated from the relation 


4 
rak 


where t = torsional constant (torque per unit twist), r = radius and / = length. 


The relative error, in the determination of 1, is calculated to be 0.9%. The relative erros, 
in the determination of t and ¢ are found to be 0.5% and 0.2%, respectively. The ratio of 
the least count of the instrument, used to measure r, to the measured (average) value ofr, 


would then equal: 
(1) 0.001 
(2) 0.0005 
(3) 0.002 
(4) 0.0001 
Correct answer: (2) 
Solution: 
We have, 
c= Le 
24 
yal 
k r* 
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2 aea e e 
n L r r 


Ar 
7, 0.9% = 0.2% + 0.5% + 4 (x) E = =| 


Ar 
This given “(= =| = 0.05% = 0.0005 


Unit—1 : Physics + Measurement 


Average Errors 


64. 


The frequency (n), of a tuning fork, depends upon the length (, ) of its proungs and the 
density (d) and Young’s modules (Y) of its material, through the relation 


k |Y 


l\d 


If the relative percentage errors, in the determination of n, ¢ and d are 0.1%, 0.5% and 
1%, respectively, the relative percentage error, in the determination of Y, would be: 


(1) 2.2% (Correct) 
(2) 1.6% (Incorrect) 
(3) 1.1% (Incorrect) 
(4) 0.95% (Incorrect) 


Correct answer: (1) 


Solution: 
We have, 
_k /Y 
Nd 
nd 
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UDAAN 
=2 (0.1%) + 2(0.5%) + (1%) 
=2.2% 


Unit—1 : Physics + Measurement 
Average Errors 


65. The mass m, of a stone, that can be moved by flowing stream of water, depends on the 
velocity (v), of the flowing water, the density (p ) of water and the acceleration due to 
gravity (g). The relation, between the different quantities, is expressed as 


m=kv"pg> 


The relative percentage errors, in the determination of v, p and g are 1%, 0.7% and 0.1%, 
respectively. The value of n, in the above relation, and the relative percentage error, in the 
determination of m, are equal, respectively, to: 


(1) 5; 6% (Incorrect) 
(2) 6; 5% (Incorrect) 
(3) 7; 6% (Incorrect) 
(4) 6; 7% (Correct) 


Correct answer: (4) 
Solution: 


Using the principle of dimensional homogenity, in the relation, 
m= kv"pg> , We get 
[M] = [LT [ML™] [LTP]? 
We get—n+6=0orn=6 
This value is also consistent with n + (—3) + (—3) =0 
- m=kv’pg> 
ey re 
m v P g 
= 6 (1%) + (0.7%) + 3(0.1%) 
= 7% 
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Unit—1 : Physics + Measurement 
Difficult Dimensional Compatibility 


66. It is given that the time period (T) of oscillation, of a gas bubble, formed under water, 
depends upon pressure (P), density (d) and energy (E), as 


T =kp’d°E° 
The value of a, b and c, are: 
(1) (5/6), (1/2) and (1/3) (Correct) 
(2) (5/6), (1/3) and (1/2) (Incorrect) 
(3) (5/6), (1/3) and (1/2) (Incorrect) 
(4) (5/6), (1/2) and (1/3) (Incorrect) 


Correct answer: (1) 
Solution: 
Putting dimensions, of all the terms, in the relation. 
T=kp*d’E°, we get 
[T] = [ML T” [ML-3]° [ML’*T 7] 
-atbt+c=0 
—a-—3b+2c=0 
—2a—2c= 1 
These equations give, 


a = —5/6, b= 1/2, c= 1/3 


Unit—1 : Physics + Measurement 
Average Dimensional Compatibility 
67. Intherelation T={kh’“G’2C 


(T = Time period; h = Planck’s constant, G = Universal gravitational constant, C = velocity 
of light), the value of n should be 
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(q1) a= 3 (Incorrect) 


(2) a= - 5) (Correct) 


l 
(3) = =) (Incorrect) 
3 
(4) n5 (-3 (Incorrect) 
Correct answer: (2) 
Solution: 
We have, 
T =kh”G”“C" 


-- Putting dimensions, we get 


[1]= (MeT) (Mrr) (LT) 
.1+Ż+n=0 


1 
———]|-n=1 
and 5 


3 


From either of these, we get n = — 5 


Unit-1 : Physics + Measurement 
Average Change of fundamenal units 
68. The dimensions, of the term, Z = h°? CG7! 


(h = Planck’s constant, C = velocity of light, G = universal gravitational constant) equal M?. 
The value of a, in this term, equals 
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(1) (4) (Incorrect) 
(2) (3) (Incorrect) 
(3) (2) (Incorrect) 
(4) (1) (Correct) 


Correct answer: (4) 
Solution: 


We have, 
| h | (= energy x time) = [MPT | 


Force x distance’ 
Ga M ie 
[G] mass’ l | 


[C]= (Velocity) =| LT” | 
-, From the given relation, we get 

[M ]=[MEr" ] [Lr] [Mer] 
These give, 


a+] = 2; 2a+1-3 = 0; -a-1+2 = 0 


The value of, a, consistent with all these relations, is a= +1 


Unit-1 : Physics + Measurement 
Average Error 
69. The length (;) and breadth (b), of a rectangle, are measured to be 
¢ =(10.0 + 0.1) cm, b = (5.10 + 0.05) cm 


The perimeter (p), and the area (A), of this rectangle, should be expressed as: 


(1) p=(30.2 + 0.15) cm, A=(51 + 1) cm (Incorrect) 
(2) p=(30.2 + 0.15) cm, A= (51.0 + 0.5) cm? (Correct) 
(3) p=(30.20 + 0.05) cm, A= (51.0 + 0.5) cm? (Incorrect) 
(4) p=(30.20 + 0.05) cm, A=(51 + 1) cm’ (Incorrect) 
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Correct answer: (2) 
Solution: 
We have p = 2 (¢ +b) = 2(10.0+5.10) = 30.20 cm 


The error, inthe sum of ¢ and b, would be the sum of their individual errors. Thus 


Ap = A4 + Ab =(0.1+0.05) cm 


= (0.15 cm 
We would, therefore, write the perimeter, p, as 
p = (30.2 + 0.15) m 


Also, area A= ¢b= 10.0 x 5.1 = 51.0 cn’ 


AA Al Ab 0.1 , 0.05 


Now, A 2 b 100. 51 


= 0.01 + 0.0098 = 0.0198 
<. AA =(0.0198x51.0)? = 0.52 cm? 
We would, therefore, write the area, A, as 


A= (51.0 + 0.5) cm’ 


Unit—1 : Physics + Measurement 
Average Error 
70. The side, a, of a cube, has been measured as a= (2.5 + 0.1) cm 


The total surface area (S), and the volume (V), of the cube, would be expressed as: 


(1) S=(38 + 3)cm’ V=(15.625 + 1.875) cm (Incorrect) 
(2) S=(37.5 + 3)em? V=(15.63 + 1.88) cm (Incorrect) 
(3) S=(37.5 + 3)cm’? V=(15.6 + 1.9) cm (Incorrect) 
(4) S=(38 + 3)cm®’ V=(16 + 2) cm (Correct) 


Correct answer: (4) 
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UDAAN 
Solution: 
We have, 
Total surface area, S = 6 (a°) 


= 6 (2.57 cm’ = 37.5 cm? 


Ato, AS 24a _ 2x01 
ae S a 2.5 


= 0.08 





= AS =(0.08x37.5)cm* =3cm* 
We should, therefore, express S as, 
S =(38+3)cm° 
Also volume V = a? = (2.5)? cw = 15.625 cm? 


- AV _, 4a 3001) 91 
V a 2.5 


s. AV =0.12x15.625cem? =1.875cm? z 2 cm 


We, should, therefore, express V as 


v= (162) cm? 


Unit-1 : Physics + Measurement 
Easy Error 
71. The voltage (V), across a wire, and the current (I), through it, have been measured as 
V =(3.4 + 0.2) volt, I = (0.085 + 0.005) ampere. 


The resistance, R, of the wire, as per these measurements, is: 


(1) R=(404+5)0 (Correct) 
(2) R=(40.0 + 4.7) 9 (Incorrect) 
(3) R=(40.00 + 4.72) Q (Incorrect) 
(44) R=(40+00 (Incorrect) 


Correct answer: (1) 
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Solution: 


We have, as per Ohm’s law, 


R=~= 4 9 = 400 
I 0.085 


iene 
OR v I 


0.2 0.005 


3.4 0.085 
= 0.059 + 0.059 = 0.118 


“, AR =(0.118x40)Q = 4.72Q. 


Unit-1 : Physics + Measurement 
Average Error 


72. The resistance, R, of a wire has been measured as (40.0 + 0.02) 9 . Its length, and radius, 
have been measured as 


¢ =(120.0 + 0.1) cm and r= (2.00 + 0.01) mm. 


RZ 
The relative percentage error in the resistivity, p G = =] , of the material of this wire, 


would be: 

(1) 6.08% (Incorrect) 
(2) 1.6% (Correct) 
(3) 1.08% (Incorrect) 
(4) 0.6% (Incorrect) 


Correct answer: (2) 
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Solution: 


RZ 
We have, P = —> 
Tr 


as Ap_AR Al Ar 


p R ¢ r 


02 0.1 2 0.01 


~ 40.0 120.0 2.00 
= 0.005 + 0.008 + 0.01 
= 0.0158 

., Relative percentage error 


= 1.6% 


Unit-1 : Physics + Measurement 


Difficult Writing dimensions in terms of new fundamental units 


73. Ifmass (M), permittivity (£ ) , permeability ( Ly ) and Planck’s constant (h), are taken as 


the fundamental units, the dimensions of length (L), would be: 


(1) [L]=|M“he,“u,7 | (Correct) 
D [L]=| Mb su | (Incorrect) 
(3) [L]=|Mhe, “u,% | (Incorrect) 
(4) [L]=| Mhs, | (Incorrect) 


Correct answer: (1) 
Solution: 


We have 


[e,]=|MIL°T’? | 
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[m ]=| MLT7I? | 

[h] =| MET" | 

n [eom] =| L°T? | 
Also, |h] = [MPT | 

he = MUT? 


n (£, Hy ho = M'EI 


e, uh? Y 
. u+| ee 
= Ex mhM” | 


Unit-1 : Physics + Measurement 
Average Errors 


74. The rate of flow of heat (Q), through a conductor, depends on the coefficient of thermal 
conductivity (c ), area of cross section (A), temperature difference across the two ends of 


the rod (A0) , and the length (AZ) of the conductor. The relevant formula 


AO 
ey eae 
SERR 


is used to determine o experimentally. The relative percentage errors, in the measurement 
of different quantities, are as follow: 


Flowing heat energy = 2% 

Time for which heat flows = 0.2% 
Temperature difference = 2% 
Length of the rod = 0.5% 


Area of cross section of the rod = 0.5% 
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The relative percentage error, in the determination of c, would be 


(1) 0.2% (Incorrect) 
(2) 5.2% (Correct) 
(3) 04% (Incorrect) 
(4) 2.6% (Incorrect) 


Correct answer: (2) 
Solution: 


The relation 


AO 
Gh == 
SOR 


can be rewritten as 


e(a CT 


Ao _ AH At A(A£) (A) AA 


o H t (4) (40) A 











= 2% + 0.2% + 0.5% + 2% + 0.5% 
= 5.2% 


Unit-1 : Physics + Measurement 
Average Errors 


75. A dimensionless number (N_), called Reynold’s number, can be made from a suitable 
combination ofr (radius of the tube), p (density of the liquid), v (velocity of the fluid) and n 
(the coefficient of viscosity of the liquid). The relative percentage errors, in the measurement 
ofr, p, vand y are found to be 0.4%, 1.5%, 2% and 2.5% respectively. 


The formula, for N_, and the relative percentage error in its calculated value, are equal, 
respectively, to: 


rpv AN 
(1) N=; a Z = 6.4% (Correct) 
n R 
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AN 
(2) Na=tpm ~=1.4% (Incorrect) 
R 
orp, ANg _ 
(3) Neo n? Ne =14% (Incorrect) 
AN 
(4) Ng =rpvn; N © = 6.4% (Incorrect) 
R 


Correct answer: (1) 


Solution: 


We know that [r] =[L];|p]= [MI> | 
[v]=| LT" |;n =| MET | 


[pv , — 
These give EA as a dimensionaless combination. 


rov 
Thus Ne =? 
n 


Ng r P V n 


A Ar A Av A 
_ AN, _ Ar Ap Av An 


= 0.4% + 1.5% + 2% + 2.5% = 6.4% 


Unit-1 : Physics + Measurement 


Difficult Change of ‘base units 


76. Stefan’s law, E = c T* (E = energy radiated per unit area per unit time; T = temperature of 
black body), and Wien’s displacement law à „T = b (A,, =wavelength of maximum emission, 
T = temperature) are used to define the Stefan’s constant , c , and the Wien’s constant, b. 


If c, b, along with mass and time, are taken as the ‘base units’ the dimensions of the 
‘thermal capacity’ (C) of a body, would be: 


(1) | b“MT o~ | (Incorrect) 
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(2) | b*0*M T? | (Incorrect) 
(3) [Mb o”T* | (Correct) 
(4) [Mb ” oT” | (Incorrect) 


Correct answer: (3) 








Solution: 
We have 
E MLT”? | 
-i e e] 
=[MT°K~*] n K=[oM"T? |” 


and [b]=[4,,T|=[LK] 
. [L]=| bK™ | 


Heat energy | 


Now thermal capacity = [Ca] — eens 





= r | =M[bK"] T? (K) 


= MbT? (oM"'T*) ” 
= | M*bo”T* | 
Unit-1 : Physics + Measurement 


Average Change of ‘base units 


77. If the velocity of light (C), the charge of the electron (e), time (T), and the universal 
gravitational constant (G) were taken as the ‘base ‘units’, the dimensions of ‘moment of 
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inertia’ and electrical potential (V) would be: 


(1) |GC°T | and |G'C*Te], respectively 
(2) [GCT | and [G'C’Te" |, respectively 
(3) | GC” T” l and |GC* Te |, respectively 


(4) |GICoT | and | GOT e], respectively 


Correct answer: (2) 
Solution: 


We have, 
[c]=[LT"] 
[e]= [IT] 
[G]=[M"L'T™] 
» [T]=[er"] 
[L]=[CT] 
and [M]=[G°L'T?] 
+, [Moment of inertia] = [ME] 
[0 ere] -o er] 


= [GICTT? | — [GCT | 





and | Electrical potential] =[V | -| Work 


Charge 
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IT e 


| GC Te” | 


R a aa 


Unit—1 : Physics + Measurement 


Difficult 


Errors 


78. To find the density of a given material, a solid cuboid of the material was taken and its 
dimensions as well as its mass were measured. The result of the measurement were: 


¢ =(5.10 + 0.05) cm 
b =(3.25 + 0.05) cm 
h=(1.40 + 0.01) cm 
m = (185.450 + 0.002) g 


The volume (V), of the cuboid, and the density p , of the material equal, respectively. 


(1) (32.2 + 0.74) cm? and (7.99 + 0.24) g/cm?’ (Incorrect) 
(2) (23.21 + 0.74) cm? and (8.0 + 0.2) g/cm? (Incorrect) 
(3) (23.21 + 0.74) cm? and (7.99 + 0.24) g/cm?’ (Incorrect) 
(4) (23.2 + 0.7) cm’ and (8.0 + 0.2) g/cm? (Correct) 


Correct answer: (4) 
Solution: 


We have, V= ¢ bh 


= (5.10x3.25x1.40) em? = 23.205 cm 


Rie ee E 
Vy L b h 


0.05 0.05 0.01 
5.10 3.25 1.40 


= 0.0098 + 0.0154 +0.0071 = 0.032 
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<. AV = 0.302 x 23.205 cm? = 0.74 cm? 
We, therefore, write 
V = (23.2 + 0.7) cm? 


Now density, 


= mass — 185.45 


= g/cm 
volume 23.2 








= 7.99 g/cm’ 


A(d) Am AV 


d m V 





Also, 


_ 0.002 0.7 
185.450 23.2 


= 0.00001 + 0.03 = 0.03 


<. Ad=0.03x7.99g/cm?  =0.24g/ cm’ 


We, therefore, write 


d= (8.0 t 0.2)g / cm? 


Unit-1 : Physics + Measurement 
Average Errors 


79. The moment of inertia I (= mass x (radius)’) of a hollow spherical ball of mass M = (500+ 1)g), 
has been calculated out to be ((8000 + 56)g—cm7). The reported value of I, and the least 
count of the instrument used for measuring the radius (r), should then be: 


(1) (8000 + 56) g—cm’ and 0.01 cm, respectively (Correct) 
(2) (8000 + 56) g—cm’ and 0.02 cm, respectively (Incorrect) 
(3) (8000 + 60) g—cm’ and 0.02 cm, respectively (Incorrect) 
(4) (8000 + 50) g—cm° and 0.01 cm, respectively (Incorrect) 


Correct answer: (1) 
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Solution: 


We have, I =M r’? 


„2 _ 8000 


2 





cm? =16cm c. r=4cm 
500 
age ALAM. 9 At 
dI M “r 


56 l Ar 
| | S| a 
8000 500 r 
This gives ad = = [0.007 — 0.002] = > 0.005 
r 


DA E 005 x4=0.0lcm 
The least count of the instrument, used for measuring the radius, is, therefore, 0.01 cm. 


Unit—1 : Physics + Measurement 
Difficult Calculating dimensions 


80. The dimensional formula, of the term 


efy 
LA 2G |> 
e;m, mįc 


(where e = charge of electron, v = frequency, ¢, = permittivity, m, = mass of proton, 


m, = mass of electron, C = velocity of light, G = universal gravitation! constant) and the 
ratio, of its values, is the SI and CGS units, are: 


(1) [Z]=[M7LT°I°] and 10” , respectively (Incorrect) 
(2) [Z]=[M“‘L7TI°] and 10, respectively (Incorrect) 
(3) [Z]=[M“'LT°I°] and 10°, respectively (Incorrect) 
(4) [Z]=[M°L°T°I] and 10°, respectively (Correct) 


Correct answer: (4) 
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Solution: 


We have, 
[e]=[IT];[y]=[T* | 
[e,]= [ME Tr ];[m, ]=[M]:[m,]=[M] 
[C]=| LT" |;[G]=| MPT” | 
on erf] 


=- [METT | 
This Z is a dimensionless term. 


<. The ratio ofits values, in the SI and CGS units, is 1 or 10°. 
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UNIT-2 : KINEMATICS 


Learning Objectives 

After going through unit, you would be able to understand, appreciate and apply the following concepts: 
e Kinematics ofmotion. 

° Description of motion - idea of frame of reference. 

° Rest and motion. 

6 Concept of “absolute rest”. 

g All motion is relative. 

° Distance and displacement ofa body in motion. 

° One, two and three dimensional motion. 

° Detailed study ofmotion in one dimension. 

° Concept ofaverage and instantaneous speed and velocity. 
° Uniform motion. Graphical representation. 

e Non-uniform motion - concept of acceleration. 

° Uniform and non-uniform acceleration. 

° Equations ofuniformly accelerated motion. 

° Graphical representation ofuniformly accelerated motion. 
° Motion under gravity as uniformly accelerated motion. 

° Problem solving using equations of motion, graphs etc. 

° Motion in two dimensions. 

° Scalar and vector quantities - definition, graphical representation and examples. 
e Triangle law of vector addition and its applications. 

° Parallelogramms and polygon law of vector addition. 

° Unit vector. 

° Components ofa vector. Rectangular components. 


° Representation of vectors in terms of unit vectors and rectangular components in Cartesian 
co-ordinates. 


e Substraction of vectors. 


° Relative velocity and use of vector substraction. 
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Scalar product, expression in terms of Cartesian components of vectors. Applications of scalar 


product. 
Vector product, Right hand-srew rule. 


Expression for vector product in terms of Cartesian components of vectors. 


Motion ofa projectile. 

Projectile motion resolved as 

(1) Uniform motion 

(1) Uniformly accelerated motion 
Equations of projectile motion 

(a) Equation of trajectory 

(b) Time of flight 

(c) Maximum vertical height 

(d) Horizontal range 

Graphs of projectile motion. 


Applications of projectile motion. 


Circular motion - definition of basic term like angular displacement, angular velocity etc. 


Similarity between one dimensional motion and uniform circular motion. 
Kinematical equation of uniformally accelerated circular motion. 


Linear acceleration in uniform circular motion. Centeripetal acceleration. 


Relation between linear velocity and angular speed; linear acceleration and angular acceleration. 


Examples and applications. 
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CONCEPT MAP 


KINEMATICS 


Frame of 
reference 













Absolute rest 
Relative motion 


Displacement 


MOTION IN ONE MOTION IN TWO 
DIMENSION DIMENSIONS 


Description of 


motion 





Distance 





Average and Average and 
Instantaneous Instantaneous SCALARS & 

speed velocity VECTORS 

Uniform eiyan Addition of Subtraction 
motion E vectors of vectors 
motion 
UNIFORMLY - 
ACCELERATED (1) Triangle Vector 
MOTION (2) Parallelogram Law Multiplication 
(1) Velocity-time Equations of Unit Rectangular Saala Vector 
(2) Position-time uniformly . vector components Product Product 
graphs accelerated motion of vectors 





Free motion 
under gravity MOTION IN A PLANE 
of carth 
PROJECTILE UNIFORM 
OF UNIFORMLY MOTION CIRCULAR MOTION 
ACCELERATED MOTION 
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KINEMATICS 


Mechanics in one of oldest of physical sciences. It is the study of objects in motion. Kinematics 1s a branch 
of mechanics in which we study motion without inquiring about the cause of motion. A particle is an 
infintesimally small part of matter. It has a neglibile size but a definite position. A body 1s a finite amount of 
matter having a finite size, shape occupying definite space. 


Basic Definitions 
1. Frame of reference 


A frame ofreference is a conveniently chosen co-ordinate system. The position of particle 1s described 
in the frame of reference chosen. 


pA Rest and motion 


A body is at rest in a chosen frame of reference ifits position does not change with time. On the other 
hand, if position of particle or body changes with time the particle or body is in motion. Rest and 
motion are relative. A body at rest in one frame, can be in motion in another frame of reference. 
There is nothing like abolute rest. 


3. Position Vector 


It describes the instantaneous position of a partile in a frame ofreference. It is a vector joining the 
origin of co-ordinates to the instantaneous position of particle. For a particle at rest; position vector 
is same at all times. For a particle in motion, the position vector changes with time. 


4. Distance and Displacement 


The actual path along which a particle moves is known as the 
trajectory. The distance travelled by a particle equals the actual 
length of the path discribed. It is a scalar quantity. It is a positive 
number which does not decreases with time and can never be 
zero for a particle in motion. 


The displacement is a vector joining the intial and the final position of 
the particle. In Fig. | a particle moves along curved path, from a point 
Ato B. AB is a straight line joining initial portion A and final position 
B. AB=S Displacement. The magnitude of the displacement is less 
than or equal to the distance travelled. ifa particle comes back to its 
initial position the displacement is zero but distance travlelled finite. 





Fig. 1 


Example-1 : 


A particle moves along a circle of radius r. What is distance travelled and displacement, when particle 
describes. 


3 
(a) One quadrant (b) ri th of circle. 
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Solution: 


(a) 


(b) 


From Fig. 2(a); we have B 
atari inant E 
istance travelled = -7 = 5 À 
. . A 
Magnitude of displacement 
= Length ofchord AB = V2r B 
From Fig. 2(b), we have (a) (b) 


. 3 374 Fig. 2 
Distance travelled = ri (2nr) = ra 


Magnitude of displacement = Length of chord AB = J2r 


Motion in One, Two and Three Dimensions 


(a) 


(b) 


(c) 


One dimensional motion of a particle : 


is that motion in which only ONE ofthe three co-ordinates is used to describe its position changes. 
In one dimensional motion the object moves along a straight line path. This is also known as linear or 
rectilinear motion. 


Two dimensional motion : 


is that motion in which two out of three co-ordinates specifying the position ofthe particle change. 
The object moves in one plane. For example: 


(1) an insect crawling on a floor. 
(2) a billard ball moving on billard table. 
Three dimensional motion : 


is that motion in which all the three co-orodinates discribing the position change with time. The 
object moves in space. A kite flying on a windy day; a leaf falling offa tree branch are examples of 
motion in three dimensions. 


Speed 


The speed ofa particle relates the distance travelled by the body and the time taken. The average speed, 
V 1s the ratio of the total distance travelled to the total time taken. It is the distance travelled per unit time. 
Speed is a scalar quantity. 
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Total distance travelled 7 S 


Average speed = - 
Total time taken T 


Its SI unit is ms”, and its dimensions are LT. 


The instantaneous speed, v, is defined as 


v= Lt àa E 
At>0| At dt 


where Asis a small distance travelled by the body in the interval t and t + At 

For a particle having a one dimensional motion, say along x—axis; the instantaneous speed is slope of 
tangent ofx vs t graph at the moment of time considered. 

Velocity 


The speed ofa moving body does not give us any information regarding the direction of motion. The 
velocity ofa particle at a given time 1s a quantity giving the speed and direction of motion at that time. 


The average velocity v., 1s in the direction of the displacement vector s. Its magnitude 1s ratio of the 


av ? 


magnitude of displacement and the total time taken, 1.e. 


Displacement s 


v,, ~ Average velocity = “Timetaken A 


The instantaneous velocity, v, is defined as 


= ds 
v= Lt) — |=— 
At-0| At dt 


where As is infintesinally small displacement in time interval t andt+ At. 
Example—2 : 


A particle moves along a right angled issoceles triangle ABC. It moves from vertex A to C along path 
A — B —C intime t as shown in Fig. 3. What is the 


(a) Average speed. 
(b) Magnitude ofthe average velocity ofthe particle. 
Solution : 


(a) The total distance travelled = s. Obviously 


123 


A program to give wings to girl students 


s=AB+BC=2a 
S 
Average speed = Vy = to bo (1) 
(b) The net displacement = § = AB 


Magnitude of net displacement = s =AC= J/2a 


2a 


o t 








The magnitude of the average velocity = |v, 


Example-3 : 


A particle moves along x-axis. It travels distances S, S., ..... 


17. =D? 
What is the average speed? 


Solution : 


The total distance travelled = S = Dy nis E > S; 
i=1 
The total time taken =T =t, +t, +........ = > t; 
i=) 
S S, sS, a(S, 
Se ee N E 
l= gtv V, $= 


The avarages speed, v is 
av 


Ès 
_ ial 


y 
S 


av OT ñ S, 
ae) 


|” 


& 
a 
A B 
Fig. 3 
with constant speed V , V}, ....., respectively. 


Let S,=S,=S. The body covers two equal distances with different speeds V, and V,. Then 


y ._28____2MV, 
a E a V, +V, 
+ 








Vi V, 


The average speed equal the harmonic mean of individual speeds. 
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Example—4 : 


A particle travels for n equal time intervals, each equal to t, with speed V, V.,, ..... Vx: Show that the 
average speed equals the arithematic mean of individual speeds. 


Solution: 


156005 Oven S_ be distances travelled in 1°, 2™...... n” time interval, each equal to t. Obvisoul 
1 2 n y 


The total time taken = T = nt 


a A are 
~, Average speed = TU UMW 


= Arithematic mean of the individual speeds. 


Uniform Motion in a Straight Line 


A body has a uniform motion 1fits velocity is same at all moments of time. For a particle having uniform, one 
dimensional motion, say along x-axis; the particle has equal displacement in equal time intervals howsoever 
small the interval be. 


O A B Ç 
wrur > \ 
t=0 t=Is t= 28 t= 3s 

Fig. 4 


In Fig. 4, particle starts moving from origin O at t = 0 along the x—axis with uniform velocity. A,B, C 
denotes its position at t = 1s, 2s and 3s respectively. Then OA = AB = BC. The position (x) vs time (t) 
graph of uniform motion along +ve x-axis is shown in Fig 5(a). Fig 5(b) shows velocity (v) vs time (t). The 
slope of x vs t graph equals the velocity of the particle. 


VA i 


(a) (b) 


Fig. 5 
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Non-Uniform Motion 


An object undergoing unequal displacement in equal time intervals, has a non-uniform motion. In non- 
uniform motion velocity varies with time. The motion is also refered to as accelerated motion. The average 
acceleration over a finite time interval is ratio of change in velocity and time taken. Expressed mathematically 

v,—-v, Av 

any = E ! urr 

t,—t, Al 


where Vv, and v, denote instantaneous velocity at t=t, andt =t, respectively. 


The instantaneous acceleration a 1s 


Av | dv 
a= Lt | — |=— 
At>0| At dt 


The instantaneous acceleration is slope of tangent to velocity vs time graph at the moment of time considered. 
Acceleration ofa body can be either a positive or a negative member. It velocity of body increases as time 
increases, acceleration is a positive number. If velocity of body decreases as time increases;acceleration is 
a negative number. Negative acceleration is also known as retardation. 


For a body having same accleration at all times; we say motion is uniformaly accelerated. However if 
acceleration is not same at all times, we have non-uniformly accelerated motion. 
Graphical Interpretation of Velocity and Acceleration 


The average velocity in time interval between t = t, and t = t, equals the slope of the chord Joining the two 
pomts considered on displacement vs time graph. 


X 


Tangent to curve 
| at point P 





as Fig. 6 (0) 
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O 


Fig.6 (c) 


In Fig. 6(a) the slope of chord AB is the average velocity in time interval At = t, —t, . The instantaneous 
velocity at time t, 1s the slope of tangent to x vs t graph at the point P considered. This is shown in Fig. 6(b). 
The instantaneous velocity can be positive, zero or negative as shown in Fig. 6(c) Fig. 7(a) and 7(b) given 
below shows x vs t and v vs t graph of a body having uniform motion. 


X V 


v>o 
Xo 


O t oœ i 
(a) (b) 

` i Fig. 7 

Uniform Motion = 
The acceleration of a body in motion in obtained from velocity (v) vs time (t) graph. The average acceleration 
is the slope of chord jomning the two points considered on v vs t graph. In Fig. 8(a) slope of chord PQ is 
the average acceleration in time interval (t,t). The instantaneous acceleration is slope of tangent to v vs t 
graph at the point considered as shown in Fig. 8(b) Fig. 8(c) shows positive, zero and negative acceleration. 
Y 


Slope of tangent at 
P equals instantaneous 
acceleration 


ro 





= 


(a) Fig. 8 (b) 


127 


UDOON 


A program to give wings to girl students 





O 
Fig.8 (c) 


Distance and Displacement from Velocity vs Time 
Graph 


The total area; without assigning negative sign to any part of area; under 
velocity vs time graph equals total distance travelled. 


The algebraic sum of areas under velocity vs time graph gives the magnitude 
of the displacement. In Fig. 9; area PQRS equals total distance travelled 
in the interval (t,—t,). The area can be calculated graphically or using 
Fig. 9 integration. 





Example-S5: 
A particle moves along x—axis. The position (x) vs time (t) graph is 
as shown in Fig. 10. 


(a) What is the instantaneous speed at (1) t = 2s, (11) t = 5s, 
(11) t= 10s? 


(b) What is average speed over time interval 0 — 12s? 
(c) Plot velocity (v) vs time (t) graph. 
Solution : 


(a) (i) v=slope ofx vst graph at t= 2s 





= 8-2 Sms"! 
4—0 


(i)  v(att= 5s)= Zero 


o aon ES ms 
G) v(at=10s)= = 


-1 
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(b) The total distance travelled in time interval 0—12s 





= 6+8+8 = 22 m 
Totaldistancetravelled 22 5 
ay eee ay 

(c) Fortime interval 

(i) O<t<A4s; v=1.5ms" 

(i) 4<t<8s; v=0 

(i) 8<t<12s; v=—4ms! 
v vs t graph for motion is shown in Fig. 11 Fig. 11 


Example-6 : 
v (ms’) 


t (s) 


Fig. 12 


v vst graph ofa particle moving along z-axis is shown in Fig. 12. What is 
(a) average speed, (b) average velocity from 0 to 10s? 


Solution: 


(a) S=the total distance travelled in 10s 


_ x6 | (2x6) [ 526] + (652) 


= 12+12+6+12 = 42 m 
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T = Total time taken = 10s 


S 42 = 
=V=—=—=42ms 
., Average speed = Vy T 10 


[ Note: In calculating S we have NOT assigned negative sign to area in time interval 8 to 10s.] 


(b) The magnitude of total displacement = Is 


=12+12+6+(-12)=18m 
[ Note: Negative sign assigned to area under v vs t graph in time interval 8 to 10s. ] 
18 P 
The magnitude ofaverage velocity = io 1.8 ms 
Example-7 : 
For a particle moving along x-axis; the instantaneous position x 1s given by 
x= 420+ 


where x is in meter and t in second. What is instantaneous (1) velocity and (11) acceleration at t= 1s? Is 
motion uniformly accelerated? 


Solution: 


By define the instantaneous velocity v is 


v=—=4-4t4+3t? (i) 


and instantaneous acceleration, a, 1S 


dv 
a = — = —4 + 6t ii 
do (11) 


At t= ls; 
v (t= 1s)=4-—4+3=3ms", 
a (t= 1s) =-4+6=2ms” 
Since acceleration varies with time, motion is NOT uniformly accelerated. 
Example-8 : 
The instanteous velocity v of a particle moving along a straight line is 


v= (t?—4) ms" 


130 


UDOON 
A program to give wings to girl students 
What 1s: 
(a) instantaneous acceleration at t = 2s. 
(b) displacement in time interval 0—4s 
(c) distance travelled in time interval 0—4s? 
Solution : 
(a) Givenv=t?—4 
dv 
a= — = 
dt 


a (t = 2s) = 4 ms” 


2t 


(b) Let particle move along x-axis. Then 


pS ed 
dt 


Displacement = [dx = f (e — 4) dt 


4 








3 
A 
0 
= nen 
3 3 


(c) Note vis negative in time interval 0< t< 2s and positive in time interval 2 < t< 4s. Distance 
travelled S is 





S=|f (e -4)at|+ fe -4jat 
16 160 _ 32 
33 3 


Equations of Uniformly Accelerated Motion 
Consider one dimensional motion ofa particle having uniform acceleration. Let 


v, = initial speed of particle, at t = 0 


131 


UDAN 
A program to give wings to girl students 
v = instantaneous speed of particle att =t 
a = uniform acceleration 
S = total distance travelled by the particle in time t 
A distance travelled in n* second of motion. 


The equations ofmotion are: 


y=y tal — pim (1) 
ee 

S=v,tt Fie PA (2) 

v =v =2as ee (3) 


V 4 S 


(a) (b) 


Fig.13 


Example-9 : 


A car has an intial speed of 108 kmhr'. Brakes are applied producing uniform retardation. The speed of 
car is reduced to 36kmhr in travelling a distance of 200 m. What is 


(a) retardation, (b) time taken? 
Solution : 


Given, 


(a) w = 108kmhr™' = 108x = ms" = 30ms" 
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v =36kmhr | =36~x = ms" —=10ms” 


S = 200 m; a=? 
From, v —v; = 2aS , we have 
(10)*— (30)? = 2ax200 
- a=—2ms” 
Negative sign ofa indicates retardation 
(b) Let t be the time taken. Using v= v, + at, we have 
10 = 30+ (-2)t, ort = 10s 
Example—10: 


A particle starts from rest and has a uniform acceleration of 2 ms”? for 5s. The subsequent motion is 
retarded and particle comes to rest in next 2s. What is the 


(1) retardation, (2) total distance travelled? 
Solution : 

Given, 

(1) v,=0;a=+2ms~*;t, =5s 


s V = 072x510 ms"! 


S, = 0+5 x2x(5)?= 25 m 


The particle is brought to rest in 2s having an initial speed of 10ms'. The retardation a, is 
0 = 10+a,x2 l amm 


S, = distance travelled in time interval t = 5s to t = 7s 


] 
= 10x2+7 (-5)(2)?= 10 m 


S = The total distance travelled = S +S, = 25+10=35m 
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(2) For time interval 0 < t < 5s; the instantaneous 
speed is 
v=04+2xt=2t 


For time interval 5 < t < 7s; the instantaneous 


speed is 


v=10+(—5)t = 10-St 


Taking these factors into account v vs t graph is 


as shown in Fig. 14. 


Let x be the instantaneous position co-ordinate O 2 
of particle starting from origin at t=0. For time 


interval 0 <t < 5s. 


x (at t = 5s) = 25 m. For time interval 
5< t< 7s ; the instantaneous position co- 
ordinate 1s 


x=25 + 10 (t-5) + > (—5) (t-57 


=25 + 10 (t-5)—2.5 (t-5)? 
x (t = 7s) =25 + 10(7-5) — 2.5 (7-5)? 
=25+20-10=35m 


These characterstics are shown in x vs t 
graph in Fig. 15. 


Example-11 : 


v (ms”) 





t(s 
4 5 6 8 a 


Fig. 14 


x (m) 


30 


t (s) 





A car is moving with an initial speed v,. It is uniformly accelerated. The distance travelled by car in 7* and 
9" second of motion is 17 mand 21 m respectively. What is v, and a? 


(b) What is speed of car and total disance travelled in 10s? 


Solution: 


We know, the distance s ; travelled in n' second is 


a 
sy) + 5 P] 


134 


A program to give wings to girl students 


Given S, = 17m and S,= 21m. Therefore 


17 = vy +5 [2x7 -1] = nta SSN (1) 


and 21=v +2 [2x9-I]= v +a Da (2) 


From equations (1) and (2) 
a =2 ms" and v,=4ms" 
Let v,, be the speed aquired by car at t = 10s 
v,=v,t a x 10 
=4+2x10=24ms'! 
Let S be the total distance travelled in t = 10s. We have 


] 
S=4x10 +5 x 2 x (10)}?= 140m 


Example—12: 
A particle starts moving from origin along x—axis in the positive direction of x—axis. x is instantaneous 


position co-ordinate and v the instantaneous velocity. Given v= k ./ , where k is a constant. Prove that v 


is directly proportional to t. 


Solution : 
Given, 
dx | dx 
y = — = kx” —a = kdt 
dt 5 x” 
Integrate 


X j t -|| l£? 
[x7 dx=k] dt or Ix? =kt or [E] 


The instantaneous velocity, v, is 


dx (k) k 
v=—=2| > |t= > 
dt 4 2 


Obviously v is directly proportional to t. 
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Motion Under Gravity — Free Fall 


A particle is released from a point at a height h 
above ground. R = 6400 km is radius of earth. 
If h << R. and air resistance is neglible; the 
particle falls towards earth with a constant 
acceleration, g = 9.8 ms”. This is called free 
fall of body (undergravity). Equations of 
uniformly accelerated motion are used to 
described this motion. 





A very convenient way of describing motion is 





choosing an appropriate; conveninent co- O 
ordinate system and describe (i) position (11) (a) Fig. 16 (b) 

velocity and (11) accleration of the body in 

motion using appropriate positive and negative signs. To understand +ve and —ve sign consider a particle 
projected vertically upwards from O with nitial velocity v.. Choosing O as origin of co-ordinates and 
vertically upward direction as direction of positive Z-axis; during the upward motion; if the particle is at 
point P position co-ordinate z is +ve; instantaneous velocity v is +ve and acceleration due to gravity is 
negative. This is shown in Fig. 16(a). Particle accquires maximum height at A and starts moving down. For 
downward motion; P' is instantaneous position of particle as shown in Fig. 16(b). Now position co- 
ordinate z is a +ve number; instantaneous velocity v is negative and acceleration due to gravity is negative. 
The equation giving instantaneous, velocity, v, and instantaneous position z are: 


v=y eo 
| 2 
Z=vtt > (—g)t 
From these two equations every information regarding motion of particle can be easily obtained. The +ve 
or —ve sign of v, z, etc. are to be initerpretted properly. This is illustrated in examples discussed. 
Example-12: 


A ball is projected vertically upwards from ground with an initial speed of 20ms". 


(a) What is maximum height of the ball from ground? How long after projection the ball is at maximum 
height from ground? 


(b) What is instantaneous velocity and position of particle at (i) t= 1.5s and (i1) t= 3s? g = 10 ms” 
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Solution: 


Jasia +Z-ax1S +Z-aXx1S 
A 
p v=5ms" P 
| p 
v=-10 ms” 
18.75 
H=20 m | m am 
| v=20ms" | | 
O O 
O At t=1.5s At t=3s 
(a) (b) (c) 
Fig. 17 


Choose point of projfection O as origin and vertically upward direction as positive z-axis. as shown in 
Fig. 17. Given 


v, = 20 ms ',a=—10 ms*, z= 0 


Note carefully + and —ve sign of v, and a. Let v and z be the instantaneous velocity and position co- 
ordinate of ball. Then 


v=v,tat=20-10t aa (1) 


ioe as : at? = 20-5 (11) 
(a) Let particle attain maximum height from ground at t=t,. This is shown as point A in Fig. 17(a). At 
maximum height instantaneous velocity is zero. For point A; v, =0; t =t, . From Eqn. (1) 
0 = 20-10t, s t =25 
The position co-ordinate z, of point A gives maximum height of ball. From Eqn. (ii) 
H = 20x2 — 5(2)? = 20 m 
b) © Att=1.5s; from Eqn. (1) and (1) we have 
v (t= 1.5s) = 20-15 =5 ms"! 
z (t = 1.5s) = 20x1.5—5 x (1.5)? = 18.75 m 


The +ve sign of v shows that ball is moving vertically upwards. The +ve sign of z means ball at this 
moment is above ground at a height of 18.75 m. This is shown in Fig. 17(b). 
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(i) Att=3s; from Eqn. (1) and (11) we have 
v (t= 3s) = 20 —30=-10 ms” 
z (t = 3s) =20x3 —5 (3)? =15m 


The negative sign of v indicates the ball is moving vertically downwards. The +ve sign of z indicates 
ball in above ground at a height of 15m. This is shown in Fig. 17(c). 


Example—13: 


A vertical tower is 100m high. From the top of tower, a ball Ais dropped. Simultaneously a second ball B 
is projected vertically upwards from ground witha speed of 40 ms’. Where and when the two balls cross 
one another? What is instanteous velocitiy ofthe each ball at this moment of time? g = 10ms~” 


+z-axis Z-axis 





A 
O, | Vro=O 
100 m 
Vro =+40ms" 
OB O 
(a) (b) 
Fig. 18 


Solution : 


In Fig. 18(a) O is point an ground and O, is the top of tower. Choose O as origin and vertically upward 
direction as positive z-axis. 


For ball A; 
Viol = 0; a, =— 10 ms*; z,o =+ 100m 

. v, =—l10t 

z, =100+(=5t) u (i) 
For ball B, 

v, =+ 40 ms", a, =—10 ms”, Zo = 0 

. Vz, =40-10t 

Z, =40t=st ae, (ii) 
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When the two balls cross one another, their instantaneous position co-ordinate is same, i.e. z, = Z,. From 
Eqns. (1) and (11) 


100 — 5t? = 40t—5t? 
ort=2.5s 


The two balls cross one another 2.5s after projection. The instantaneous position co-ordinate ofa from 
Eqn. (1) 1s 


z, = 100-5 (2.5)? = 68.75 m 


The two balls cross one another at a point 68.75m above ground. Let v, and v, be their instantaneous 
velocity. Obviously 


V0 2 ms"! 
Vv, = 40 — 20%2.5 = +15 ms"! 


Negative sign of v, indicates that ball A is moving vertically downwards. The positive sign of v, indicates 
that ball B is moving vertically upwards. This is shown in Fig. 18(b). 


Example-14: 


A helicopter is ascending vertically upwards with a constant speed of 1080 kmhr'. When the helicopter is 
2km above ground a small packet is dropped from tt. 


(a) What is maximum height of packet above ground? 


(b) How long after being dropped, the packet hits ground? What is its velocity just before hitting ground? 
(g= 10 ms”) 


Solution: 
+Z-ax1S +Z-ax1S 


> 5 
— 


O  t=30s O t=66.05s 
(b) (c) 





Fig. 19 


139 


A program to give wings to girl students 


In Fig. 19(a). O is point on ground and A is the position of helicopter at t= 0 when packet is dropped. 
Choose O is origin and vertically upward direction as +z—axis. 


v, = The initial velocity of packet = Velocity of helicopter at this moment of time 


= 1080x ms! = 300 ms! 


a = acceleration of packet =—10ms~*; z, = 2000 m 

Let v and z denote the instantaneous velocity and position co-ordinate ofpacket. We have 
v=300-10t n (1) 
z =2000 + (300t- 5t) a. (2) 


Let packet attain maximum height from ground at t=t,. In Fig. 19(b); P is instantaneous position of 
packet. The instantaneous velocity of packet at P is zero. From Eqn. (1) 


0 = 300 — 10t, “. t, = 30s 
z (at t, = 30s) =H = maximum height of packet above ground. From Eqn. (2) 
H = 2000 + 300 x 30 —5 x (30)? = 6500 m= 6.5 km 


(b) Let the packet hit ground at t = t, and after being dropped. The instantaneous z—co-ordinate of 
packet is zero. From Eqn. (2) we have 


0 = 2000 + 300t, — 5t 


or t? — 60t, — 400 =0 
_ _ 60+ V3600 +1600 
Pee 
2 


60+ 72.1 


——— 66.58 [Negative value to t, is not possible. ] 


The packet hits ground 66.5s after being dropped. The instantaneous velocity of packet is 
v = 300 — 660.5 = — 360.5 ms" 


Negative sign of v indicates packet 1s moving vertically downwards. 
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VECTORS 
Scalars and Vectors 


Many physical quantities that we study can be broadly divided into two categories, known as (1) scalars 
and (11) vectors. 


(1) | Scalars are those physical quantities which have only a magnitude. They add according to law of 
oridinary algebra. Mass, volume,work are some example of scalar quantities. 


(1) Vectors are physical quantities having both a magnitude and a direction. Vectors add according to 
triangle law of vectors and satisfy commutative property of vector addition. Velocity, acceleration, 
force, linear momentum are some examples of vectors. 


P Inprint; a vector represented by a bold face letter A is vector. A vector 1s 
A represented by a straight line with a arrow head on it an shown in Fig. 20 
is the tail and P is the head of A shown in Fig. 20. The magnitude of vector 
O is known as the modulous of vector. In Fig. 20 length OP, on the chosen 
Fig. 20 l . 
scale; is the magnitude of A. 


Two equal vectors have same magnitude and direction. The negative ofa vector A, written as — A, has 


same magnitude as A but —A has a direction opposite to that of A as shown in Fig. 21 (b). 


A A 
— , — 
j +. 

B -Å 

Equal vectors Negative of a vector 

(a) (b) 

Fig. 21 


Vectors having equal or unequal magnitudes but acting along same or parallel lines are colinear vectors. 


Vectors acting in same plane are known as coplaner vectors. 


The angle 0 between A and B is the angle between the two arrowed lines representing the vectors when 


their tails coincide as shown in Fig. 22(a) A 
— ~ p 
3 

— 

3 B 

6 Parallel vectors 
A 
(a) ‘ (b) 
Fig. 22 
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A 
2 $A 
B B 
Antiparallel vectors 
O=1 
(c) ae 
Perpendicular vectors 
0 = n/2 
Fig. 22 
(d) 


Zero or Null Vector 


It is a vector haivng zero magnitude in arbitrary direction. When the magnitude ofa vector is added to itself 
we get zero vector. For example. 


(1) The velocity vector ofa particle at rest is a zero vector. 
(2) The position vector of origin of co-ordinates is a zero vector. 


The multiplication of any vector with zero produces a zero vector. 


Addtion of Vectors 
(1) ‘Triangle Law of Vectors 


The two sides LM and MN oftriangle LMN, taken in order; represents A and B (1.e. the two vectors to 
be added) in magnitude and direction. The third side LN taken in opposite order is resultan R of A and B. 





N 
B 
——— rt 'O 
A 
R=A+B 


R =,/A’ +B’ +2ABcos0 


Let the resultant R make an angle q with A. Then 


Bsin@ 


ce ae A+Bcos0 
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(2) Parallelogram Law of Vectors 


Let the two adjacent sides of a parallelogram represent in magnitude and direction the two vectors A and 
B to be added. The resultant R is represented in magnitude and direction by the diagonal of parallelogram 
such that tail of A, B and R is at same point. This is shown in Fig. 24. It is obvious from Fig. 24 that 


A+B=B+A 


This is known as commutative property of vector addition. 





A 
Fig. 24 


(3) Polygon Law of Vectors 


Polygon law of vectors is useful in adding more than two vectors, 
graphically. Let A, B, C, D and E be the vectors to be added. 


R=A+B+C+D+E 


Draw a polygon with consecutive sides taken in cyclic order, 
representing in magnitude and direction the vectors to be added. The 
resultant R, 1s represented by the closing side of the polygon taken in 
opposite order. This is shown in Fig. 25. 


When vectors to be added form a closed polygon; the resultant 1s 
Zero. 





Note the important properties of vector addition. 

(1) Vector addition is commutative, 1.e. 
A+B=B+A 

(2) Vector addition is associative, 1.e. 


A+(B+C)=B+(C+A)=C+ (A+B) 
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(3) Vector addition in distributive, 1.e. 


m(A + B)=mA+mB 


Components of a Vector 


Any two vectors say P and Q whose resultant equals R are known as components of vector R. This is 
shown in Fig. 26(a). There are any infinite number of ways in which given vector R can be resolved into 
components. Fig. 26(b) shown a few different sets of components of R. 





(a) (b) 
Fig. 26 


The components ofa vector in two mutually perpendicular directions are the rectangular components of 
vector. In Fig. 27. OA and OB are rectangular components of OC=R. Let R make an angle 0 with x—axis. 


OA =R_= X - Components of R =R cos Q 


OB = a Components of R =R cos 9 


Unit Vector 


Consider a vector A, the unit vector A 1s a vector having a magnitude 
of unity and same direction as given vector 1.e. A. We can write 


(aes or A=|AJA 
A 


For a Cartesian co-ordinate system shown in Fig. 27 i, j and k 


are unit vector along x, y and z-axis. P is a point having co-ordinates 





(x, y, zZ). OP= r = position vector of P in terms of í, j and k; 
r=xi+yj+zk 


144 


UDOON 


A program to give wings to girl students 


Ir =f = Magnitude of position vector = Jetty +z 


Let a, B and y be angle OP makes with x, y and z-axis 
respectively. Then 


x Z 
cosa =>; COs g=2 and cosy=— 
r r r 


cos? a+cos* B+cos’y=1 


cos a, cos B andcos y are known as direction cosines ofr. 





Substraction of Vectors 

Let A and B be two given vector. Let us substract B from A and write this as 
C=A-B 
=A+B' 


where B'=-B. To substract B from A; we add B' which is negative of B; to A using triangle law this is 
shown in Fig. 29. 





Obviously from Fig. 29(b) 
C=,/A°+B° + 2ABcos(-8) 


Bsin(a— 0) 


and tan Q = —————————— 
A +Bcos(n-90) 


Note; vector substraction is NOT communicative, 1.e. A — B + B- A 


Vector substraction is also not associative, Le. A— (B-C)#C-(A-C) 
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Relative Position or Relative Velocity Vector 





(b) 


Fig. 30 
Fig. 30(a) shows two points A and B having position vector r, and r respectively. 
rag = BA = Position vector of Arelative to B. 
From triangle law of vectors. 
r, =i trig 
or Typ FE, -h 
In Fig. 30(b), V, and V, are two velocity vectors. 


Vp, — Relative velocity of B w.r.t A. Obviously 


Vea — Yep Ya 
Example-15: 


The maximum and minimum resultant of two vectors is 14 and 6 respectively. What is angle betwen the 
two vectors if their resultant is 12.5? 


Solution : 

Let A and B be the magnitude of the two given vectors (A> B). C is the magnitude of their resultant. Given 
Cx. ~At+B=14 and C,..=A-B=6 

A=10andB=4 
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Let @ be angle between A and B, so that the magnitude of their resultant, C, is 12.5. From triangle law 
(12.5)? = (10)? + (4)? +2 x 4x 10 cos 9 
orcos 9 = 0.867 ~ § = 60° 
Example—16: 
Aman can swimat a speed of 4kmhr" ina still river. The river is flowing at a speed of 2kmhr"™. 


(a) In which direction a man must swim to reach a point on the other side ofriver directly opposite his 
starting point? If width of river is 4km; what is time taken? 


(b) | What is the direction in which man swims ifhe wants to cross the river in minimum time? What ist. ? 


Solution: 


| B 
Vr | 
B 
| | 
4 km Vm 
A 
(a) \ 
A 
Fig. 31 (b) 


Fig. 31(a) shows river flowing at velocity Vp . The man is at point A and wants to swim to point B. If man 


aims towards point B the flow ofriver will make him reach opposite end at a point to right of B. Let man 
swim in a direction making an angle @ with line AB in such a manner that his resultant velocity is directed 
along AB. This is shown in Fig. 31(b). Obvisouly. 


l 2 
T ee een E, <. §=30° 
Vu 4 


The magnitude, v, of the resultant velocity is 


VeqV,. =v. = Jay ~(2) = 2/3 kmhr”' 


t = The time taken by man to move from A to B 


4km -2 yr 


him 
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(b) When man swims in a direction making an angle 9 with the direction of flow ofriver, his resultant 
velocity v, has a magnitude; 


.. £2 2 
v= vy, +v +2v v cos 8 


The man swims across river in minium time if v is maximum. Obviously v is maximum if o = 9°. Therefore 


The direction of v „„ 1s shown in Fig. 31. Let t be the time taken. Obviously 


X 


K— vt — 


4 km VR a 
= 
Vm 
| Vmax 
A 
Fig. 32 


4=v t or {=< = ihour 


The man will reach opposite end at point C, such that 
BC = vt = 2x1 = 2km 
Example-17 : 


A river is flowing at a constant speed of 3 kmhr'. Two men A and B can swim at same speed of 5 kmhr"’. 
Man A moves down stream a distance of 4 km and comes back to starting point swimming up the stream. 
Man B also moves between two points 4 km apart in a direction perpendicular to direction of flow ofriver. 
Man B aims himself during forward and backward journey in such a manner that he moves in a direction 
perpendicular to stream. What is ratio of time taken by A and B in their respective journey? 


Solution: 


(1) For Man A 


VM Vm 
=e <— 
Vp Ve 
V, Vi 
Forward Journey Backward Journey 
(a) Fig. 33 (0) 
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Fig. 33(a) and (b) show the velocity v,, ofmanand river v, during forward and backward journey. The 


resultant v, and v inthe two cases have magnitude of 
V, =V u + Vp =5+3=8kmhr™ 


a a -1 
V = Vy ` Yr =2kmhr 


4 4 
T, =The total time taken by man A = ra 2.5 hr 


(2) ForManB 





Vy v 
VR 
Forward Journey Backward Journey 
(a) (b) 


Fig. 34 
Fig. 34(a) and 34(b) show v,, and v, during forward and backward journey. The resultant velocity v, 


and v` have same magnitude and it is: 


V, = JY - (3% = 4kmhr”' 


T, = Total time taken by man B = 2 $ =2h 


A 
i 2 
Example—18 : 


Two cars A and B are 10 km apart at t = 0 as shown in Fig. 35. Both cars start moving simultaneously. Car 
A moves with a speed of 20 kmhr™ from east to west. Car B moves with same speed as A from south to 
north. What is their distance of closest approach and what 1s time taken to attain the position of closest 
approach’? 
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S Fig. 35 


Solution: 


10km 





(b) (c) 
Fig. 36 





Choosing x-y axis as show in Fig. 36(a); A and B represent position of two cars at t = 0. Given 
AB = 10 km. 


Also, vz, =-20i; Vv, =20j 
The relative velocity of B withrespect to A. 
i V, = 20(i+j);kmhr” 


Vz, 1s shown in Fig. 36(b). To driver of car A, car B appears to move along v}, . The minimum distance 


between to cars is AC; as shown in Fig. 36(c). Obviously 
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AC = ABsin 45° me km = 7.07 km 


ya 


T = Time taken to accquire minimum distance 


10 
-BCL V2 l hr=15 mintue 
Va, 20V2 4 


Example—19 : 


Aman walks from to west to east at a speed of 5ms~. To the man wind appears to be blowing from north 
to westwards. The man doubles his speed and wind appears to be blowing in north-east direction. What 
is actual velocity of wind? 


Solution: 
Y 
N 
Vw 
W T X O 
—_____» —_____» 
Vu Vy, 
S 
(b) (c) 
(a) 


Fig. 37 


Choose a Cartesian co-ordinate system as shown in Fig. 37(a). Let the velocity of wind be 


=e ere 
Vw =V,i+v, J; ms 
v_ and v, are the x — and y — components of velocity of wind. 


Case I: Given 


Vu = Si:ms” : Von = View (-i) ed (1) 
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We know, 
Vom =VYw—-Ym =(v,-5)i+v, | P (ii) 
From Eqns. (1) and (11) 


Vv =5=0 or se 1) en (iv) 


Case II: 
' A ' l A l e 
Ya ~ 101, Vw = Vwm (i): ral we (v) 


Also, vy'=(S-10)itvyj (vi) 
From Eqns (v) and (vi); we have 


| 
Vy —=5-10 or Vy —=—Sms 


The velocity of wind, v, 31s 
= (si- 5j)ms” 


The speed of wind is 54/2 ms”; and it is blowing in south-east direction. 
Scalar or Dot Product of Vectors 


Consider two vectors A and B making an angle @ with one another. The dot product A+B by difinition is 
A.B =abcos0 


It is a scalar quantity. In words, dot product of A and B is product of magnitude of A and component of B 
in the direction of A or vice-versa. The dot product of two non zero vectors, i.e. A#0,B #0 canbea 


positive or —ve number depending on @ whether is an acute or obtuse angle. If A+0,B #0, but 


Tt 
A+B =0;cos 0 =Oor 9= >: Dot product of perpendicular vectors is zero. Dot product is commutative, 
L.e. AeB = BeA. Dot product is also distributive 1.e. 

A(B + C)= A.B + A.C 


Scalar product ofa vector with itself equals square of magnitude of vector. Le. AeA =A’ 


Let i,j and k be unit vectors along x—, y— and z—axis of a Cartesian co-ordinate system. Then 
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eR ae ee eee 
In a Cartesian co-ordinate system; let 
A= A i+ Aj +A k and B= B,i+B, j + Bk 
Then, ASB= A,B, + A,B, +A,B, 
Example—20: 
A =2i+4j-k 
B=-3i+ j +k 
What is angle between A and B? 


Solution : 


A=|A|=,/(2) +(4) +(-1) =V21, B=|B\=,/(-3) +(1) +(1) =v 


A-B = 2x(-3)+4x14+(-1)x1 =-3 
Also, AeB = ABcos8, therefore 


~3=J/21xJ11cos0 


or cos ð = -— m =— | ~ (0.2 0 = cos” (—0.2) =~101.5° 


Example-21 : 
A =3i+2} 
What is component of A in the direction of i+] ? 
Solution : 
Let B=i+j 


|A| =A =,/(3) +(2) =V13, 


B|=B=,/(1) +(1) =2 
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up 
AceB=3x1+2x1=5 
= (Components of A along B) x B 


. M . i d E — > f B i+j 
<. Magnitude of component of A along J D: Also, B= Bi = 5 
B Z 


In terms of į and j ; component of A along (i + i) iS 


Vector or Cross Product of Vectors 


Let C=A x B,C is the cross or vector product of A and B. By definition 
C =(ABsin 6)n 


where j, is a unit vector whose direction is given by the Right-hand-screw rule. According to right-hand- 


screw rule; place a right handed screw perpendicular to plane containing A and B. Rotate screw so that A 


goes and coincides with B. The direction in which screw advances is direction of n. This is shown in 
Fig. 38(a). 


A (or A x B) 





(a) Fig. 38 
C is perpendicular to both A and B. Vector or cross product is NOT commutative, 1.e. 
AxB#BxA 


Vector product is distributive, 1.e. 


Ax(B+C) = AxB+AxC 
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Vector product of two parallel vectors 1.e. o = 9°, is zero. Vector product has maximum magnitude if 
I l TL . l 
vectors are perpendicular to one another. 1.e. 0 = 5 . For a Cartesian co-ordinate system: 
ixi= jx] =kxk=0;and ixj=k; jxk =i; kxi=j 
In Cartesian co-ordinates; for two vector 
A=A.it+A,j+A,k 


and B=B,i+B,j+B,k, 


i j k 
C=AxB=|A, A, A, 
B, B, B, 


=(A,B, -A,B, )i-(A,B, -A,B,)j+(A,B, - A,B, )k 
Example-22 : 
A=2i-3j-k; B=—6i+9j+3k 
Show A and B are parallel vectors. 


Solution : 


We know vector product oftwo parallel vector is zero. Now 


Aw N N 


i j k 
AxB=|2 -3 -I 
6 9 3 


=i(—-9+9)+j(6-6)+k(18-18)= zero 
Hence A and B are parallel vectors. 


Example-23 : 
A=2i+j+k, B=i-j+2k 


Obtain a unit vector perpendicular to both A and B. 
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Solution: 


Let C=AxB. We know C is perpendicular to both A and B. Therefore ¢ is a unit vector perpendicular 
to both A and B. Now 


i j k 
C=2 1 1 
i =f 2 


=i(2+1)+j(1-4)+k(-2-1) =3i-3}-3k 


Also, 


C|=,/(3) +(-3) +(-3) =3V3 


. è=- =—fi-j-k) 


o v3 


PROJECTILE MOTION 
What is a Projectile? 





Consider a particle moving in uniform gravitational field of earth in a vertical plane. Let the particle be 
projected with an initial speed v, at an angle O with the horizontal direction. The particle projected is 
known as a projectile. In general it moves along a curved path known as tts trajectory. 

Basic Results of Motion of a Projectile 


VERT 







Maximum Vertical 
Height 
(H) 





Vo 
HORZ 
O Vo O, X 
t—— Horizontal Range ———» 
(R) 
Fig. 39 
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Fig. 39 shows a projectile projected in vertical X-Y plane from origin O with initial speed v, at an angle O 
with horzontal. The initial position vector r, = 0 and initial velocity v, 1s: 
Va = (Vv, cos 0)i+(v, sin 6); Lann. (i) 
V o = Vo cos O = x —component of initial velocity, v,,, = Vo sin 8 = y—component of initial velocity. 


The acceleration due to gravity acts in vertically downward direction. There is no acceleration along the 
horizontal direction 1.e. x—axis. Expressed mathematically. 


a = 0, a 5-8 eens (11) 


The motion of projectile is easily analysed by describing motion in two parts 1.e. along x—axis and along 
y-axis. P(x, y) is the instantaneous position of projectile. The instantaneous position vector r is: 


r=xit+yj 
and the instantaneous velocity is 
V=V,1+V,]J 
Motion along x-axis: 
Since a_ = 0; motion along x-axis is uniform motion. Also, 


Vi =V o = Vo cosð 22 (111) 


l 
x= (Vio )}tt oat =(v, cos6)t — (iv) 
Motion along y-axis: 
We have ai The motion along y—axis 1s uniformly accelerated. Also 


V = Vat at = Vo smO@-—et 20 (v) 


l : l 
¥=(Vyo)t+ Sat = 1 sin @)t—— gt’ . (vi) 


Eqns (111), (iv), (v) and (vi) give complete information regarding motion of projectile. Some important 
results are discussed in what follows. 


1. Equation of Trajectory 
The equation of trajectory is relation between x and y. Elminating t from Eqns (iv) and (v1) we easily get 
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2 


8x 


= (tan 0 ) x = — 
a a 2v cos’ 0 


This is equation ofa parabola. In other words; in general, the trajectory ofa projectile is a parabolic curve. 


2. Time of Fight (T) 
The time taken by the projectile to move from O to B (refer to Fig. 39) 1s knownas time of flight. For point 


B; y, =0 at t =T. From Eqn. (vi); we have 
. l 2 
0 = (vo sin0)T-7 8T 
l 
= T Q sin 0)- Ler 


l l 
Since T + 0; Vo es 


2v, sin 9 
o T= a n (viii) 


3. Maximum Vertical Height (H) 


In Fig. 39, A is position of projectile when it has accquired 
maximum vertical height H. At point A; the instantaneous vertical 


component of velocity is zero, Le. (v, , =0;t=t, . From 


Eqn. (v), we have 





_v,sinQ0_ T 
A g 2 
The maximum vertical height H, equals y—co-ordinate of point Fig. 40 


A; Le. y,=Hatt=t,. From Eqn. (vi), we get 


De 
v; sin’ 0 
H = : 
oe a (1x) 
T Vo 
For same value of v,; Fig. 40 shows H vs 9 graph. Note H is max” when 9 = 5 and Hmax = 2e l 
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4. Horizontal Range (R) 


In Fig. 39, OB =R = Horizontal range of projectile. Obviously x, =R; att =T 


From Eqn (iv), we have 
(v,cos6)(2v,sin®) vi sin20 
8 8 


R= 


T T 
For a particular value of v,; R is maximum ifsin2 0 = | or 20 = 7> “ 0= 7 For a particular speed of 


projection v, the horizontal range is maximum if @ =45°. 


For same value of R; there are two directions of projection 0, and 0, . Obviously. 


2 eo) (ere: 
_ vo sin’ 0, _ vy sin’ 9, 


8 8 


R 
or sin20, =sin20, or 20, =n—20, 


. 0 +0, =5 


Let T, and T, be time of flight for O = 0, and O = 0, having same horizontal range; It can be shown that 


R? 
TT zA and HH, “T6 


1-2 





O 45° 90° 0, 
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5. Instantaneous Velocity 


The instantaneous velocity v; of the projectile is 


Aw 
. 


v =(v, cos®@)i+(v, sin@—gt) j 


The instantaneous speed v 1s 


v= v} +v? =,/(v,cos0) +(v, sinO—gt) 
Let a be the angle the instantaneous velocity makes with x—axis 1.e. horizontal direction, then 


Vv. v,sin@-et 
tan a = — =o Pe 


V V Cos O 


X 


When projectile is at position of maximum vertical height 1.e. at point A; v5 0. The speed ofparticle is 
miniumum but not zero. Also œ= 0. The instantaneous velocity is horizontal at position of maximum 
vertical height. Note x-component of v remains same at all timest during motion. These characterstics all 
shown in Fig. 42. 


y 


7 
y 0) 


Vicos 8 





O T/2 





(a) Fig. 42 (b) 
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In Fig. 43, OAB is a fixed inclined plane of inclincation a. From the foot O of the inclined plane, a 
projectile is projected with a speed v, atan angle 0 (0 > a) with the horizontal. A very convenient way of 


describing motion is choosing x and y-axis as shown in Fig. 43. Resolving initial velocity v, and acceleration 


g into component along x and y—axis we have. 
Vo = Vy cos(O-«); Vio = Vo sin(0-a) 
a, =-gsina a,=-gcosa 


The instantaneous position co-ordinate (x, y) and the instantaneous x — and y — components of velocity are 
given by 


V, =V o +a, t=vcos(0-a)-(gsina)t oa (i) 
x=| v, cos (0a) ]t-—(gsina) ase (ii) 
and ov, =v,,t+ajt=v,sin(0-a)-(gcosa)t i... (iii) 
y=| Vo sin(@-a)]t-—(gcosa)t e: (iv) 


Eqns (1), (1), (11) and (iv) vive complete information regarding motion of projectile. In Fig. 43 projectile hits 
inclined plane at point P. Time taken to move from O to P is time of flight T. Obviously for point P 


Yy, = 9; t =T. From Eqn (iv) 
n 2v sin (0-a) 
gcosa 


The distance OP = R = Range of projectile along the inclined plane. Obviously for point P; 
x=R,att=T. 
Using Eqn (11); we get 
m 2v, sin(20—«a)cos 0 
gcosa 


R is maximum, for a fixed value of v, and a; if 


sin (20-a)=1 
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or = 


2 . 
vi (l-sma 
and Row = 2 ) 
gcos“ q 
Example-24 : 


A particle is projected in a vertical plane with a speed of 100ms" at an angle of 30° with horizontal. What 
IS: 


(a) time of flight 

(b) horizontal range and 

(c) instantaneous velocity 2s after projection? g = 10ms~ 
Solution : 

Given v, = 100 ms", @ = 30°, g = 10ms* 

(a) The time of flight, T, is 


_ 2v,sinO  2x100xsin30 © 


T 10s 
g 10 
(b) The horizontal range, R, is 
2 gi 100) xsin 60 
p — vosin26 _ (100) xsin60 geo 


g 10 


(c) Letv and v, be the instantaneous x— and y—component of velocity at t= 2s. Obviously 
Vv, = v = 100 cos 30 = 86.7 ms" 
v,=v,,— gt = (100 sin 30°) — 10x2 
= 50-20 = 30 ms” 


v = The instantaneous speed of projectile. 


= [v2 +y? =(86.7) +(30) =91.6ms” 


Let a be the angle the instantaneous velocity v makes with horizontal direction. We know 


Le 30 1 0 
m = 867 = 2.346 or ao = tan (0.346) ~10.9 


X 


tan a = 
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Example—25 : 


A ball is projected with an initial speed v, at an angle 60° with 
horizontal. The ball just grazes past the edge ofa vertical wall at a 
horizontal distance of 3m from point of projection 0.2s after 
projection. What is v,? What is height of wall? What is maximum 
vertical height attained by the ball? g = 10ms~” 


Solution: 


In Fig. 44, O is point of projection of ball and AB is the vertical 
wall. Choose x— and y-axis at shown in Fig. 44. Obvisouly 





= v, cos 60 = 2 i 
V o = Vy COS 60 = > and Vo = Vo sin 60 = 0.867v, 


The co-ordinates of point A of wall are: 
x= oo y, = 3 tan 60° = 4.96 m 
Let the ball graze past point A at t=0.2s. Obviously 


Vv 
Oe or Vv, =30ms~ 


The vertical height, h, of wall equals y co-ordinate of projectile at 5 =0.2 s. Therefore, 
h =(v, sin60)x0.2—5(0.2)° 
= 30 x 0.867 x 0.2 — 0.2 
=5.2-0.2 = 5m 

The maximum vertical height attained by the ball, H, is 


—vesin?@ (30)? x(0.857) 
2g 2x10 


H m = 33.8 m 


Example-26 : 


A stone is projected vertically upwards with a speed of 40ms~ at an angle of 30° with horizontal. How 
long after after projection is it at a height of 15m? What is horizontal distance of stone from the point of 
projection at this moment of time? g = 10 ms”. 


Solution : 


V o = 40 cos 30° = 34.7 ms” and = 40 sin 30° = 20ms"! 
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The instantaneous y co-ordinate of stone, y, 1s 
l , 
y =(v, sin®)t -58t = 20t — 5t2 


Given y= 15m. Therefore, 


15 =20t — 5t or t? —4t +3 =0 


,_4tv16-12 _ 442 


—-l|8or3s 
2 2 


The particle attains given vertical height at t = 1s, while going up towards position of maximum vertical 
height and at t = 3s while moving downwards. Let x, and x, be the horizontal co-ordinates of particle at 
t= 1s and t = 3s respectively. Obvisouly. 


x, =v, x 1=34.7m and x,=34.7x3=104.1m 
Example—27 : 


A table has a vertical height of 2.5m. From the edge of the table a ball is pushed horizontally with an initial 
speed of 10ms™. 


(1) Write equation oftrajectory of ball. 


(2) How long after projection, the ball hits ground? What is horizontal distance of the point where ball 
hits ground from the foot of the table? 


(3) What is the velocity of ball as it hits ground? g = 10ms~” 
Solution : 


In Fig. 45, O is the position of particle on edge of table. Choose a co-ordinate system as shown in Fig. 45. 
For the ball 


o ww 10ms" 


Ground 
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Vo = v = 10ms-, A 0; and a = +10ms Therefore; 


v =v = 10 ms" at all times 

v,=gt= 10t Ms en, (i) 
l 2 2 i 

x=v,Xt=10t, and y= 5*10t =S n (ii) 


From Eqns (11) we have 


2 
x 
= 5) — | =0.05x" i 
y =| — (111) 
This is equation of trajectory of ball. Let ball hit ground at point P, at t = t. For point P; y = +2.5 m 


~ 25=5t? or t= Eae 0.75s 


V2 
O P = Horizontal distance ofP from the foot O, of table. 
=v,,xt=10x0.7=7m 
Let v, and V, be the x— and y-components of velocity of ball as it hits ground. Obvisouly 


V, =V =10 ms”; v, =10x0.7ms " =7ms" 


ENEN +v = 4149 ms‘ =12.21 ms” 


Let a be the angle the instantaneous velocity makes with horizontal direction. Then: 


< 


tan a =— = 0.7 or a = tan” (0.7) =35° 


X 


< 


Example—28 : 


A batsman hits a ball at a height of 1.22 m above ground. The ball leaves bat in a direction at 45° with the 
horizontal. There is a wall ofheight 7.3 m at a horizontal distance of97.5 m from the position ofbatsman 
and has a height of 7.31 m. Had there been no wall the ball would be at a distance of 106.7 m when it is 
again at a vertical height of 1.22 m. Will the ball able to clear the wall? g = 10ms ” 


Solution : 
In Fig. 46, A is position of point where the ball hits bat. Choose co-ordinate axis as shown in Fig. 46. 


Given, 
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a3 0 
v sin 90 


8 


AB = R = 106.7 = 


E J1067ms = 32 ms! 


y 





The quation of trajectory of ball is 





2 
y=1.22+(tan45)x-—— 2 — 
2(v,cos45) 
=1.22+x— o lox 
e7) 
2x| ——— 
2 
10x° l 
-122x E SON (i) 


When ball is at x = 97.5 m; its y— co-ordinate is 


10(97.5) 


y= 1.22 +97.5 — 
106.7 


= 9.58 m. 


The height of wall at x =97.5 mis 7.3 m. Since y > 7.3 m; the ball will clear the wall. 
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A circular motion is an example of motion in two dimensions. Ina circular motion the particle moves along 


a circle. For example: 
(1) motion ofhands ofa clock. 
(2) motion of earth around its own axis. 


(3) motion of earth around Sun is approximatly along a 
circular path. 


(4) motion ofelectron around proton ina hydrogen atom. 


Consider a particle moving in a circle of radius R. Choosing 
centre of circle as origin O and plane of motion as x—y—plane; 
the equation of the trajectory is x+y =R. 


The z—axis 1.e. line through center and perpendicular to plane 
of motion 1s known as axis around which motion takes place. 
In Fig. 47, z-axis is the axis of motion. The particle can move 
in acircle either in clockwise or anticlockwse direction. 


(1) Terminology used in Circular Motion 





Fig. 48 only. 


y’ 


co-ordinates (r, 0 ). In Fig. 48. 


r= R and |XOP = 0 


y 


Fig. 47 


Fig. 48 shows a particle moving ina circle of radius R in x-y 
plane in anticlockwise direction. P is instantaneous position of 
particle on the circle. Let x, y be the instantaneous co-ordiantes 
of P. Obvoisly x= OA =R cos 0 andy=OB=R sin Q. 


Another very convenient way of describing P is using polar 


For a particle moving in a circle of constant radius, the 
instantaneous position is described by one co-ordinate 1.e. 9 


Let 0, and 0, be the instantaneous angular position of particle 


att=t,andt=t,. Then AO = 0, - 0, is angular displacement in the interval At = t, —t, 


(2) Average and Instantaneous Angular Speed 


The average angular speed œ, is the ratio of angular displacement AQ and time taken At ; 1.e. 


AO 
Way — 7... 
At 
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SI unit of angular speed is radian per second. 


The instantaneous angular speed, œ, 1s 


= dO 
o= Lt | — | =— 
At>0| At dt 


The angular speed, œ, 1s also expressed in terms of revolutions per second 1.e. r.p.s. For a particle making 


vr.p.s., angular speed œ = 2rv. 


The angular velocity œ ofa particle is @ = on. The direction n Of angular velocity is always perpendicular 


to plane of motion. The sense of ,, is given by the right-hand-screw rule. 


(3) Linear Speed and Linear Velocity of Particle 
Q (tt) 





Fig. 49 


Fig. 49(a) shows a particle moving in a circle of constant radius R. P and Q are the instantaneous position 
of particle att =t, andt =t,. The linear distance As travelled by the particle in the interval At is length of 
arc PQ=R. AO 


where A0 = 0, — 0, . The average linear speed, v, , is 


av ? 


ae AS R Ga =Ro, i, (i) 
At At 


The average velocity is 


As 
La ETA 
At 


where As = PQ. Magnitude of As equals chord PQ. The direction of v,, 1s same as direction of chord PQ. 
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The instantaneous speed, vis : 


y= Lt) 2 ]= 1) RP ar uE -ro 
At>0| At At>0| At At>0| At 


The magnitude of instantaneous velocity equals instantaneous speed. The direction of v is in the direction of 
tangent to circle at the point P considered. This is shown in Fig. 49(b). 


(4) Angular and Linear Acceleration 


For a particle moving in a circle of constant radius R its angular speed changes with time we have angular 


acceleration a. Let Ao = œ, — œ, be change in angular speed in time interval At = t, —t,. 


avo lS 


The average angular acceleration; a 


_ Changeinangularspeed _ Aw 
Time taken At 


av 


The instantaneous angular acceleration; œ ; 1s 


Aw | do 
a= Lt | — | = — 
At>0| At dt 


Let a be the magnitude of instantaneous linear acceleration. Then 


: -4(r)= 4 (Ro)=R{ $) -Ra 


(5) Equations of Uniformly Accelerated Circular Motion 


Let the angular acceleration q be a constant; 1.e. angular speed changes by equal amounts in equal time 
intervals. This is known as uniformly accelerated circular motion. Let 


©, = Initial angular speed i.e. at t = 0 

a = Uniform angular acceleration 

œ = Instantaneous angular speed 1.e. t=t 
0 = Total angle discribed in time t = t 


The equations of uniformly accelerated circular motion are 


O=0,+ at 
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o-o; = 200 
Example—29 : 


A particle starts from rest and moves in a circle of radius 20 cm. It accquires a speed of 120 rpm in 
n second. The motion is uniformly accelerated. 


(1) What is angular and linear acceleration? 
(2) What is angular displacement and the number of circles completed? What is linear distance travelled? 


Solution: 
12 
(1) Given ®=9; o=120rpm= ps =2x2nrads' t= 1,8; a=? 


Using equation @, = +at, we have 


4n=a.n or a=4rads~ 
a= The magnitude of linear acceleration 
= Ra =0.2x4ms~* = 0.8ms” 


(2) The total angle described Q, 1s 


0 = ott at = 04—x4x(7) = 2n° radian 





9) 2 
Number ofrevolution completed = —— = t= 
2m 2m 
The linear distance travelled, S; 1s 
S=RO=0.2x2r’ =4m [e  =10] 


Uniform Circular Motion 


Consider a particle moving in a circle of constant radius R with uniform angular speed œ. The linear speed, 
v= Ro isalso a constant. However linear velocity v is not constant. Though magnitude of v is constant, 
the direction of v changes as particle moves. Fig. 50 shows instantaneous direction of v at three points P, 


Q and R. Note Vp # Vo # Vp; but Iv, =|Vo =|Vp =V, 
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The motion is with uniform speed but variable velocity. 


Since v is not constant; we have linear acceleration a. By definition. 


= dv 
22 e a 
At>0| At dt 





Vp VoF Vp 
Mp] = [Vol = [Vr] = v 
(a) (b) 
Fig. 50 


Fig. 50(b) shows position P and Q of particle at t=t andt =t + at. The change in velocity Ay is 
AV = Vo ` Yp = MN 


It can be shown that 


a= al = The magnitude of linear acceleration 


The instantaneous direction of a is along the instantaneous radius directed 
towards centre of circle. This is known as centeripetal acceleration. Note 
for motion in a circle of constant radius: 


(1) The instantaneous velocity is purely tangential and 
(2) The instantaneous acceleration is purely radial. 


This is shown in Fig. 52. Since v and a are always perpendicular; 


vea=0 
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Non-Uniform Circular Motion 


For a particle having non-uniform circular motion; the speed also changes as particle moves along its 
circular path. The acceleration a has: (1) radial component, a ; and (2) tangential component, a. 


The radial component of linear acceleration 


v is instantaneous linear speed and œ is instantaneous angular speed. The tangential component of 
acceleration 


The magnitude of net linear acceleration, a, 1s 


C 2 
a=,/a +a; 


Example-30 : 


The second’s hand ofa clock is 20 cm long. The second hand ofclock moves for t second from position 


A to position B. The magnitude of change in linear velocity ofthe tip of second’s hand is 0.67mcms ©. 
What is t? 


Solution: 


œ =Angular speed of second’s hand of clock 


= ed s! = rads” 
60 30 


v = The linear speed of tip of second’s hand of clock 


T 
veal [Given, ¢ =20 cm = 0.2m] 


Let the seconds hand of clock rotate through an angle 9 in time t. We have § = wt. In Fig. 52(a) Aand B 


denote initial and final position of tip of second’s hand. v, and v, 1s the linear velocity of tip of hand in 


position A and B. 


Av = The change in linear velocity= v, —v, 
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(b) 


(a) Fig. 52 


. (9 
From Fig. 52(b); |Av = MN = 2vsin 2) . Therefore 


: . (0 a) 1 
0.672x107 =0.2x sin — -P S ee 
30 2), or sin{ 5 r 


<”. 0=60° = z radian 


0 2x30 _ 


Now, t =— = 10s 
Q) 


3X7 
Example-31 : 


A particle of mass 500 g is tied to one end ofa string of length 1.5 m. The particle is whirld into a horizontal 
circle by holding the other end of string in hand. The breaking strength ofstring is 1.2 kgf. What is maximum 
number of revolutions per minute so that string does not break? g = 10ms~ 


Solution: 


Let v__. be the maximum linear speed of particle so that string does not break. The tension in string equals 
to breaking strength of string. The tension in string provides necessary centeripetal force on particle. 
Therefore 


Given, T œ =1.2kgf=12N; £=1.5m; m=0.5kg 


Tax  [12x1.5 A 
Vax =F h — = = 6 MS 
m 0.5 
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: ° Vix 6 
© ax = The maximum angular speed of particle = 7 = 1s = 4rad/s 
1 : max 4 4 x 60 
“. 0... =The maximum number ofrevolutions = = — rps = 
_ 2m 20 2 
120 
T 


Example-32 : 


A particle moves ina circle of radius R. The instantaneous angular position, 0 of particle is o = kt? where 
k 1s aconstant. What is instantaneous linear acceleration of particle? 


Solution: 


œ = The instantaneous angular speed of particle 


dO 
aes) 
KE (1) 


AS œ varies with time; the particle has a non-uniform circular motion. The instantaneous linear acceleration, 
a; has a radial component, a ; and tangential component a,. We know 


a, =Row’ =4k’Rt*, and a, =Ra= R( | =2kR 


The magnitude of instantaneous linear acceleration, a, 1s 


a=,fa’+a = J(4k’Rt ) +(2kR) 
= 2kRvV14+ 4k°t? 


PROBLEMS FOR PRACTICE 


1. A particle moves along x—axis. It covers a distance x, with constant speed v, and a distance x, with 
a constant speed v,. What is the average speed of the particle? 


Ans (x, T Xa ) viv, | 


X V> a X- Vi 


2. Acar covers half of the total distance of its journey with a constant speed v,. The other half of the 
distance is covered as described. For half of the remaining time of journey car moves with a constant 
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speed v, and the other half time witha constant speed v,. What is the average speed of car? 


: 2v, (v, +v) | 


Ans. 
| (2v, +v,+V; ) 


A particle has a one dimensinoal motion along z—axis. The instantaneous position z of particle is given 
by t=Vz+3 


z is the meter and t in second. Show that the displacement of particle is zero when its instantaneous 
velocity is zero. 


A particle having uniformly accelerated motion travels a distance of 2m in first 2s. In next 4s; the 
particle travels a distance of 2.2m. What is (1) initial velocity and (2) acceleration of particle? 


[Ans: Initial velocity = 1.15 ms", acceleration =—0.15 ms °] 


A ball starts from rest and accelerates uniformly for t, at 0.1 ms. It covers some distance with the 
speed it has accquired at end oft, second. Then car then retardes uniformly at 0.2ms~* and comes to 
rest. The maximum speed acquired by car is 72 kmh" and the total distance covered is 5km. What 
is least time in which car can complete the journey? 


[Ans: 400 s] 


A train starts from rest and is again at rest at a station 3 km away. The train accelerates uniformly for 


2 

3 rd of the journey and retards uniformly for the remaining journey. The total time taken is 3 minute. 
What is: 

(1) acceleration, (1) retardation, (11) maximum speed acquired? 


Ans. (1) = ms , (ii) > ms" , (iii) 1 ms" 


Fig. 53 shows v is t graph of particle. What is 


v (ms`) 





175 


UDOON 


A program to give wings to girl students 


10. 


11. 


12. 


(1) total distance travelled, (11) total displacement and (111), the average velocity for time interval t = 0 
to t= 40s? 


[ Ans: (1) 100, (a1) zero, (1) zero] 
A particle having one dimensional motion has an instantaneous acceleration, a; given by 
a=—2t+r ms” 
The particle is initially at origin of co-ordinates (say x—axis) and has an initial speed of —3ms '. Draw 
(1) v vs t and, (11) x vs t graph for the motion of particle. 
[ Ans: 
(i) yms’) (ii) x (ms) 


t(s) 





A ball is projected vertically upwards from top of a tower. Take vartically upward direction as 
direction of positive z-axis and top of tower as origin of co-ordinates. When the position co-ordinate 
of ball is +z, its speed is half of what its speed is when its position is —z,. Show that maximum height 


a 


attained by the ball from the top oftower is 3 


A particle A, thrown vertically upwards just reaches the top of a tower 100 m high. When A is 
thrown upwards from ground a second particle B is dropped from the top of the tower. Where and 
when A and B cross one another”? 


[Ans: 75m above ground; 2.268 after projection. | 


A particle undergoes three consecutive displacements. The net displacement is zero. The first 
displacement is 8m westward and the second is 13m northwards. What is the third displacement? 


[Ans: 15.25m; 58.5° South of East] 


The resultant of two forces F, and F, making an angle of 60° with one other is 20N. F: F,::3:5. 
What is F, and F,? 


[Ans: F, = 12N; F, = 20N] 
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A boy standing at rest on ground hold umbrella at 60° with vertical so that he does not become wet. 
The boy throws away umbrella and starts running on road from west to east at 20ms"™. The rain 
appears to strike vertically the head of boy. What 1s: 


(1) actual velocity of rain, (11) velocity ofrain wrt to boy? 
[Ans: (i) ~ 23 kmh", (ii) ~ 11.55 kmh"] 


A stream is moving with a speed of 3ms"'. Amotor-boat moves with a speed of 7ms" in still water. 
The motor-boat starts moving up the stream and drops a packet in stream. The boat travels 4.2 km 
up-stream; turns back and picks up to packet dropped. What is total time taken in picking up the 
packet? 


[ Ans: 35 minute] 


Two boats Aand B start from same point O in the middle ofa river. A moves along the stream and 
B across the stream. They cover equal distances and turn back returning to point O. What is ratio of 
the total time taken by A and B? Given speed of each boat is twice the speed of the river. 


[Ans: 1.155] 


A ball is projected vertically upwards with initial speed v, at an angle 0 with horizontal. When ball is 
at a vertical height of 10m; its instantaneous velocity is 


v =8i+5j; ms” 
(i) What is v, and 0 ?, Gi) What is maximum vertical height attained by the ball? 
[Ans: v, = 17 ms"; 0 = 61.9", H= 11.2m] 


A “basket” in basket-ball game is at a vertical height of 3.5m above ground. A boy at a horizontal 
distance of 10m jumps up to a height of 2.5m above ground and throws ball with a speed v, at an 
angle of 60° with the vertical in such a manner that the ball enters the basket. What is v,? 
(g = 9.8ms') 


[Ans: 11.7 ms“] 


A tower is 100 m high. From the top of tower a ball is projected upwards with a speed of 40ms" at 
an angle of 45° with the vertical. 


(a) At what distance from the foot of the tower the ball hits ground? What is its velocity at this 
moment? 


(b) What is the time of flight of ball? (g = 10ms~) 
[Ans: (a) 229.65 m; 59.9 ms” at 64.3° with the horizontal, (b) 8.12 s] 


A gun fires two cannons each with a speed of 250ms '. The first cannon is fired at an angle of 60° 
and the second at an angle of 45° with the horizontal. How long after firing the two cannons hit one 
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20. 


21. 


2; 


23. 


24. 


another g = 9.8 ms”. 
[Ans: 11 s] 


An aeroplane dives towards grouned along a straight line path at 37° with the horizontal. When it is 
at a height of 720m above ground and is moving at a speed of 540 kmhr'; it drops a packet. X is a 
point on ground along the line of sight of aeroplane. What is distance of packet from X as it hits 
ground? (g = 10ms”) 


[Ans: 240 m] 


An aircraft executes a horizontal loop of radius 1 km moving with a speed of 900 kmhr'. Express 
centeripetal acceleration as a fraction of acceleration due to gravity. g=9.8ms~ 


[Ans: 0.064] 


An open umbrella of radius 0.5m and height 1.4m is held in a vertical position on ground. It revolves 
about it handel as axis at a speed of 20 rpm. A water drop on rim of umbralla spins off the umbrella 
and hits ground. What is distance of the point where water drop hits ground from the foot ofthe 
handel of umbrella? (g = 10ms~”) 


[Ans: 2.054 m| 


A cyclist is moving with a speed of 27 kmhr'. The cyclist moves along a circular road of radius 
80 m. He applies brakes and reduces his speed at a constant rate of 0.5 ms’. What is magnitude 
and direction of the net acceleration of cyclist? 


[Ans 0.86 ms—2, 35.4° with the inward radius] 


A particle moves in a circle of radius b in sucha manner that instantaneous radial and tangential 
acceleration are equal in magnitude. The initial (i.e. t = 0) linear and angular speed of particle is 
vand œ. 


0) 
(1) | Show that instantaneous angular speed is =] À 


b -27 
(i) Time taken to complete first revolutions 7 [1 -e7 l 
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ADDITIONAL EXAMPLES 


From a tower of height H, a particle is thrown vertically upwards with a speed u. The time taken by 
the particle, to hit the ground, is n times that taken by it to reach the highest point ofits path. The 
relation between H, u and nis: 


(a) 2gH= nv’ (n-2) (b) gH=(n2)v’ 

(c) 2gH=n’w (d) gH=(n-2yvu? 

Correct option is (1) (IIT 2014) 
Solution: 


u 
We know that the particle will take a time t, G =| to reach the highest point (for which v = 0). Let 


t, be the time taken by the particle to hit the ground. Then 
l 2 
-H =ut, +5 (-8) tn 


We are given that t, =nt,. This gives 
2gH = nu?(n-2) 


A projectile is given an initial velocity of (i + 2j) m/s, where ; is along the ground and j is along the 


vertical. If g = 10 m/s’, the equation of its trajectory is: 


(a) y=2x- 5x (b) 4y=2x- 5x 

(c) 4y=2x- 25x (d) y=x- 5x 

Correct option is (1) (IIT 2016) 
Solution: 


There is no acceleration along the horizontal direction. Therefore 


l 2 2 
Also, Y= Voy t+5(-2)t =2t—St 


Elimintating t we get 
y = 2x — 5x’ 


This 1s the equation of the trajectory. 
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Two stones are thrown up simultaneously from the edge ofa cliff240 m high with initial speed of 
10 m/s and 40 m/s respectively. Which of the following graph best represents the time variation of 
relative position of the second stone with respect of the first? 


(Assume stones do not rebound after hitting the ground and neglect air resistance. (Take g= 10 m/s’) 


(The figure are schematic and not drawn to scale) 


(y mA )m 


240 240 





(1) (2) 


240 240 





(3) (4) 


Correct option is (1) (IIT 2015) 
Solution: 


For the first object, we have 


y, =10t+-(-10)" 


If it takes a time t, to reach the ground, we have 
-240=10t,=5t; or t,=8s 
For the second object, 


y, = 40 t-5t° 


Time t,, taken by it to reach the ground, comes out to be 12s. The relative displacement of the 
second object, with respect to the first, 1s 
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UDAAN 
Yu =Y¥2—Y, =30t for (0<t <8) 


This is equation of a straight line. 
For 8 <t< 12, we would have 


y,, = 40t — 5t? 
This is equationof a parabola. The graph would have the shape shown in (1). 
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Key Learning Points 


A body is in motion when its position changes with time in a conventiently chosen frame ofreference 
(a conveniently chosen co-ordinate system). 


In kinematics we study motion without bothering about cause of motion. 


Rest and motion are realtive. A object may be at rest in one frame of reference and in motion in 
another frame of reference. There is no absolute rest. 


For a body in motion the actual length of path described is distance travelled. It is a scalar quantity. 
The line joming the initial position and the final position having an arrow head at the final position is 
known as displacement. It 1s a vector quantity. 


The average speed (Va ) is ratio oftotal distance travelled and the total time taken. 


The average velocity (Vex is the ratio of the displacement and the time taken. 


The instantaneous speed, v, 1s 


As ds 
t —< 


y= = 
At>0 At dt 


where As 1s infitesimally small distance travelled in time interval t, t + At . It equals slope of tangent 
to distance travelled (s) vs time (t) graph at the point considered. 


For one dimensional motion say along x-axis; we have uniform motion; 1fspeed is same at all time. 
i.e. v = instantaneous speed = constant. 


For a body having different velocity at different times, we have non-uniform motion. Ifv increases 
with time motion is accelerated. If, however, v decreases as time increases motion 1s retarded. 


The average and instantaneous acceleration are: 


a. ae AV Ay dv 
re e = 
ea At ’ at>o At dt 


The instantaneous acceleration is numerically equal to slope of tangent to v vs t graph at the moment 
of time considered. 
For a body having non-uniform motion the total distance travelled equals area under v vs t graph. 


A body having same acceleration at all times; motion is uniformly accelerated. Consider uniformly 
accelerated motion; accelerations = a; of a body having initial (1.e. t=0), speed v,; the instantaneous 
(1.e. t =t); velocity, v, 1s 
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v=, + at 
The total distance s; travelled in time t; is 


= La. 2 2 
sed aa ; Also, v" — vý = 2as 


The distance travelled in the n® second of motion; S 51S 


n 


S =v, +5[2n-1] 


These are equations ofuniformly accelerated motion. Graphical representation are shown below. 


X X V X 
5 t r. t ~ f < t 
Body at rest Body in motion Uniform motion 
(a) (b) (c) 
v v % 
Vo Xo 
o í o í o Í 
Non-uniform motion Uniformly accelerated motion 
(d) (e) 


12. A body moving freely under gravity of earth has a uniform acceleration = g = 9.8 ms”, if distances 
involved are very small as compared to radius of earh (= 6400 Km) 


13. Vector are physical quantities having a magnitude and direction. They add up according to triangle 
law of vector addition. Vector addition is commutative. 


14. Fig. 54 shows two vectors P and Q. @ is angle between them. Draw two vectors so that their tails 
coincide. The angle they make with one another is 9. 
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(b) 
a) Fig. 54 


Let R = P + Q, R is known as resultant of P and Q. Fig. 54(b) shows triangle law of vetors. Also, 


R? = P? + Q? + ZPQ cos 0, and tana = 


15. 


16. 


17. 


18. 


19. 


20. 


Qsin 0 
P+Qcos@ 


For adding more than two vectors the polygon law of vectors is used. According to this law; draw a 
polygon whose different sides taken in order represent the vector to be added. The resultant is the 
side that completes the polygon; taken in opposite order. For vectors forming a closed polygon; the 
resultant is zero. 


The rectangular component of a vector P, are two mutually perpendicular vectors whose resultant 
equals P. 


The unit vector A is a vector having same direction as A, but a magnitude of unity A — A 


A 


i, j and , are unit vectors along x— y— and z-axis ofa Cartesian co-ordinate system. 
r= Position vector of point having co-ordinates (x, y, Z) 1s 
= E a 2 2 2 J 

r=xi+yj+zk; and r=|r|=(x EY +z) 
Any vector P, can be represented in terms ofits x, y and z components as 
P=P i+P j+Pk 

x y Z 
Po P, and P_ are x, y and z-components of P. 


Let R = P — Q; i.e. we substract Q from P. We obtain R by, using triangle law of vectors, by adding 
Q to P where Q' =—Q. Vector substraction is not commutative, 1.€. 


P-Q + Q-P 
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21. 


22, 


ZS. 


24. 


2; 


Let r, and r, be the position vector oftwo points A and B. r,,=r,—r, is the relative position vector 
of A w.r.t. B. Similarly for two particles A and B having velocity v , and v,; respectively, 


Vag = Relative velocity ofA w.r.t B = v, — Vp 


ei Lv; + Vv; +2V,V, cos(1— 0)“ = Ivi +v — 2v, Vp COS 0J“ 
The scalar or dot products of two vectors A and B; by definition, 1s 


AeB = ABcos 8 


where 0 is angle between A and B. It is equal to magnitude of one vector (say A) and the component 
of the other vector (i.e. B) in the direction of Ae AeB=B.A. For parallel vectors; A-B is 
maximum. The dot product of perpendicular vectors is zero; 1.e. 


A#0, B40; AeB=0 if cosO=0 or 0=5 


For unit vectors i, j & k ina Cartesian co-ordinate: 
ii=j-j=k.k=1, and i.j=j.k=k.i=1 

Expressing A and B in terms oftheir Cartesian components as: 
A=A.it+A,j+A,k 
B=B,i+B,j+B,k 

We have, 
A*B=A,B.+A,B, +A,B, 

The cross or vector product C; of two vector A and B is defined as 


IC| = |A x B| = ABsin @ 


The direction, n; of Cis given by “Right-hand Screw” rule. Place a right handed screw perpendicular 
to the plane contaming A and B. Rotate screw so that A goes and coincides with B. The direction in 


which screw advances 1s direction of C or i 
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C=AxB=JA, 
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C'=BxA 


The cross-product of parallel vectors or antiparallel vector is zero. 


In terms of i, j and ; ; ina Cartesian co-ordinate system. 


AN 


xiij- kxk=0, jk jki d=} 


For A =A i+A,j+A,k: B= B,i+B,j+B,k 


~ > 


i 


W > o» 
wW > 


< 
N 


-i[A,B,-4,B, J+} [A,B, A,B, ]+Ê [A,B, -A,B,] 


A body, moving in a vertical plane, in the gravity of earth, having some initial speed v, at an angle 9 
with the horizontal direction; is known as a projectil.e 


To analyse motion of projectile we resolve the motion in two retangular components. Choosing 
horizontal direction as x—axis and vertically upward direction as direction of positive y—axis; and the 
initial position as origin of co-ordinates we have, 


a) Motion along x-axis 


V_ = Initial velocity along x-axis = v, cos 0; a =0. These is uniform motion in the horizontal 


direction. Let v_ be the x-component of instantaneous velocity and x be the instantaneous x— 
co-ordinate of projectile. Then 


Vi=V,=VjCOSO0 2 aes (1) 
TN OL (v, cos0) tC tig (ii) 
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b) 


Motion along y-axis 


V,. = Initial velocity along y—axis, a, =—g. We have uniformly accelerated motion along y- 


axis. Obvisouly. 


v, = The instantaneous y—component of velocity 


VG sin @+(-g)t Me (111) 


y = The instantaneous y—co-ordinate of projectile 


(vo sin)t+—(-g)¢" Lan. (iv) 


30. Fromabove four equations every information regarding projectile can be worked. 


Some important results of projectile motion are summarised below. 


a) 


b) 


d) 


e) 


Equations of trajectory. 


2 


8x 


= (tan 0)x-— 
ia oa j 2v cos’ 0 


This is equation of a parabola. 


Time of flight (T) 
T- 2v, sin O 
8 


Maximum vertical height (H) 


H- vo sin” 8 
2g 
Horizontal range (R) 
R= v, sin” 8 
8 


2 


: : : — 0 
For a given value of v range is maximum for 9 = 45°. Rae = . For a constant value of v, 


there are two direction of projection, 8, and 0, for same horizontal range. 8, +0, = 90°. 


The instantaneous velocity v of projectile is 
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Aw 
. 


v=(v,cos0)i+(v,sin0-gt)j 


Vo cos 0- gt 


v=|v|= (ve cos0) +(v,cos@—gt) | — v, cos @ 


where a 1s angle v makes with horizontal direction. 
f | Atmaximum vertical height. 


v =(v, cos 0)i 


and aev =Q, where a is acceleration vector. 


A particle moving in a cirlcle of radius R has circular motion. A lme through center of circle and 
perpendicular to plane of circle is known as axis of rotation. 


The instantaneous angular position, 8 , is angle instantaneous radius joining the position P of particle 
with centre of circle 0, makes with a convenently chosen reference line. 





In circular motion 
Total angle described 
©, = The average angular speed = ~ Total time taken 
_9,-9, _ AO 
t-t At 


œ = The instantaneous angular speed 


ai 2)-2 
At>0\ At dt 


a, = The average angular acceleration 


Totalchangeinangularspeed ©,-@, Aw 
Total time taken t,=t, At 


a = The instantaneous angular acceleration 


AO do 
= Lt | — |=— 
At>0\ At dt 
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UDAION 
34. The linear speed, v, is v= Ro 
R=raduus of circular path. Also, a= The linear acceleration = Ra 


35. For a particle moving ina horizontal circle of constant radius R; with a uniform speed (1.e. œ = const. 
or v=const.) the linear velocity v is not a constant. The direction of v changes continuously. The 
instantaneous linear velocity v is in the direction of tangent to the circle at the pomt P considered. 


36. For a particle making ina horizontal circle of constant radius R with uniform speed v; there is linear 
acceleration, a; due to charge in direction of v. 


2 
; . v 
a = The magnitude of linear acceleration = R` 


The acceleration is along the direction ofthe instantaneous radius vector directed towards the centre 
of circle. It is known as centeripetal acceleration. The instantaneous linear velocity, v, the instantaneous 
acceleration, a; are always mutually perpendicular. Therefore vea=0. 


37. For circular motion with a variable speed; we have 


2 
. : V 
1) a = The centeripetal component of acceleration = R = VQ. 


dv 
i) a = The tangential component ofacceleration = ——. 
l dt 


a=(-a,)r+a,(t} 


r and t are unit vector in radially outward and tangential directions. 


. — 2 2 
z jal=Ja, +a; 
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Unit—2 : Kinematics 
Easy Equations of Motion 


1. Fig. shows v vs t graph of a particle moving along x-axis. For the time interval (t,t) 


x(t, )—x(t,) 





Va = tt — (1) 

v(t, )—- vit 
e O i 
x(t) =x (t) tv (tt) + > a (tt) wa. (111) 
and x(t,) — x(t) = area ABCD la... (iv) m 

S 

Which ofthe above relation /(s) is/are incorrect? 
(1) @and(i) (Incorrect) 
(2) (imi) (Correct) 
(3) (am) and (av) (Incorrect) 
(4) (4), (a1) and (11) (Incorrect) 


Correct answer: (2) 
Solution: 


In the time interval considered acceleration is not uniform. Eqn (11) is equation ofa uniformly accelerated 
motion. 


Unit—2 : Kinematics 
Average Uniform Motion 


2. Acar covers 40% of the total distance of its journey with a constant speed v. It moves for 
half of the total time of journey with a constant speed 2v. For the remaining time of journey 
it moves with a constant speed 3v. The average speed of the car for the complete journey 
is: 

(d) 2v (Incorrect) 
(2) 18v (Incorrect) 
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25 
(3) 5) 2 (Correct) 


(4) 3) V (Incorrect) 


Correct answer: (3) 


Solution: 


25 
Let S and T denote the total distance and the total time of journey. S, =0.4S = 5 is the distance travelled 


with constant speed v. The time taken, t, 1s 


T 
During the second part ofthe journey, the time taken = t, = 5 


The distance travelled S, 1S 
Se SZ VE iii (11) 


Let S, be the distance travelled during the remaining journey and t, be time taken. Obviously 


S, = -8 vr|-2-vr 
5 5 


2 Sv Sv 3 
ST _38 
a 6 5v 


The average speed ofthe complete journey is 


- 5 25 
v=—=|— |v 
T 2) 
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Unit—2 : Kinematics 


Average Relative Velocity 


3 


A motorboat moving at a constant speed meets a “raft” at some point P. The motor boat 
moves for 30 minute and then it turns back. It now meets the same raft at a point Q. PQ = 
4km. The speed of flow of river is: 


(1) 4kmhr`' (Correct) 
(2) 2kmhr' (Incorrect) 
(3) 1.6 kmhr' (Incorrect) 
(4) 1.8 kmhr' (Incorrect) 


Correct answer: (1) 


Solution: 


Let V and V, denote speed of motor boat and river respectively. When motor boat moves down the 
stream its resultant velocity is (V+V,) and when it moves up the stream resultant velocity is (V—V,,). Let t 
be time taken by motor boat, after it turns back to meet raft at Q. The total distance S travelled by boat is: 


S =(V+V,) > 4(V-V Jt a (i) 


where V and V, are expressed in kmhr™. Also 


S = average speed of boat x total time taken 


esau. 


l 
= v(t) Lann. (ii) 


From Eqns (1) and (11) we have 


(vav) iav- vt v+) 


or Ve +2(V-V, )t=2Vt 


or V, (1-2t)=0 
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i 
t= z hr k V, # 0] 


1 1l 
The total time taken by motor boat = 5 a 5 = hr , In this time — raft has travelled a distance = PQ 


=4km. The raft moves with same speed as river. Hence 


Total dist t lled 
V, =Speed of river = Ea cet = sehen 
Total time taken 


= 4 kmhr" 


Unit—2 : Kinematics 
Easy Equations of Motion 


4. A particle start from rest and has a uniformly accelerated motion.s is distance travelled in 
time interval t = 4s to t = 5s. s, is distance travelled in time interval t = n and t = n+1. 


7 = = nis 

(1) 7 (Correct) 
(2) 8 (Incorrect) 
(3) 5 (Incorrect) 
(4) 9 (Incorrect) 


Correct answer: (1) 
Solution: 


s_= distance travelled in n™ second by a particle starting from rest having uniform acceleration a 
a 
=— [2n — 1| 
2 


Time interval t = 4s to t = 5s is 5“ second of motion. Therefore 


s=2[2x5-1] =% 
2 2 


Similarly time interval t = n and t =n+1 is (n+1)" second ofmotion. Therefore 
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= 5[2(n41)-1] = 5 [2m +1] 


S 15 2n+1 


TON o 
Given, -5 9 





“15=2n+1 or n=7 


Unit—2 : Kinematics 
Average Motion Under Gravity 


5. A ball projected vertically upwards from ground with an initial speed U returns to ground 
after time T. The maximum height attained by the ball is H. The speed of projection of ball 
is increased by n time its earlier value. The ratio of percentage change in H and T is: 


(1) n (Incorrect) 
(2) 2n-]l (Incorrect) 
(3) I4tn (Incorrect) 
(4) 14+2n (Correct) 


Correct answer: (4) 
Solution: 


Let ‘g’ denote accelration due to gravity. We know, 


2 
T= a and H = — 
g 2g 

The new speed of projection U' 1s 


U' =(1+n) U 


' LW 2 
Therefore, T' = - =(l+n)T and H'= wy =(1+n) H 
8 8 


' 





2 
The percentage change in H = © -( }t00 = [(1+n) -1 [x100 =[n? +2n |x100 


' 


x100 =n x100 





The percentage change in T = B = 
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a n(l+2n 
Obviously $= = 1+2n 


Unit-2 : Kinematics 
Average Non-uniform Motion 


6. A particle moves along positive z—axis starting from origin of co-ordinates at t = 0. The 
instantaneous velocity of particle is 


v=kvz 


where k is a constant. The ratio of the instantaneous velocity when particle has covered 
distance z, and the average velocity for this time of journey, is 


(d) 1 (Incorrect) 
(2) k (Incorrect) 
(3) Ik (Incorrect) 
(4) 2 (Correct) 


Correct answer: (4) 
Solution: 


Given, 


dz | ; 
Br e (i) 


or zdz = kdt 
Integrate, 
f z dz = kf dt 
0 0 
Iz” =kt 


k*t? 
i aaa l] 
or Fi (11) 





t= The time taken to move from z = 0 to z=Z 
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Jz 


7 
k 


a+ |N 


Vy = Lhe average velocity = 


kVz (iii) 


n| rR 


v = The instantaneous velocity at z = z is given by Eqn (1). Therefore, 


y kyz 


—s=- ~9 
Vay a kz 





Unit—2 : Kinematics 
Average Motion 


7. A particle moves along x-axis. v, and v denote its initial and instantaneous velocity. Fig. 
shows /ny Vs time (t) graph for the motion of particle. The instantaneous velocity at 


l 

t= B s is ony 

y (€n)v, 
(1) B a (Incorrect) 
(2) 3 nv, (Incorrect) 
(3) = (Correct) 

e 0 t(s) 
(4) ev, (Incorrect) 


Correct answer: (3) 
Solution: 


The equation of given straight line is 


én(v) =¢n(v,)+(tan120° Jt 
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= m(v)-v3t 


mf] ay at 
Vo 


or 
y= ve janes (1) 
be. v=v e =o 
At B 0 
Unit-2 : Kinematics 
Difficult Graphical Study of Motion 
8. Particle 1 is at rest at origin of co-ordinates along x—axis. At t= 0 it has a uniform acceleration 


of 2ms~. A second particle 2 is at +2m from particle 1 and has a uniform motion with a 
constant speed of lms". x =x —x, is relative position of particle 1 with respect to particle 2. 
Which of the followings correctly describe variation of x with time (t)? 


x(m) x(m) 





(2) 





0 i t(s) 





(3) (4) 
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Correct answer: (4) 
Solution: 


The instantaneous position co-ordiante x, and x, of the two particles are 


l 2 2 ; 
a (ob al (i) 
a a a a (ii) 

Obviously, 
Bae aa (iii) 


x vs t graph is parabolic in nature. x 1s a negative number at t = 0. x is maximum when 
= =0=2t-1 
ort=0.5s 
Yo Sm 
Also, x = Of 
t?—-t-—2=0 


-1471+48 _1+3_ 


2 2 


2s 


For t> 2s; x is a + ve number and varies as a parabolic function oft. These characterstics are shown in (4). 


Unit-2 : Kinematics 
Average Motion Under Gravity 


9. A ball A is thrown vertically upwards with an inital speed v. A second ball B is thrown 
vertically upwards from same point at same speed n second later. The two meet one another 
before returning back to the point of projection. The maximum value of n is 


(Incorrect) 


(1) 


ge |? gq |< 


(2) (Correct) 
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(3) A (Incorrect) 
3v 
(4) 2g (Incorrect) 


Correct answer: (2) 
Solution: 


Choosing the point of projection of balls as origin of co-ordinates and vertically upward direction as 
direction of +z — axis the instantaneous position co-ordinates z, and z, of th two balls is 


l 
ae) gt’ 


l 2 
z,=v (tn) -58(t-n) 
When the two balls meet one another Z= 
1, l 2 
<. vt-—et =v(t—n)——g(t-n 
5 et =v(t-n)-58(t-n) 
0 = -nv——g(n? —2nt) 
2 
n v 
or t=—+— 
2 


2v 2v 
The first ball will hit ground at t = m . The maximum value of t is P . Hence 
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Unit—2 : Kinematics 
Difficult Equation of Motion 


10. A particle is dropped from a point O at a 
vertical height H above ground. It falls freely 
under gravity. The particle hits a rigidly fixed 
planck in its path at a point P as shown is Fig. 
After hitting the planck the velocity of particle 
becomes horizontal. It hits ground t second 
after it was dropped. Assuming that time taken 


in impact of P is negligible, t is maximum if H 





i Ground 
is 

(1) 1 (Incorrect) 
(2) 0.5 (Correct) 
(3) 0.25 (Incorrect) 
(4) 2 (Incorrect) 


Correct answer: (2) 
Solution: 


Let t, be time taken by the ball to move freely under gravity from O to P. Obviously 


After impact at P, velocity of particle becomes horizontal, 1.e. 1ts vertical component is zero. Let it take a 
time t, to hit ground. Obviously 
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2(H—-h) /2h 7 
Now, t=t, +t, = ~~ eo (iii) 


, , _» dt Sap 
t is maximum if ah 0 . This gives 
m 
H 2 
Unit—2 : Kinematics 
Average Equation of Motion 


11. A body starting from rest accelerates uniformly at a rate of ams” for atime of t second. 


The distance travelled by the body is S. The body travels with constant speed it has 
accquired for t second and then comes to rest at a retardation of 2q . The total distance of 


t 
journey is 3S. Then 7 is 


(1) + (Incorrect) 
l 

(2) 5 (Incorrect) 
3 

(3) z (Correct) 

(4) 1 (Incorrect) 


Correct answer: (3) 
Solution: 


Since body has uniformly accelerated motion; starting from rest. 


ee 
2 


T 
Let t' be time taken by body to come to rest due to retardation 2 a . Obviously t¢' = z` The distance 
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travelled S', during this time is 


s'=(ax)E+4(-20)( 2) 





Let S, be the distance travelled with constant speed v = at. Then S, = (at) t . Given, 


38=S$+8,+8' ars 


s, =28 
2 
S, 4 3 
t = — = =| — |= — 
at 2\ Qt 4 
t_3 
er tT 4 


Unit—2 : Kinematics 
Graphical Study of Motion 


Difficult 
12. A particle at the origin of co-ordinates at t = 0, moves along positive x—axis. The 
instantaneous velocity (v) vs time (t) graph of the particle is as shown in Fig. 


v(ms°") 
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The graph of instantaneous positive (x) vs time (t) is 





t(s) t(s) 
(3) (4) 


Correct answer: (2) 


Solution: 


1. For time interval 0 < t < 1s; the motion is uniformly accererated with an acceleration a, = 2ms~. 


The instantaneous positive co-ordinate x 1s 


rixa =e (1) 


Eqn (1) isequation of parabola. Att, = 1s;x= 1m. 
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2. For time interval 1< t< 2s; the particle has uniform motion with speed v = v, = 2ms™ . The 


instantaneous position co-ordinate x; in this time interval is given by: 
X=X, + v,(t-1) 
=] +2 (t-D) aa (2) 

Eqn (2) is equation ofa straight line. At t, = 2s, x, = 1+2 (2-1) = 3m. 


3. For time interval 2 < t < 4s; the motion is uniformly retarded with retardation a, = 2ms™”. The 


instantaneous position co-ordinate of particle in this time interval is given by 


x=x, H 2(t-2)+5(-2)(t-2) | 
=34+2(t-2)-(t-2) au (3) 
Eqn (3) is equation of parabole. At t, =3 s, v, =0 and 
x,=3 +2 (3-2)-(3-2)°=4 
At t,=4s; v,=—2ms". The position co-ordinate x, is 
x, = 3+2 (4-2) - (4-27 = 3 + 44 = 3m 


The characteristics are correcly shown in (2). 


Unit—2 : Kinematics 
Difficult Graphical Study of Motion 


13. The instantaneous velocity (v) vs instantaneous position (x) ofa particle is shown in Fig. 
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The instantaneous acceleration (a) vs x graph is 


a ——> 





(4) 


Correct answer: (2) 


Solution: 


The equation representing given v vs x graph is 


a 

V=Vy)—| — |x 

Ol 

=v,] 1-2 | E (1) 


The instantaneous acceleration; a, 1s 
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KOORO 
pa 


Eqn (2) is equation ofa straight line with positive slope equal to a2 and a negative intercept on acceleration 


2 
. V . . 
axis. Also at x=@; a=0 andat x= 2a; a = — . These characterstics are shown in (2). 
a 


Unit-2 : Kinematics 
Difficult Equation of Motion 


14. Choose a co-ordinate system as shown in Fig. A 
particle is projected vertically upwards from O with a 
speed of 30ms™. P is a point 25m above ground. Q 
and R are two equidistant point from P as shown in 
Fig. with PQ = PR = 15 m. t, is time taken by particle 
to move from P to Q during its upwards journey. t, is 
time taken by the particle to move from P to R during 


Z-axis 


t 


its downwards journey. A is nearly (g = 10ms”) 
2 


Ground 





(d) 1 (Incorrect) 

(2) - (Incorrect) 
3 

(3) 5 (Correct) 
l 

(4) 5 (Incorrect) 
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Correct answer: (3) 

Solution: 

For the co-ordinate system shown, let z be the instantaneous position co-ordinate of particle. Obviously. 
Z=30t-Ste m (1) 


Let the particle be at point P at t =t,. At this point z =z, = +25 m 
“. 25=30t, —5t, 


or t; -6t, +5=0 


_ _6+v36-20 6+4 


R —— =lor5s 
2 2 


Let particle be at point Q at t =t,. Thenz=z,=40m. 


; = 2 2 E 
». 40 =30t, —5t2, or t} -6t +8=0 


_ 6436-32 6+2 


or Q —=2or5s 
2 2 


Similarly for point R; t=t, and z =z, =+10 m. Therefore 


10=30t, -5t or t,-6t, +2=0 


+/36— + 
, M Ee Se 0.35 or 5.665s 
2 2 

Obviously during upward journey 

a aaa 
and during downward journey 

t,=t,-t, 

= 5.675 —5 = 0.665 s 


t{ 1 3 


t, 0.665 2 
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Unit—2 : Kinematics 
Difficult Equation of Motion 


15. A particle is at the origin of x—axis at t = 0 having an initial speed v along positive x-axis. 
The instantaneous acceleration (a) of particle is 


2a? 
a=a, {2}; ms~ 
0 


The position co-ordinate of particle when it is momentarily at rest is: 


1 ai i C 
orrect 
( ) 6a, ( ) 


13v5 
2 Incorrect 
D Ga, ( ) 





(3) 5a (Incorrect) 


A a (Incorrect) 


Correct answer: (1) 
Solution: 


The instantaneous velocity v of particle is 


2 
vavtasn {a2 TN (1) 


The instantaneous velocity v is zero when particle is momentarily at rest. From Eqn. (1) we get 


2a? 
0=v, +a,t- =t 
Vo 


2a? \ 
ae Gal —a,t—v, =0 
Vo 


2 
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t=- Vo _ ay 3a, 
4a; 4a’ 
Vo Vo 


— 4a, _ Vo 


t= = 

or 4a: ao 
Vo 

To obtain the instantaneous position co-ordinate x of particle we have, 


dx 2a, \_» 
V=—— = 9,4 dpb) ——— |0 
dt Vo 





soo 2a 3 
io) v, +a,t— P t? | dt 


t? 2a, 4 
ere a — (3) 


or 
Vo 


Vo. m 
Att= P the instantaneous position co-ordinate is 
0 


a "Qa? 
ao 2 \ ay 3v (ao 


2 2 2 2 
Vo, Vo 2% Vo 


g a, 2a, 3a, ~ 6a, 
Unit—2 : Kinematics 


Average Relative Velocity 


16. Two balls A and B are projected vertically upwards with speed 10ms* and 20ms"' 
respectively from ground and top of a tower 60m high. U = U, —U, is relative velocity of 


B with respect to A. Graph of U vs t is: 


210 


U(ms") 


20 


() t(s 
a (s) 


(1) 
U(ms") 


20 


10 
() a t(s) 


(3) 
Correct answer: (3) 


Solution: 


Z-axis 





t = 0s t= 2s 
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U(ms") 
20 
10 
t(s 
lL 23 4 5 (5) 
(2) 
U(ms") 
20 
10 
6 
0 23 4 5 6 tis) 
1 
-10 
-20 
(4) 
Z-axis 
B 
B, ? Us 
t>3s 
< 6s 
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Taking ground as origin of co-ordinates and vertically upward direction as direction of +z—axis Fig. (a) 
shows position of two particles at t = 0. 


U,, =+10ms"; U,.+20ms"; a, =a, =—10ms~* 
U, =U,, —U,, =10ms" 

The instantaneous velocity U, and U, ofA and B, is given by 
U, =10—-10t and U, =20-10t 
n U=U,—-U, =10ms” 


The above result is valid for time interval 0 < t< 2s. At t = 2s; particle A comes back to ground and 
subsequently is at rest. At t = 2s; particle B is at its highest position B, above B and its instantaneous 


(20) 


veloicty is zero. Also BB, = er = 20m. Now B starts falling freely under gravity and it hits ground at 
x 
t=t,. Now z,,=+60 mand z, =0 at t=t,. Therefore 
0=60 = 20t, -5t 


or t?—4t,-12=0 


, Atv16+48 448 | 


a 6s 
2 2 


In time interval 2 < t < 6s; the instantaneous speed of B is 
U, =20-10t 


Since U, =0; U=U, —U, =20-10t. Intime interval 2 < t< 6s U isa negative number. U vs t graph 
is a straight line. At t= 6s; U=20— 10 x 6=—40ms". For t > 6s; both A and B at rest, hence U = 0. These 
characterstics are correcttly shown in (3). 


Unit—2 : Kinematics 
Difficult Motion Under Gravity 


17. Two particles A and B; initially 75m apart are projected vertically upwards with initial 
speed of 30ms™ and 10ms“ as shown in Fig. Take ground as origin of co-ordinates and 
vertically upward direction asdirection of +ve z-axis. z, and z, denote instantaneous position 
of A and B. Take z=z, —z, as the relative distance between B and A. As long as A and B are 
in motion, z vs t graph is: (g = 10 ms”) 
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Z-axis 


75m 





Z (m) 





Z (m) 


75 


50 





(3) 


U,,=30 ms” 


U,,=10 ms” 
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Ground 
Z (m) 


Ta 


50 


23 


-50 


Z (m) 


TS 


50 


29 


(2) 


(4) 
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t(s) 


t(s) 


UDAION 
Correct answer: (1) 
Solution: 
Let z, and z, be the instantanceous position co-ordinate of A and B. Obvisouly 
2-304 or. 
and z,=75+(10t-St?)) ae (0) 
B= Se = 2At e) 


Let A and B hit ground att, and t, after projection. Then for particle A, z,=0,t=t, 


.0=30t, —S5t, =5t,(6-t,) or t,=6s 


For particle B; z, =0; at t=t,. From Eqn. (11) we have 


0=75 + 10t,- 5t,? 


or t5 —2t, -15=0 


2+44+60 2+8 


2 2 


or t} = 5s 


For time interval 0 < t < 5s; both A and B are in motion z is given by Eqn. (i). z varies linearly with time t. 
Att=5s. 
z =m. 


Since Z=Z,—Z, and z, =0; z, =25 m. At this time Ais 25m above ground. However z is a negative number. 
For time interval 5 < t < 6s ; z=-z, [: z, =0]. Therefore 


z=30t-5t 


In this time interval z is a parabolic function oft. These characterstics all shown correctly in (1). 


Unit—2 : Kinematics 


Difficult Equation of Motion 


18. Two particles A and B are at rest at t= 0 in x-y plane at points having co-ordinates (a, 0) 


and (0, B). They start moving simultaneously towards origin along straight line joining 
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their initial position with origin O. a, and a, denote acceleration (uniform) of A and B. The 


distance between A and B is minimum at 


ata 
(1) t= 1 P 
a ta, 


aB+a a 
t= 1 2 
(2) ata? 


E 2(a,a+a,B) 
(3) t= a +B’ 


= 2(a,a+a,f) 
(4) (a; +a;) 


Correct answer: (4) 


Solution: 


(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 


Particle A moves along x—axis and B along y—axis. The instantaneous position co-ordiantes of A and B are 


(x, 0) and (0, y). Obvisouly 


l l 
x=a-5at and y=B-7at 


The instantaneous distance and between the two particle is s = ,/x° + y? Fors to be minimum 


ds sno il Ys dx dy 
—=0 ie. (x+y) | 2x—+2y— |=0 
dt yi ty’) dt ye 


This condition is satisfied 1f 
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l 2 2 2 
o aat+a,Bp= 5 (a +a; jt 


_ [2(a,a+a,B) 


2 22 
a, +a, 


Unit—2 : Kinematics 
Easy Vector Addition 
19. Given, 
P+Q+R+S=0 


The magnitudes of vectors are denoted by p, q, r and s respectively. Which of the followings 
is correct? 


(1) p=q+trts (Incorrect) 
(2) p<q+tr+s (Correct) 
(3) p>q+r+s (Incorrect) 
(4) p=q+2r-s (Incorrect) 


Correct answer: (2) 
Solution: D 


Since the resultant of given vectors is zero, they form a closed R 
polygon ABCDA as shown in Fig. We know the sum of the two 
sides of atriangle is always less than the third side. In triangle BCD. C 


DN 


BD<q+r 
Similarly from triangle ABD Q 
AB=p<BD+DA 
or p<qtrt+s A P B 


Unit—2 : Kinematics 
Easy Vector Addition 


20. Two forces F, and F, have a maximum and minimum resultant of 11 and SN respectively 
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each force is increased by 2N. These two forces F, and F, act at right angles to one 


another; The resultant force is: 


(1) 5./5N atan angle oftan (0.5) with F, (Correct) 
(2) 5,./5N atan angle oftan (0.5) with F, (Incorrect) 
(3) 15Nat 45° with F, (Incorrect) 
(4) SN along direction F, (Incorrect) 


Correct answer: (1) 


Solution: 
Let F and F, be the magnitude of the two forces. Given, 
Fe yp lg an FPR 
c. F =8N and F,=3N F’, 
When the forces are increased by 2N each; the magnitude 


F, and F, ofthe two forces is ra 


F' =10Nand F; =5N F, 


Now F, and F, act at right angles to one another as shown in Fig. Their resultant 


F'=,/(10) +(5) =V125 = 5/5N 


tan a = 2 = 0.5 or a = tan” (0.5) 
1 


Unit-2 : Kinematics 
Average Vector Addition 


21. n+2 vectors each of magnitude F are so oriented that angle between any two consecutive 


2T 
vectors is —. The sum of vectors is 
n 
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(1) 2Fsin (=| > along the direction of 1* vector (Incorrect) 
(2) 2Fsin (2) > at angle of . with the 1* vector (Incorrect) 
(3)  2Fcos (=|; at an angle of : with the 1* vector (Correct) 
(4) 2Fcos (2); at an angle of = with the 1* vector (Incorrect) 


Correct answer: (3) 
Solution: 


Number of given vectors form a closed polygon because total angle 
between them is 27. Their resultant is zero. Therefore sum ofall (n+2) 
vectors 1s sum of two vectors of same magnitude F making an angle 


27 
Fa with one other. The resultant R is shown in Fig. Obviously 





2T aL 
R =2F cos a; and20 = 0 = — =- A=— 
n 
T 
or R=2F cos (=| 
n 
um, 
R makes an angle Q = m with the first vector. 
Unit—2 : Kinematics 


Average Vector Addition 


22. A vector, P, makes an angle 9 in anticlockwise direction with positive x—axis in x—y plane. 


The x—component of vector is P _. The vector is, rotated by 30° in clockwise direction. P. is 
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p 
x—component of vector now. PpP v3 . Another vector Q; having same magnitude as P is 


Xx 


directed along +ve y—axis. Q is added to P. The ratio of the resultant magnitude of P is 


(1) 2+(3 (Correct) 
(2) 2 (Incorrect) 
G) J1+V3 (Incorrect) 
(4) (2+43 É (Incorrect) 


Correct answer: (1) 
Solution: 


Obviously, 


P. peosO _ 1 


P. - pcos(0-30) 3 


or V3 cos 0 = cos (0—30) <. 0=60° 
Now P and Q have same magnitude and angle between them is also 30°. The magnitude of the resultant R 
IS 

R=,p +p +2p° cos30° =p (2+~3} 

hs 
ae = (2 $a) ) 
P 
Unit—2 : Kinematics 

Average Vector Addition 


23. An insect moves on a horizontal floor. It covers a distance of 5m from west to east, 2m from 


north to south and 2/2 m in west-south direction. The displacement of insect from starting 


point is (nearly). 


(1) 9.8 km in west-south direction (Incorrect) 
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(2) 5m mnorth-west direction (Incorrect) 
T l4 
(3) Smatangle of pi tan 3 J| east of south (Correct) 
l4 
(4) 5matangle of tan 3 north of east (Incorrect) 


Correct answer: (3) 


Solution: 





(a) 


Choose a co-ordinate system on the floor with intial position of insect as origin of co-ordinates. The three 
displacement vectors s,, s, and s, are as shown in Fig. (a). Expressing the vectors in terms of their 
rectangular components we have 

s, =54 s,=2); 

s, =(2V2.cos45)i+(2v2 sin 45° )(~j)=—2i-2) 
The resultant displacement s is 

S =S; +S, +S, =3i—4j 
This is shown in Fig. (b). Magnitude ofs is 


S = (3) +(-4) =5m; and tana = = “a = tan” zs 
3 3 
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Unit—2 : Kinematics 
Easy Relative Velocity 


24. Acar A moves with a uniform speed of 30 kmhr" in a direction 30° east of north. The 
relative velocity of A as observed by the driver of another moving car B is 41 kmhr“ along 
south-north direction. The veocity of car B s: 


(1) 15kmbhr", innorth-east direction (Incorrect) 
(2) 154/2 kmhr', innorth-east direction (Correct) 
(3) 154/2 kmhr', in south-east direction (Incorrect) 
(4) 15kmhr', along north-south direction (Incorrect) 


Correct answer: (2) 
Solution: 


Choose a co-ordinate system as shown in Fig. Given, 
v, =(30cos60)i+(30sin 60) j =15i +26) 
Vas = 41] 

Let velocity of car B be 
vp =xi+yj 

We know, 


Vap ~ Va” VB 





= (15—x)i+(26-y)j=41} 
- x=15andy=15 
We have, 


V, =(15i+15j)kmhr 


Obviously v, =15V2 kmhr™ in north-east direction. 
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Unit—2 : Kinematics 


Average Relative Velocity 


23; 


Three cars A, B and C are moving on a level road. Car C moves with a velocity of 60 kmhr“’ in 
a direction 60° north-east. The relative velocity of C wrt Ais 154/3 kmhr“ along south-north 


direction. The relative velocity of C wrt B is 20 kmhr`' from west to east. Taking a 
co-ordinate system with west-east direction as positive x—axis, we have 


() v,= 30i+ 154/3] (Correct) 
v, =101+304/3] 

(2) v= -30i+1 543 j (Incorrect) 
v, =10i-30V3 | 

(3) v= 30i- 154/3] (Incorrect) 
v, =-101-304/3] 

(4) v,= 30 i+15V3 j (Incorrect) 


v, =-10i+15v3 j 


Correct answer: (1) 


Solution: 


Choosing the co-ordinate systemas shown in Fig. let v, = x, es y, j: kmhr'and v, = x, i4 y, j; kmhr” 


Given, ve = 301+30v3 j Also, ve, = 30V3 j 


Therefore, 


Vou Ya Va OF 15V3 j = (30-x,)i+(30V3-y,)j 


Comparing coefficents of į and j we get 


30-x,=0 or x =30 and 15¥3=30V3-y, or — y,=15V3 
v, =30i+15V3 j; kmhr” 
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Similarly, 
Vcr = 20i = Vo- Vi 
or 201 =(30—x, )i-(30V3 -y, ) j 


Comparing coefficients of ; and j 


20 = 30 = x, or x, = 10; and 
30V3-y, =0 or y, =30V3 





< va =101+30V3j 


These are expression for v, and v, in (1) 


Unit-2 : Kinematics 
Average Relative Velocity 


26. Fig. shows a stream flowing with a constant speed of 4 kmhr' from left to right. Points P 
and Q are directly opposite one another on the river banks. Two swimmers are at point P 
each swimming with same speed of 5 kmhr'. Both start together from point P. Swimmer 1 
swims in such a direction as to reach end Q. Swimmer 2 swims in a direction at right angles 
to direction of flow of river and then walks back from R to Q with a speed v in such a 
manner that both swimmers reach point Q simultaneously. v is 


Q R 
O 
m 
(1) 4.5 kmhr' (Incorrect) 
(2) 3kmbhr’ (Incorrect) 
(3) 4) kmhr'! (Incorrect) 
(4) 6kmbhr’ (Correct) 


Correct answer: (4) 
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Let swimmer 1 swim in a direction to left 

of point Q in such a manner that his 

resultant velocity is along PQ. This is v, y. 
shown in Fig. (a). The resultant speed v, Vs 

of swimmer | 1s 


vi = va =v = (5) -(4)° = 3kmhr (@) P ©) 


Let œ be width of stream in kilometer. 


t = Time taken by swimmer 1 to move from P to Q 


oO Oo 
= — = —hr 
Yo oS (1) 


For swimmer 2; the velocity vectors are as shown in Fig. (b). Let t, be the total time taken by swimmer 2 
to reach Q. Obviously 





i=, >t, 
Vo Ve 2 V V 

-2+4,(2| 
re 5 VS 
Given, t, =t,; therefore 

Oo © 40 l 1 4 

3 5 5V 3 5 5V 

c. V=6kmhr | 

Unit—2 : Kinematics 

Easy Product of Vectors 


27. Given, A = aitbj and B= ci+2bj . Also a =ç +nb’. (A+B) is perpendicular to 
(A-B); n is 
(d) 2 (Incorrect) 
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(2) 3 (Correct) 
(3) -3 (Incorrect) 
(4) 1 (Incorrect) 
Correct answer: (2) 
Solution: 
A+B=(atc)i+3bj; A-B=(a—c)i—bj 
The vectors (A +B) and (A -B) are perpendicular to one another; therefore 
(A+B). (A-B)=0 
(a? -c?)—3b’ =0 or (c° +nb’ )—c’ —3b’ =0 
.n=3 
Unit—2 : Kinematics 
Easy Product of Velocity 
28. A= 10i - 2.5}; B= 33 che 4j. The component of A in the direction of B is 
(1) 2.4i+3.2] (Correct) 
(2) 2i+0. 5j (Incorrect) 
(3) 2.4i-3.2j (Incorrect) 
(4) -2.4i+3.2j (Incorrect) 


Correct answer: (1) 


Solution 


AeB 


A,, =Component of A along B has a magnitude of IB | 


Now AcB = 10x3 — 2.5x4 = 20 


and |B| = ,/(3) +(4) =5 
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. Ad, AN 4 
5 
In terms of vectors 
a [3i + 4j 
A,, =4B= 
5 
=2.414+3.2j 


Unit—2 : Kinematics 


Easy 


Product of Velocity 


29. A particle having charge q is moving with a velocity. v = vit V5] in a space having a 


uniform magnetic field B = Bk . The charge experiences a force F given by F =q(VxB) 
P is a vector perpendicular to instantanenous force F on charged particle. Writting 


P= xi+y j+zk, we have 


x V. 
(1) y Vv,’ z can have any value 
2 
ae) 
(2) y v, i Z = VV, 
aol 2 
(3) yo > TATNA 
Žbyy; z= 
4 = = : = — 
(4) y 12 


Correct answer: (1) 
Solution: 


F the instantaneous force on charged particle 1s 


F=q(vxB) = al (v i+ vi) BÉ | 
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(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


UDOON 


= Bqv, (-3) + Bqv, (i) 
Let P=xi+ yj +zk. Since Pis perpendicular to F, P.F =0 


(xi+ yj+zk). Bq(v.i-v,j] =0 


or Bqv,x-Bqv,y=0 or 


P.F is zero ifx and y satisfy Eqn (i); irrespective of value ofz. 


Unit—2 : Kinematics 
Easy Product of Vectors 
30. The position vector r, and r, of two points A and B are: 
r, =2i+3j—-k, r, =5i+2j+3k 
The linear momentum, P; of a particle at point B is 
P =3i1+2j+4k 


The angular momentum of particle at B about A is 


(1) 5i- 9j -5k (Incorrect) 
(2) 4i-1 1j -4k (Incorrect) 
G3) -12i- 9j (Incorrect) 
(4) -12i4 9j (Correct) 


Correct answer: (4) 
Solution: 


The position vector of particle at B with respect to point A is 
In, =r, r, =(Si+2j}+3k)-(2i+3j-k] 
E 
£,, ; the angular momentum of particle at B about point A is 
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Lin =Vee XP 


i j k 
=3 -1 4 =i[-4-8]+j[12-12]+k[6+3] 
2 4 
=-12i+9k 
Unit-2 : Kinematics 
Average Product of Vectors 


31. A particle moves in x-y plane in a circular path of radius R with a constant angular velocity 
().Att=t, the radius vector joining particle with centre of circle makes an angle 9 with 
x-axis. The instantaneous linear velocity v is 


(1) (Rw)i-(Ro) j (Incorrect) 
(2) (Rosin ®)i+(Reocos®) j (Correct) 
(3) (Resin ®)i—(Reocos®) j (Incorrect) 
(4) (-Rocos@)i+(Rosin®) j (Incorrect) 


Correct answer: (2) 
Solution: 


Let (x, y) be the Carteisan co-ordiantes of instantaneous position P of particle. The instantaneous position 
vector Is: 


Z 


Aw 
. 


r = (R cos 0)i+ (R sin 8) j 
The angular velocity @ is 
@=ok 


The instantaneous linear velocity v is 


v=0xr 
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= (ok x (R cos 0)i+ (R sin 6) 3] 
= (+Ro cos Q)j+ (—Ro sin 6)i 


Unit—2 : Kinematics 
Average Projectile Motion 


32. A particle is projected vertically upwards from the foot O of an inclined plane OAB of 
inclincation 30°. The particle hits the inclined plane at P in a direction perpendicular to slant 
side of the inclined plane. 0 is 


X 





(Correct) 


(Inorrect) 


(4) 3 0” -cot (Incorrect) 


=) 
E 
E 


Correct answer: (1) 


Solution: 


Choosing x' and y' axis as shown in Fig. 
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Vo, =ucos(0 — 30) 


Vo, = usin (0-30) 


Resolving acceleration due to gravity into its 


components along x' and y' axis, 


' 3 g 
a =—gsin30=—| = 
a 9 


a, = —g cos 30 = [Fe] 


2 





Let v, and v, bethe x' and y' component ofinstantaneous velocity of particle at P. 


v.=v +at =ucos(0—30)—= t 


v, =v, +a,t = usin(0-30)- gt 


AS v. = 0 ; when particle hits x'— axis (1.e. the inclined plane) 
— 2ucos(0—30) 


8 


Also for piont P, y' =0. Therefore 


, 3 


t 
4 8 


2 


0 =usin(0—30) 


4u sin (0- 30) 
or t= ~ Sg wae (2) 


From Eqns (1) and (2) we have 


2u cos (O- 30) E 4u sin (0 — 30) 
g VJ3g 


<. 0 =30° + tan” $ 


V3 
2 


or tan(0-30°) = 
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Unit—2 : Kinematics 


Difficult Projectile Motion 


33. Two particles A and B are projected from point O with same speed u at angle 0, and 0, 


with horizontal. Both particles pass through a point P at a distance r from O. Line OP 
makes an angle a with the horizontal. t, and t, is time taken by A and B; then t,t, is 


proportional to: 
l 
(1) 7 (Incorrect) 
l 
(2) = (Inorrect) 
(3) r (Correct) 
(4) r (Incorrect) 


Correct answer: (3) 
Solution: 


Fig. shows a particle projected at an angle 0 with horizontal. The particle passes through point P, t second 
after projection. Co-ordinates of P are 


x=rcosa, y=rsina, 
Therefore, 


x =(ucos8)t =rcosa 


rcosa 
or t= 





ucos 80 


y =(usin 9)t-—et 








rcosa |) 1, 
eosa 2 


or psina = usin o| 


1 Peay sin 8cos a sina 
j a cos 0 
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sin O cos a — cos Osin q 
= | e ee 
cos 


E 2rsin(0—a) 
g gcos 


t? 


From Enq (2) t is directly proportional to „/p , therefore 


t,t, is directly proportional to (Vrvr =r 


Unit-2 : Kinematics 
Difficult Projectile Motion 


2 
x 
34. The equation of trajectory of projectile is y = 2x — F?’ x and y are in meter. Which of the 


following statementsisincorrect? (g = 10ms~) 


-1 


SVS 
(1) Speed of projection = 8 ms 


(Incorrect) 
(2) Angle ofprojection, 0 = sin” (=| (Incorrect) 
(3) Maximum vertical height = H = 5m. (Incorrect) 
(4) Time of flight =T= 1s (Correct) 
Correct answer: (4) 
Solution: 
The equation of trajectory of a projectile 1s: 
ox? 
y =(tan®) x59 _ (1) 


Comaparing given equation of trajectory with Eqn. (1) we have, tan0=2. 


sing=_— e a @ = sin! 
Vv1+tan* 0 V5 J5 
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Also, 


l 10x5 
— or v2sin? 0 =—- = 
2vjsin°O 5 2 


545 , 


" v,sin@=5 or V, =—— ms 
0 0 2 


25 





2v;, sin 20 _ 2x(5) 
© 10 


=5m 





H = The maximum vertical height = 


2v,sin0 2x5 __ 
10 


ls 





T = The time of flight = 


Unit—2 : Kinematics 
Difficult Projectile Motion 


35. From the top ofa tower of vertical height ‘h’, a ball A is projected vertically upwards with 
speed v, at an angle of 60° with the horizontal. n second later a second ball B is projected 
horizontally with same speed v,. The two balls colloide with one another. n is 








Vo 
(1) z (Incorrect) 
iNi 
(2) Be (Correct) 
2V9 
(3) P (Incorrect) 
Vo 
(4) Be (Incorrect) 


Correct answer: (2) 
Solution: 


In Fig. O is top oftower. Choosing co-ordinate axis as shown in Fig.and t = 0 when ball A is projected; the 
instantaneous co-ordinates (x, y,) of ball A are: 


233 


UDOON 


A program to give wings to girl students 


x, =(Vo cos60)t = (1) 


y, =(v, sin 60)t -Sgt 


O 
V3v, l > | 
= eee ane ee 2 
; 58 (2) 


The instantaneous co-ordinates (x,, y,) at t =t 
(t >n) of ball B are 





X, =Vo (t-n) oe (3) 


y=—se(t-ny o (4) 


Let P be the point where the two balls colloide with one another. Co-ordinates ofball A and B are same at 
this moment of time. From Eqns. (1) and (3). 


=t=v,(t-n) 


From Eqns (2) and (4); we have, 


%3 1l l 
“5 a = -58(t-n) 


2 
or J3v,t = gt = _ 





< Av, 
or -~ Beg aoe (6) 
Obvisouly, from Eqns. (5) and (6) we have 
a to 2v 
2 me g 
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Unit—2 : Kinematics 


Difficult Projectile Motion 
36. 


--> < 





OAB is a right angled wedge fixed to ground as shown in Fig. A ball is projected with a 
speed v, at an angle of 60° with horizontal from O. The ball hits wedge at point P. Then OP 
is 





l “0 In 

(1) 29 (Incorrect) 
2v; 

(2) g (Incorrect) 

oa 

(3) 3g (Correct) 
2v 

(4) 3/3 o (Incorrect) 


Correct answer: (3) 
Solution: 


Choossing x and y-axis as shown in Fig., the instantaneous x and y co-ordinates of ball projected from 
O are 
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x =(v, cos60)t -(*2} ...(i) 


V3 | 


y=(v, cos 60)t-— at" =- ea (ii) 


The equation of straight line OB, giving slant side of wedge 1s 


A 


P aaa (ü) 


Let ball hit wedge at P, t second after projection. Point P satisfies Eqns (1) and (11) as well as Eqn (111). 
Therefore, 





Be v) 


2y 
Obvisouly QP = x — co-ordinate ofballat £= Be . Therefore 








Va \ 2v V 

p=| 2 o _ ‘0 
. Gare V3 
QP 


From right angled AOPQ OP T 


cos 30 | therefore 


QP 2 v o 2y 


—— * 


P= = — 
cos 30 We} V3 3g 











Unit—2 : Kinematics 
Difficult Projectile Motion 


37. A bird sits on top of a pole of vertical height h at a horizontal distance / froma point O. A 
projectile fired from O is so poised as to hit the bird and attain a maximum vertical height 
2h. The moment the projectile is fired the bird starts flying horizontally with a constant 
speed v in such a manner that the projectile still hits the bird. The ratio of v and horizontal 
component of initial velocity of the projectile is 
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l 
(1) J2 +1 (Incorrect) 
S C 
2) 1+ F) (Incorrect) 
v2 
(3) 1+ | (Correct) 
4 v2 In 
(4) 142 (Incorrect) 


Correct answer: (3) 


Solution: 


X 





In Fig. AB is pole of vertical height h. Given B is the position of bird. Given O C = 2h is the maximum 
vertical height attained by projectile fired from O with speed v, at an angle 0 with the horizontal. Obvisouly 


Dw 
ah — Yo Sin 0 
2g 
“. Vo Sin Ô = 2 gh — (1) 
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Let the projectile attain vertical height h at time t after projection. Then 
l 3 
h=(v, sin@)t—— gt 
or gt —(2v, sin6)t+2h =0 


2v, sinO+,/(2v, sin) —8gh 
— 7 





4 Jgh +/l6gh—8gh _ foe 


2g g 


Let t; -(2-43) j} and t -(2+ 3) >. 


The bird gets hit at point B, 1.e. at t =t, after projection. Therefore 


BB, = vt, = v(2+2) j? 








Also, 
h 
BB, =(v, cos@)(t, —t, ) =(V, cos) 22, 
Clearly, 
vo 2/2 B J2 
v,cos® 24/2 (1+) 
V2 
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Unit—2 : Kinematics 
Average Projectile Motion 


38. A staircase has identical steps each of width œ and height h. A ball Ais pushed horizontally 
from thetopmost step with a speed u. At the same time a second ball B lying on edge of n 
step below is also pushed horizontally with speed u,. Both balls just hit the edge of the N™ 


u 


step from top simultaneously. The ratio E is 
2 











N 
(1) (Incorrect) 
N-n 
(2) N (Incorrect) 
N 
(3) Non (Correct) 
N+n 
(4) Non (Incorrect) 


Correct answer: (3) 


Solution: 
For ball A 


In hitting N” step from top; the ball travels a horizontal distance of Nœ and vertical distance Nh. Let the 
ball hit N" step t second after projection. Obviously 


No=u,t and Nh = et" 


— 


2 
1 (No No’ 
- Nh =—g| — 2 EN 
se se or u a (1) 


For ball B 


Ball B is n steps below the top most step. In hits step (N—n)" below its point of projection. Therefore 


ee g(N-n)@ 
2h 
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From Eqns. (1) and (2), we have 


2 
u| N 
u, N-n 








Unit—2 : Kinematics 
Average Projectile Motion 


39. Aballis projected from ground with a speed of 20ms" at an angle of 30° with horizontal. It 
just grazes past the edge of a vertical wall of height 1.8 m. The ratio of the distance of point 
of projection of ball from wall and the distance of point where it hits ground from the wall is 


(g = 10ms”) 
l 
(1) 9 (Correct) 
» 
(2) 10 (Incorrect) 
- 
(3) 10 (Incorrect) 
8 
(4) 9 (Incorrect) 


Correct answer: (1) 
Solution: 


Let x be the horizontal distance of wall from point of projection. Let the ball just grazes past top of wall 
t second after projection. At t =t; y =h = 1.8m. Therefore 


| 
1.8 =(20sin30)t-—x100° _ 4 —5¢? 


or 5t?-10t+1.8=0 


į- 10 v100—36 v100-360 _ 1046 =2s or 1.8s 
10 10 
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Obvisouly, 


x=(v, cos®)t =(10V3)x0.2 or (10V3)1.8 
= 23m or 18¥3m 


The distance of the point where ball hits ground from point of projection equals the horizontal range. 
Therefore, 


V3 


vong "WRS 
R= = = 203 
g 10 





The required ratio is It is 


2V3 1 1843 _ 4 
v3 9 OB 


The correct choice is (1) 


Unit—2 : Kinematics 


Easy Projectile Motion 


R 
40. Onahorizontal road a car is at a distance a ahead of point O where a gun is placed. The 


barrel of gun is oriented at an angle 0 with horizontal. A bullet is fired from gun with a 


speed v,. At the same moment of time the car starts moving with a constant speed V. The 
bullet hits the car. The maximum vertical height attained by the bullet is: 


(1) v* tan’ @ (Incorrect) 
9 2 2 

(2) Be. cot’ O (Incorrect) 
8 

(3) oa (Incorrect) 
8 2 2 

(4) og. tan’ 0 (Correct) 
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Correct answer: (4) 
Solution: 


In Fig. O and C are position of gun and car at 
t =0. The bullet hits ground at point P. OP = Vo 
R=range of bullet. Let bullet hit ground at 
point P. Let T be time of flight of bullet. The 








P 
car and bullet reach point P at same time. O C 
Therefore OP =R = (v, cos0)T. A 
——— R — 
3R 
ki— H Mm >i 
CPE ac VT 4 
4 
_ 4 _ Vacos® _ 3v cosO 
E y or rr (1) 
The maximum vertical height H; attained by bullet is 
He vo sin” 8 
2g 
2 
í z ) sin” 0 r 
el) a N a 
2g 98 
Unit—2 : Kinematics 
Average Projectile Motion 


41. A projectile is fired with a speed of 20ms" at an angle of 60° with vertical. It is at a vertical 
height of 1.8m from the point of projection. Take point of projection as origin, the horizontal 
and vertically upward direction as positive x and y—axis respectively; the instantaneous 


position vector of the projectile is (g = 10ms~) 
(1) 2/3i1+1.8; 

(2) 18V3i+1.8] 

(3) 25/3i41.8j; or 18V3i+1.8; 


(4) 5/3i41.8j or 18V3i+1.8}; 
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(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 
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Correct answer: (3) 


Solution: 


Let v,, and V, denote the initial value of x and y-component of velocity of projectile. Given 


Vo, = 20c0830° = 10V3ms"; and v, = 20sin30° =10ms" 


The instantaneous x and y co-ordinates of projectile are 
x=v, t=10V3t and y =10t -5(10)¢" =10t—5t? 


The projectile is at a vertical height of 1.8m, (i.e. y= 1.8m) at t=t. 


c. 1.8=10t—S5t? or 5t? -10t+1.8 =0 


m 10+ŽȚ7v100-36 10+8 


= ——— = 0.28 or 1.8s 
10 10 


The projectile attains y = 1.8 m at two times t, = 0.2s or 1.8s. The corresponding x—coordinates are 
x =10V3x0.2=2V3m or x=10V3x1.8=18V3 m 


The position vector of projectile is 


r= 2VJ3i41.8j or r=18V3i+1.8j 


Unit—2 : Kinematics 
Easy Projectile Motion 


42. Choose point of projection as origin of co-ordinates; the horizontal and vertically upward 
direction as direction of positive x and y—axis respectively. The initial velocity v, of a 
projectile is: 


və =(10V3 )i+30j ms” 


The ratio of change in linear momentum of projectile in the 1st and 2nd second of motion is 
(mass of particle = 100 g; g = 10ms”’) 


(1) 0.5 (Incorrect) 
(2) 1 (Correct) 
de (Incorrect) 
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(4) 2 (Incorrect) 
Correct answer: (2) 
Solution: 


Let v be the instantaneous velocity vector of projectile. Obviously 
v=(10V3}i+(30-10t) j ms” 
(Ap), = Change in linear momentum in 1* second of motion 1.e. time intervalt = 0 tot = Is. 


=0.1 {(10V3)i+ 20} -{(10V3)i+ 303} | 


=—1j; kgms” 
Similarly, 


(Ap ) > = Change in linear momentum in 2™ second of motion i.e. time interval t= 1s to t =2s. 


- 0.1] {(10V3)i+ 10}! - {(10V3 ji + 20)} | ME 





Unit—2 : Kinematics 


Easy Projectile Motion 


43. A bullet is fired in a vertical plane in the gravity of earth with a speed of 20/2 ms ~' ina 


direction so that its horizontal range is maximum. t second after firing the instantaneous 
velocity vector of projectile makes an angle of 120° with instantaneous acceleration of 
particle; t is (g = 10ms~”’) 


(1) 2s (Incorrect) 
(2) 23s (Incorrect) 
(3) 2 (v3 - 1) S (Correct) 
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(4) 2 (v3 T 1) S (Incorrect) 


Correct answer: (3) 
Solution: 


The initial direction of firing ofbullet is at an angle of 45° with horizontal. The acceleration vector is always 
in a vertically downward direction. Since angle between v and a is 120°, v makes an angle of 30° with the 
horizontal. Obvisouly 


< 


tan 30 = — 


X 


< 


where v and V, denote the instantaneous x— and y—component of instantaneous velocity vector 1.e. v. We 


know v, = v, =20ms™ and v, = vy), — gt = 20—-10t. 


1 20-10t 
20 





or t=2(43-1) 


P 


Unit—2 : Kinematics 
Difficult Projectile Motion 


44. Aprojectile has a mass m; horizontal range R and time of flight T. At the highest point of its 
path; the projectile somehow on its own, breaks into two fragments having masses in the 
ratio of 1:2. The heaviour fragment hits ground t, second later at a point midway between 
point of projection and where the original projectile would have hit the ground. The lighter 
fragment hits graound t, second later. The distance of the point where this fragment hits 

t, 
ground from point of projection and t is 


3R 
(1) y’ 2 (Incorrect) 
(2) R;1 (Incorrect) 
(3) 2R;1 (Correct) 
3R 
(4) 5” l (Incorrect) 


Correct answer: (3) 
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Solution: 





Fig. (a) shows the path of the projectile projected from point O. A is the highest point on its parabolic path 


and OP =R = horizontal range of the projectile. The instantaneous speed of projectile at Ais v, cos 0. At 


m 2m 
A the projectile breaks up into two fragements having mass mM, = 3 and m, = E (m is original mass of 


projectile). The breakup of projectile occurs on its own, 1.e. there is no external force, therefore, the linear 
momentum is conserved. Given that fragment of mass m, hits ground at point B. This fragment moves 
vertically downward. The horizontal component ofits velocity is zero. Let v, be horizontal component of 
velocity of fragment of mass m,. From law of conversation of linear momentum. 


m, 
mv, cos ð = — v, v, =3v, cos 
3 9 1 0 


There is no vertical component of velocity of both fragments. In hitting ground they travel same vertical 
distance H. 


T t 
a Lh a or 


| 
2 t 


Also for the fragment of mass m, 


BR = (3v, cos 0)— = = 


Obviously, 


OR =OB+BR =—+=*=2R 
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Unit—2 : Kinematics 
Difficult Motion in a Circle 


45. A particle of 10g is attached to one end of a rubber string of length 50cm. It is whirled into 
a horizontal circle about the other end of string with a uniform angular speed of 300 rp.m. 
The rubber string has a force constant of 0.05 kgfem™, g = 10ms~. The tension in string is 


(1) 5N (Incorrect) 
(2) 6.25N (Correct) 
(3) 9N (Incorrect) 
(4) 12.5N (Incorrect) 


Correct answer: (2) 


Solution: 


0.05 x10 


Te Nm” =50Nm™ 


k = Force constant ofrubber string = 0.05 kefcm! = 


© = 300r.p.m.= 5r.p.s. = lOr rad s” 


Let x be increase in length ofrubber string when particle attached to it moves in a horizontal circle. The 
radius of cirlce = r = (0.5+x)m. The tension in string = T = mr œ° = kx 


< 10° (0.5 + x) x (10r ¥ = 50x 
or 102x 10? (0.5 + x) = 50x |r? =10 | 


5 + 10x = 50x 
5 

. x=—m=0.125m 
40 


T = kx = 50 x 0.125 = 6.25 N 


Unit-2 : Kinematics 
Difficult Circular Motion 


46. Aparticle moves in a horizontal circle of radius r. The angular velocity of particle veries at 
a constant rate a. The acceleration of the particle is 


2 


V 
(1) P (Incorrect) 
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(2) ra (Incorrect) 
v 

(3) —+ra (Incorrect) 
r 


vy 2 
(4) (5 seo”! (Correct) 


Correct answer: (4) 
Solution: 
The acceleration has two components. 

y? 
(a) The radial component ofacceleration is due to change direction ofthe velocity and equals T 
(b) The tangential component is due to change in magnitude ofv and equals r a. 


The two component of acceleration are mutually perpendicuular. The net acceleration is 


Unit-2 : Kinematics 
Average Motion in a Circle 


47. A stone of mass m, tied to one end of string , is moving in a horizontal circle. The length of 
string is gradually reduced in such a manner that the instantaneous tension T in string is 


k 
T= 2 where kis a constant. For the motion, the quantity that remains constant is: 


(1) Kinetic energy (Incorrect) 
(2) Linear momentum (Incorrect) 
(3) Angular momentum (Correct) 
(4) Speed (Incorrect) 


Correct answer: (3) 
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Solution: 


The instantaneous tension, T, in string is 


mv k 
ms 





on) 
| 


l 
or va-— or vr = const 
r 


The instantaneous angular momentum of particle is mvr. Obviously this is a constant. 


Unit—2 : Kinematics 
Average Motion in a Circle 


48. A particle moving in a plane is acted upon by a force of constant magnitude. F and v denote 
instantaneous force and velocity of particle. F.v is zero at every moment of time. The path 


of particle is 

(1) Straight line (Incorrect) 
(2) Crrcle (Correct) 
(3) Hyperbola (Incorrect) 
(4) Ellipse (Incorrect) 


Correct answer: (2) 
Solution: 


Since F e v = 0; the instantaneous velocity is always perpendicular to the instantaneous direction of force. 
This condition is satisfied for a particle moving in a horizontal circle with uniform speed. The force acting on 
particle provides the ncessary centeripetal force. 


Unit—2 : Kinematics 
Average Motion in a Circle 


49. A particle of mass 100g attached to a string moves in a horizontal circle of radius 20cm. 
The maximum speed of particle so that string does not break is 200 cm/s. Another string 
has a breaking strenth 75% more and its length is doulbe that of the earlier string. What is 
change in mass of particle attached to this string if breaking speed remains same? 


(1) 0.35 kg (Incorrect) 
(2) 0.25kg (Correct) 


249 


UDOON 
(3) 0.5kg (Incorrect) 
(4) 0.4kg (Incorrect) 
Correct answer: (2) 
Solution: 
Let m, v, and r denote mass of particle; speed of particle and length of string. The breaking strenght, T; of 
string 1s 
mv? 0.1x(2) 
r 02 


T= =2N 





T' =Breaking strength of second string = (1.75) T=3.5N 
r' = Length of second string = 2r = 0.4 m 


Let m' be mass of particle attached to string. Given, 





52 
© (t') 
e ake 


Change in mass of particle = m— m= 0.25 kg 


Unit—2 : Kinematics 


Average Motion in a Circle 


50. A particle moves in a horizontal circle of radius r with a uniform speed œ in x-y plane as 
shown in Fig. 9 is the instantaneous angle, the position vector of particle makes with 


x—axis. The instantaneous velocity, v; and the instantaneous acceleration a are: 
y 





UDOON 


(1) v=re| (cos®)i+(sin ®) | (Incorrect) 
a =r0"| (cos®)i-(sin 8) j| 

2) v=re| (—cos6)i+(sin 6) j| (Correct) 
a =r0"| (cos®)i+(sin8) j| 

G) v=re| (—cos®)i+(sin8) j| (Incorrect) 
a=r@?| (cos) i+(sin 6) j| 

4) v=re| (cos®)i-(sin 8) | (Incorrect) 


a=ro |- (cos o)i + (sin 0) 
Correct answer: (2) 
Solution: 


In Fig. ; and ; are instantaneous unit vector along radially outward 


and tangential direction. We know, 


v=(ro)t and a= (—roo” )r . Resolve ; and { into their 
components along x and y—axis. Obvisouly 


Aw 
. 


r= (cos 0)i+ (sin 0) j 





AN 
. 


and t= (—cos 6)i+ (sin 0) j 


Obviously (2) in the correct choice. 
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Unit—2 : Kinematics 
Average Motion in a Circle 


51. The minutes hand of a clock is 30cm long. The magnitude of change in velocity of the tip of 


T 
minutes hand of clock is = mms“. The time interval is 


6 
(1) 10s (Incorrect) 
(2) 5minute (Incorrect) 
(3) 2 minute 30 second (Incorrect) 
(4) 10minute (Correct) 


Correct answer: (4) 
Solution: 


The angular speed, œ, of minutes hand of clock is 


2m 


= rad/s 
60 x 60 





The linear speed v of the tip of the minute’s hands 


0.3x2mn 4} T 4 
= ms =—mms 
60 x 60 6 


= [XO 





Let 9 be the angle through which the minute’s hand of clock has turned in time intial t. The magnitude of 


. (0 
change in velocity ofthe tip of mmute’s hand = 2vsin(S . Therefore 
Z 2| Z |sin z sin CAEN 
6 (6) (2 or 2) 6 
. 0=—=60" 
3 


The time int I= hr = br = 10 inut 
e time interval = = z bt = 10 minute 
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Unit—2 : Kinematics 


Motion in a Circle 


52. In space, far off from any gravitating matter; two particles A and B move in horizontal and 
vertical circles of radii in ratio of 1:2. The speed of the two particles are in ratio of 3:2. 
Which of the following statement is correct? 


(1) 
(2) 
(3) 


(4) 


For both A and B motion is with uniform speed only (Correct) 
For both A and B motion is with uniform velocity (Incorrect) 
For A motion is with uniform velocity only and for B motion is with non-uniform speed and 


velocity (Incorrect) 
For B motion is with uniform velocity only and for A, motion is with non-uniform speed and 
velocity. (Incorrect) 


Correct answer: (1) 


Solution: 


Since there is no gravitating matter nearby; whether particle moves is a horizontal or vertical circle; situation 
is same. In both cases speed can be constant but velocity is not constant. The direction of velocity changes. 


Easy 


Unit—2 : Kinematics 


Motion in a Circle 


53. <A particle A is moving in a horizontal circle of radius r. Another particle B moves in a 
vertical circle, in gravity earth, of same radius r. For the motion in the two cases. 


(p) 
(q) 
(r) 
(s) 


Speed only is uniform 
Velocity only is uniform 
Both speed and velocity are uniform 


Neither speed nor velocity is uniform. 


The correct statement of motion of A and B is: 


(1) 
(2) 
(3) 
(4) 


For both A and B (p) (Incorrect) 
For both A and B (r) (Incorrect) 
For A; (p); For B; (s) (Correct) 
For A; (r); For B (s) (Incorrect) 


Correct answer: (3) 
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Solution: 

For motion in horizontal circle speed is constant but velocity is not. The direction of velocity changes. 


For motion in vertical circle neither speed nor velocity is constant. Speed decreases as particle moves from 
lowest point of circular path to highest point and increases during the other half part of motion along vertical 
circle. 


Unit—2 : Kinematics 
Average Projectile Motion 


54. A bird is sitting on a tree. A shooter at a horizontal distance D fires a shot with speed v 
aimed at the bird. The shooter misses hitting bird by a vertical distance y. Now shooter 
again aims at bird but the moment bullet leaves gun bird starts moving vertically downwards 
with constant speed v, or v, (v,>v,). In both cases shooter again misses hitting bird by 
equal distance. The speed, v, of bullet is 


gD 
(1) (v,+v,) (Correct) 
gD 
(2) (v, -y, ) (Incorrect) 
gD 
3) 5 (v, +V ) (Incorrect) 
gD 
(4) 5 (vi -v,) (Incorrect) 


Correct answer: (1) 


Solution: 
| , , , D ee 
Let t be time taken by bullet to travel horizontal distance D. Obviously t = 7 y5 The vertical distance by 


I 
which bullet misses hitting bird = > gt” 


Let bird fly with vertical speed y' when bullet leaves gun. The distance by which bullet misses hitting bird 
is (v t— y). Similarly the bullet misses hitting bird in 2™ case by distance (y — v,t). Given, 


Vt-y=y-v,t 
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2y l 2 

t= = t 

i vi+v, (vi+v,) j 
: pee Tae D_v,tVv, 
8 Y 8 
D 
or v=—È 
(v, + Vv, ) 
Unit—2 : Kinematics 

Average Projectile Motion 


55. From a point two balls A and B are projected in opposite directions horizontally with speed 
v, and 2v simultaneously. At time t = t; the instantaneous velocity vectors of the two are 
mutually perpendicular. t is 


< 


1 





(1) = (Incorrect) 
Vi 
(2) v2 = (Correct) 
Vi 
(3) Ng (Incorrect) 
2v; 
(4) pS (Incorrect) 


Correct answer: (2) 


Solution: 


Fig. shows particles A and B profected from point O horizontally. Given v, = v,,v, = 2v. Let A and B, 


Tt 
be the position of two particles at t = t when their velocities are mutually perpendicular 1.e. | A,O,B, = >: 


Let 0, and 0, be the angle the instantaneous velocity vector of A and B make with horizontal. Obviously 
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V 2v 
tan, =—; tan@,=— 
gt t 


TU 
From AA, OB, ; 0, + 0, = z 


“. tan 0, = tan z = 6 = cot 0, 


or  tanQ,.tan0, =1 





27i 

° et = 

or rv 
8 

Easy 





Unit—2 : Kinematics 


Vector 


l 
56. If |AxB| =/3(A-B), the value of 5A +Bl -|a -Bf } is: 


(1) 2AB 

(2) 2(A’+B?’) 

(3) A’*+B? 

(4) AB 
Correct answer: (4) 


Solution: 


Given |AxB Ne (A-B) 


<. ABsin®@ = JAB cos 9 or 


-. 0=60° 


(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 


tan 0 = V3 
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A+B = A? +B? + 2ABx— k cos 60° -1 





Now, 


and A-B[ =A?+B?-2ABx— 


-. |A+B/ -|A -B| =2AB 
or | {|A+Bi -|A-B|'|=AB 
Correct answer (4) 


Unit—2 : Kinematics 
Difficult Motion Under Gravity 


57. A particle is released from rest from the top of a tower of height 3h. The ratio of the 
intervals of time to travel three equal falls of h each, from the top, is: 


(d) 1:42:43 (Incorrect) 
(2) 1:(J2 -1):(V¥3-2) (Correct) 
(3) 1:(J2 -1):(¥3 -2] (Incorrect) 
(4) 1:(J2 -1):(3-v2] (Incorrect) 

Correct answer: (2) = | 

Solution: h h 

)  h=0+—et ea 

o T © Ng 2h 


2h 
(ii) 2h=0+—8(t, +t) a titt, =, xV2 
8 


2h 
(iii) 3h=0+ g(h +t, +h) pe Gr la ty = =N 
8 
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From Eqns. (1), (11) and (11), we have 


t, =(t, +t, +t, )—(t, +t, ) 


= Px- PR ava = PBS] 


= tit, rt =1:(42-1): (43-42) 


Correct answer (2) 


Unit—2 : Kinematics 
Difficult Uniform Motion 


58. Aman of 50 kg mass is standing in a gravity free space at a height of 10m above the floor. 
He throws a stone of mass 0.5 kg downwards with a speed of 2ms*. When the stone hits the 
floor the distance of the man above the floor will be: 


(1) 20m (Incorrect) 
(2) 99m (Incorrect) 
(3) 10.1m (Correct) 
(4) 10m (Incorrect) 


Correct answer: (3) 
Solution: 
When the man throws the ball down, he will get a velocity v upwards, such that: 


mv = MV (Law of conservation of linear momentum) 
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lo i 
2x25 V = — ms 
0.2 x 50xV or 50 


Time taken by the ball to reach floor is 


10 


t=—=5s (The ball will not accelerate in the absence of gravity) 


2 


., Distance moved up by the man in this t = 5s is 


d=Vxt=—x5=0.1m ; upwards 


Hence the distance of the man from the floor, when the stone hits the floor is 


H=h+d=10+0.1=10.1m 


Unit—2 : Kinematics 


Difficult Resolution of Vectors 


59. Two fixed frictionless inclined planes, making angles 30° and 60° with the vertical, are 


shown in the figure. Two blocks A and B are placed on these planes. The relative vertical 
acceleration of A with respect to B is: 


O 


a. a” 
(1) 9.8 ms” (Incorrect) 
(2) 4.9 ms” (Correct) 
(3) 2.45 ms? (Incorrect) 
(4) zero (Incorrect) 
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Correct answer: (2) 
Solution: 


Acceleration of A down the plane is g sin 60 = g cos 30° as shown in Fig. 
Resolve acceleration into horizontal and vertical components as shown in Fig. 
Obvisouly 


3 
The vertical accelerationofA = (gcos30° )cos30° = A 





l 
Similarly the vertical acceleration of B = ( gcos 60" ) cos 60° = gx Z 


, Relative vertical acceleration of A with respect to B= 8 x 4 gx ri 


pe -8 -4.9 ms” 
4 2 


Unit-2 : Kinematics 
Average Circular Motion 


60. A point P moves in counter clockwise sense, on a circular path, as shown in the figure. The 
movement of the point is such that it sweeps out a length, s = t? +5, where s is in metre and 
t is in seconds. The radius of the path is 20m. The acceleration of P at t = 2s is nearly: 


Y 





(1) 14.5 ms” (Correct) 
(2) 13.5 ms” (Incorrect) 
(3) 12 ms? (Incorrect) 
(4) 7.2 ms” (Incorrect) 


Correct answer: (1) 
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Solution: 
Given s=t?+5. Therefore the instantaneous velocity 


v=—=3t’ 
dt 


Since this velocity is not constant in magnitude, the point P will have a tangential acceleration, 


a = =3x2t=64 


Att=2s,a,=6 x 2=12 ms”. 


Now, P is moving in circular path therefore P will have centripetal acceleration. 


Vv (3e ) _ Ot" 





ad, == = — 
R R 20 
At t =2s, ay ees =7.2ms~ 


a= ja? +a} =,/12?+(7.2) ~14.5ms° 


Unit—2 : Kinematics 


Average Uniformly Acceleration Motion 


l, 
61. A bullet, on entering a target, losses 3 ` of its initial velocity, after penetrating through 


20m. How far deep will it enter the target? 


(1) 60m (Incorrect) 
(2) 40m (Incorrect) 
(3) 36m (Correct) 
(4) 16m (Incorrect) 


Correct answer: (3) 
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Solution: 


u 
Suppose the bullet loses P ofits initial velocity, after penetrating through distance s. So, final velocity, after 


travelling distance s in target, 1s: 


u u 
e l 
v=u-—=—(n-1) 


Ifa is the deceleration, then: 


v? =u —2as 


-+| (20-0) 


If the bullet goes a further distance x, before coming to rest, then 


2 2 
v; =V —2ax 


u’ 1 w 
ae 0=—~(n-l) -2x Zx (2an-1) |x 





Given, s = 3m, therefore 
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2 
ye BOD 99 = 420 = 16m 
(2x3-1) 5 


Therefore, total penetration 1s 


s+ x=20+16=36 


Alternatively: 


2 2 
v^ =u" +2as 


Here, v=u=Zu=2u and s=20m 


Since a is—ve, Eqn. (1) can be written as: 


om =u’ —29x 20 
9 
s 2ax20= 2? 
9 
5 \ u? 
2 E 
or BP 
Now, if ‘d’ is the total penetration, then 


2 2 
v; =u —2axd 





9/20 

P ye ay xd 
9 20 

d= =36m 
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(a = deceleration) 
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Unit—2 : Kinematics 
Average Velocity - Time graph for Uniformly Accelerated Motion 


62. A particle moving along y—axis is at y = 5 cm at t = 0 (where t is in second). This particle is 
observed to trace the following velocity time graph. 





The displacement y of this particle in terms of t can be written as: 


(1) y=5-2t+ 8t (Incorrect) 
(2) t=2t?—8t+5 (Correct) 
(3) y=8t?-2t—5 (Incorrect) 
(4) y=5-4t+2t (Incorrect) 


Correct answer: (2) 


Solution: 

Given, Yo) =+5M . From the graph, 
Velocity =—8 ms” at t=0 

1 


= Vo- —8 ms 


Now, v —t graph is a straight line. Therefore acceleration is a constant a = slope of v vs t graph. 
8 
=+—=44ms~ 
2 
The final position at t =t can be written as: 
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or M E eer 
2 
or y=2t-8t+5 


Unit—2 : Kinematics 
Average Vector 


63. A stationery body of mass 3 kg explodes in to three equal pieces. One of the pieces flies off 


with a velocity of ae and a second one goes with velocity of 4 jms” . If the time of 


explosion is 10*s, the magnitude of the average force experienced by the third piece is: 


(1) 70 kilo newton (Incorrect) 
(2) 50kilo newton (Correct) 
(3) 40 kilo newton (Incorrect) 
(4) 30 kilo newton (Incorrect) 


Correct answer: (2) 
Solution: 


The momentum imparted to the two pieces together ts: 
Ap = 1x(3i+4j) N-s (m=1kg) 


As the body of 3 kg 1s initally at rest the change in momentum for the third piece should be equal and 
opposite that for the first two taken together. 


Ap for 3™ piece = -(3i+ 4j)N-s 
Time taken for this change, A t=10*s 
.. Force on the third piece is 


Ap 3i+4j 
F, — 4 
At 10 
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e a 4 
F, =-(31+4j)x10f N 


n [FE |= F = v3? +4’ x10 N =5x10*N 


—50x10° N = 50 Kilo newton 


Unit-2 : Kinematics 
Average Graphs in Kinematics 


64. The position ‘x’ of a particle varies with time ‘t’ as : x = mt’-nt’. The acceleration time 
graph of this particle is: 


slope = -6n 





(1) (2) 





slope = 6n 


t —> 





(3) (4) 


Correct answer: (1) 
Solution: 


Given : x = mt? — nt’. 


266 


UDOON 


A program to give wings to girl students 


ve = 2mt— Sty (1) 
dv . 
Hence, a= a 7m ont e (11) 


or a=(—6n)t+2m 

Eqn. (11) is ofthe form y = mx + c for the equation ofa straight line, where mis slope and c is y intercept. 
Hence a—t graph is a straight line with 

(1) slope of—6m. 


(1)  of-intercept =+2m and 


2m m 
eee = t — — — — 
m) a=Oat S n 


(1), (11) and (111) are true only for (1) 


Unit—2 : Kinematics 
Easy Relative Velocity 


65. Two particles P and Q get 6m closer each second, while travelling is opposite directions. 
They get 2.4 m closer every second while travelling in the same direction. The speeds of P 


and Q are: 

(1) 4.2 ms" and 2.4 ms"! (Incorrect) 
(2) 8.4 ms" and 3.6 ms” (Incorrect) 
(3) 4.2 ms" and 1.8 ms"! (Correct) 
(4) 4.2 ms" and 3.6 ms” (Incorrect) 


Correct answer: (3) 

Solution: 

Here, v +v, = 6 ms", and v—v, = 2.4 ms" 
s. 2v,=8.4 ms! 


or v, =4.2 ms", and v, = 1.8 ms" 
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Unit—2 : Kinematics 
Easy v-t Graph 


66 Figure gives the velocity-time graph of a moving particle. Total displacement of the particle 
during its non-uniform motion is: 





0 10 20 30 40 50 60 


(1) 60m —> t (s) (Incorrect) 
(2) 50m (Correct) 
(3) 30m (Incorrect) 
(4) 40m (Incorrect) 


Correct answer: (2) 
Solution: 


The particle is in non-uniform motion from t = 20 s to t=40 s. Total displacement in this interval is equal to 
the area under the graph in this interval. 


= = 2x] S(144)x10 = 50 m 


Unit-2 : Kinematics 
Different Equation of Motion 


67. A man of height h walks in a straight path towards a lamp post of height H, with a uniform 
velocity u. The velocity of the edge of his shadow on the ground will be 





H 
(1) í Hoh u (Incorrect) 
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H 
(2) H-h | = (Correct) 
H+h 
(3) H ] u (Incorrect) 
H+h 
(4) H-h j bs (Incorrect) 


Correct answer: (2) 
Solution: 


Suppose x 1s the length of the shadow. When the man is at d 
distance from the pole, as shown in Fig. If he takes t seconds to 
reach the pole, the edge of his shadow will also reach the pole in 





H 
the same timet — = and d= ut 
x x+d 
' xH=hx+hd 


or x(H-h) =hut 





hut 
X = 
H-h 





The distance travelled by the edge of the shadow, in t seconds, is equal to x + d. The velocity ofthe edge, 
vis 








E ut 
ya itd _LH-h 
i t 
hu _(h+H-h 
“H-b  \ H-h 
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Unit—2 : Kinematics 
Easy Equation of Motion 


68. Two bodies of masses in the ratio 5:4 are dropped from heights of 16m and 25m respectively. 
The ratio of the time taken by them to reach the ground and the ratio of their velocities at 
the time of hitting the ground are, respectively 


(1) 1:land4:5 (Incorrect) 
(2) 5:4and1:1 (Incorrect) 
(3) 4:S5and4:5 (Correct) 
(4) 1:4and1:4 (Incorrect) 


Correct answer: (3) 
Solution: 


Mass does not influence the time and speed. Now, for a body dropped, u= 0 


l 
he S=ut+— at" reduces to 
s-o4t t° 
78 


l l 
kD = 58 and S, = 58h; 


So, ANEN SAD 
Now, v=u+at=0+ gt 


. v =gt, and v, =gt, 


.V,iv, =t,:t,=4:5 


Unit—2 : Kinematics 
Difficult Differential Equation for Velocity 


69. The upper and of a bar PQ of length '/' leans against a smooth vertical wall. The other end 
of the bar is touching the smooth floor. The end Q beings to move uniformly downwards 
with speed V, the speed v with which end P moves along the floor is 
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Correct answer: (1) 

Solution: 

According to the diagram given: 
x’ +y = p2 = constant 


Differentiating with respect to time, 
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(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 
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ES y 
k [se] 


Correct answer (1) 


Unit—2 : Kinematics 
Average Equation of Motion 


70. A body moving along x-axis is at x =—5 m at t= 0. It covers 10 m is the third second and 
28 m in the sixth second. The position of this body at t = 8 s is 


(1) 192m (Incorrect) 
(2) 152m (Incorrect) 
(3) 147 (Correct) 
(4) 40m (Incorrect) 


Correct answer: (3) 
Solution: 


Given, 


X = —5m . The distance s, travelled in third second is 


= u+>(2x3-1) 


5 
or nee (1) 


Similarly the distance travelled in 6" second; s o IS 


s =u +5 (2x6-1) 


11 
or AT (2) 


From Eqns. (1) and (2) we have 


al 


A program to give wings to girl students 


18 = 3a or a = 6 ms” 


From Eqn (1), we get 
5 
ee or u=—5ms! 


Att=8s, the position x, of particle is 


x“ =x + (urs Sat] 
8 20 2 
l 2 
E R = —45+192 =147 m 


Unit-2 : Kinematics 
Average Motion Under Gravity 


71. At time t=0, a ballis dropped from a height is 180 m, towards a floor. On each collision, the 
ball losses a tenth of its speed. The figure below gives the speed-time graph of the ball, 
taking g = 10 ms" 


Spee 
(ms`) 





O C t (s) 


Then corresponding to the point D on the plot, t, is: 


(1) 10.8 s (Incorrect) 
(2) 11.4s (Incorrect) 
(3) 16.8 s (Correct) 
(4) 18.0 s (Incorrect) 
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Correct answer: (3) 
Solution: 


Let t, be the time taken to fall through height h= 180 m, after the ball is dropped. 


2h 2x180 
< toa = I— =,| =6s 
g 10 


Now, v, =u+at=07+ gt 


= 10 x 6 = 60 ms! 





Yny 10% o-i 0 


= 60-6 = 54 ms! 


Lett, be the time taken to bounce up from the floor, reach the maximum height and then come down to 
hit the floor again. 


2u 2x54 
g 10 





=10.8s 


=t” 


Hence the total time taken 1s 


top =toa tta = 16.88 


Unit—2 : Kinematics 
Average Speed-Time Graph 


72. Between two stations, a train starts and accelerates uniformly at first, then moves with 
constant speed and finally retards uniformly, to reach and stop, at the other station. If the 
ratio of the time taken for these three parts of the motion is 1 : 8 : 1, and the greatest speed 
is 60 kmh", the average speed of the train is 


(1) 30 kmh” (Incorrect) 
(2) 48 kmh” (Incorrect) 
(3) 54 kmh” (Correct) 
(4) 60kmh” (Incorrect) 


Correct answer: (3) 
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Solution: 
Speed 


The speed-time graph for the motion of the train 
is shown in the figure. The total distance covered 
IS: 


s=(tx60)}+(60%8t) + 1x60 ]=sa01 


Total time taken =t + 8t +t = 10t 





540t 


.. Average speed = ve = 54kmh"! oa ae ,——— a ee Í 
Unit—2 : Kinematics 
Difficult Uniformly Accelerated Motion 


73. Inacarrace, car A takes a time t less than car B at the finish and passes the finishing point 
with speed v more than that of car B. Assuming that both the cars start from rest and travel 
with constant acceleration a, and a, repectively, the value of v interms of a,, a, and t is 


aia, |, 
(1) (a +a, (Incorrect) 
(2) (a, +a, ) t (Incorrect) 
a, +a, 
(3) (aza) t (Incorrect) 


(4) (Vaa, Jt (Correct) 


Correct answer: (4) 
Solution: 


Let A take t, seconds to finish the race. Then, according to the data given, B will take (t, +t) seconds to 
finishe the race. Also, let v, be the velocity of B at the finishing point. Then the velocity of A at the finishing 
point will be (v + v). Therefore, for A, 


Nee Ora hee (1) 


andforB,v,=O+a,(t,+t) 2 ae (2) 
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 WV=(a,—a,)t—ast ee (3) 


l 
Now, total distance travelled by both A and B is same. i.e. S, =S,,. Using the formula, S=ut+ > at”, we 


get; 


S, = 0+ at and S,=0+5a, (ti +t) 


or fa, t, =,/a, (t, +t) 
he ti (ya, - ya; )= a, t 
ra a 
or l (Ja, — Ja.) _— (4) 


Subsituting value oft, from Eqn (4) in Enq (3) we have 


Ja,t 


v =(a, —a, ). ——— = -a.t 


(Jef) 


| Ja, Ja, -a, Ja, -a, Ja, +a, Ja, | l 
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Unit—2 : Kinematics 
Difficult Motion Under Gravity 


74. A particle is dropped from the top of a tower of height h and at the same moment of time a 
second particle is projected upwards from the bottom of the tower. The two particles meet 
when the first one has descended a distance of h/n. The velocities of these particles, when 
they meet, are in the ratio 


(1) v,:v,=2:(n—2) (Correct) 
(2) Yiv =(n-2):n (Incorrect) 
(3) viiv, =V2:(n-2) (Incorrect) 
(4) v,:v,=1:(n-1) (Incorrect) 


Correct answer: (1) 
Solution: 


When the two particles meet we have for the first particle, 


a iS 


le 1 
78 — (1) 


and for the second particle 
h l 
h-—=u,t-- gt’ 
u gE aaan (2) 
Adding Eqn, (1) and (2), we have 
h 
h=u,t or t=— 


lM (3) 


Substituting value oft given by Eqn. (3) in Eqn. (1), we get 


holon 
n 2° 
2 1 
'. U= a — (4) 


D4 | 
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At time t, when the two particle meet for the first particle 


v’ =u +2¢ = 
n 


v= gh- (eu 50) oe (5) 


For the second particle, we have, 


=U, -2g(n-*) 


n 


= ngh -eh 2-2) 
2 n 


n 2 
= gh| —-2+— 
i 7 3 





2n 


From Eqn s. (5) and (6), we have 


2 
2 gh =| 
ion n 4 


v „ (0-2) (n-2) 
2n 








8 
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Unit—2 : Kinematics 
Difficult Motion Under Gravity 


75. A particle is projected vertically upwards from a point x on the ground. It takes a time t, to 
reach a point A, at a height ‘h’ above the ground. The particle continues to move and takes 
a time t, to reach the ground. The value ofh in terms of t, and t, is 


GEG 
D (5 gt (Incorrect) 
(2) gtt, (Incorrect) 
(3) 2gt,t, (Incorrect) 
l 
(4) 5 gtit, (Correct) 


Correct answer: (4) 
Solution: 


Let ‘u’ be the velocity of projection of the particle at 0. The total time taken to reach the ground back is 
t +t.. 
1 2 


l 
From S=ut t5 we have, 
l 
0=u(t, +t) +>(-a)(t +t,) 
: u=S(t +t) bee (1) 


A 
4 
4 

A 


Now, for the first t, second ofmotion, we have, 


l 
h =ut, -58t = (ti +t, )t, -i 





g l 
sZt +tyt, -t | => gtit, 


a9 
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Unit—2 : Kinematics 
Difficult Uniformly Accelerated Motion 


76. The two ends of a train, moving with a constant acceleration, pass a pole with velocities u 
and v. The velocity with which the middle point of the train pass the pole is: 











ut+v 

(1) 7 (Incorrect) 
u +v’ 

(2) (Incorrect) 

utv 
(3) u? +y? (Incorrect) 
u +v’ 
(4) 5 (Correct) 


Correct answer: (4) 
Solution: 
Let the total length of the train be 2x. Let the velocity of the middle point of the train passing the pole be v. 


Then, for the first half of the journey of train, 
Vo=ut2ax (1) 
For the second half part of the journey, we have; 
v =v. +2ax 
or ovo=v—2an ee, (2) 
Adding Eqns. (1) and (2) we have 


b- 3 2 
2v =u +V 





280 


A program to give wings to girl students 


Unit—2 : Kinematics 


Average Uniformly Accelerated Motion 


77. Aballoon rises from rest on the ground with a constant acceleration of Fs . A stone is dropped, 


from the balloon when it has risen to a height of H. The time taken by the stone to reach the 
ground is 


v2 [E] 


(Incorrect) 
H 
(2) 2/4 (Correct) 
2H 
(3) g (Incorrect) 
H 
(4) 2g (Incorrect) 


Correct answer: (2) 


Solution: 


Let v be the velocity of the balloon, when it has risen to the height H. Then, 


v =0° +22) h 


This v will be the initial velocity of the stone when dropped from the balloon. Ift is the time taken by the 
stone to reach the ground, then: 


ji 
-H = vxt-—eot? 
7S 
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or gt’-(JgH)t-2H=0 (2) 
l _ _VgH + /gH+8gH 
—— 


fete Net |e 
Z g 


g 


Unit-2 : Kinematics 
Difficult Relative Velocity 


78. To a man walking at the rate of 3 kmh", rain drop appear to fall vertically. When he doubles 
his speed, rain drops appear to strike him, from the front, at an angle of 45° with the 
downward vertical. The actual speed and the direction of rain drops are 


(1) 5kmh', at 45°, with the vertical, to the direction ofhis motion (Incorrect) 
(2) 3/2 kmh", at 45°, against the direction of his motion (Incorrect) 
(3) 3 kmh”, at 45°, against the direction ofhis motion (Incorrect) 
(4) 3/2 kmh, at 45°, with the vertical, and to the direction of his motion (Correct) 


Correct answer: (4) 
Solution: 


Let x—axis be taken along the horizontal and y—axis along the 
vertical as show in Fig. 


The actual velocity of the rain drops, 1s 
V. =v.i+v, | — (1) 
For the man, vy, = Bo (2) 


The relative velocity of the rain drop with respect to the man is: 





Va =V, Hn) 


=v,i+v,j+(-3i) 
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=(v, -3) itv] os (3) 


The relative velocity (Vam) makes an angle 9 with the velocity ofthe man. Therefore 





Vy 
tan 0 = r «= (4) 


In the first case, drops appear to fall vertically. 


tan 0 = 270° == 





ee, 
0 v -3 
sv =3kmb™ a (5) 
From Eqn. (1), v, =3i+ v, T (6) 


In the second case, 


Here, Van =V, +(-v,,] 
=(3i+v, j)+(-6i] 
22314: vj oe (7) 


Since the rain drops now strike man at 45° from the front, here 0 = 225°. 


>. tan 225° =, [olf Ean. (7) 
3 
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Therefore, v, = = 3j kmh? > unn (8) 


o v = AD kmh! 


Here, tan 0 = z =-—] 


or  @=270°+45° =315°, with i 


Hence, the speed ofrain drops is 3./2 kmh™ and the direction is 45°with the vertical and in the direction 


of man motion. 


Average 


Unit—2 : Kinematics 


Motion Under Gravity 


79. A juggler throws balls is to air and catch them. He throws one all whenever the previous 
ball is at its highest point. How high do the balls rise, if he throws n balls every second? 
(Acceleration due to gravity is g). 


(1) 


(2) 


(3) 


(4) 





= (Incorrect) 
n 
r (Correct) 
2g 
= (Incorrect) 
n 
2g 
Pi (Incorrect) 


Correct answer: (2) 


Solution: 


l 
Number ofballs thrown is 1 s =n, Time interval between two balls = a 


Now, he throws one when the previous one thrown reaches the maximum height. 


, Time taken by one ball to reach the maximum height is 


t=— 
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Let u be the velocity with which the ball is thrown. Then the velocity at the highest point is zero, and so, 
O=u-et 

or u=5 

n 


Now, v’ =u’ +2as 
or O0=u’—2gh 


2 





or 2gh= 
8 
h= 
2n’ 
Unit-2 : Kinematics 
Average Motion in a Plane 


80. A particle moves in x-y plane such that x=k,t; y =k t (1-k,t) where k, and k, are constant. 
The magnitude of instantaneous velocity v and instantaneous acceleration, a; is 


(1) v=k,Jl+(1-2k,t) a=2k,k, (Correct) 


2k 
(2) vakit 4k, a= a (Incorrect) 
2 
k 
3) vk +kt a= i (Incorrect) 
2 
(4) v=k,+k,t a=k,k, (Incorrect) 


Correct answer: (1) 
Solution: 


Let v and v, be the instantaneous x and y-component of velocity. Then 


dx d 
a Sk =— =k, (1-k,t)+k,t(-k, )=k, (1-2k,t) 
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5 j 
v= v +v = k +k? (1-2k) | =k; (1-2) | 
The instantaneous x and y component ofacceleration are 


d 
a = AM 0; a = ie —2k,k, 
dt * dt 


asya +a; = 2k,k, 
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UNIT-3 : LAWS OF MOTION 


Learning Objectives 


After studying this unit, you would be able to understand, appreciate and apply the following concepts: 


Dynamics of motion analysing cause of motion. 
Concept of linear inertia. 
Mass as measure of linear inertia. 
Force, different types of forces. 
Quantity of linear motion — linear momentum. 
Statement of Newton’s first law of motion. 
Illustrative examples. 
Statement of Newton’s second law of motion. 
Writing Newton’s second law of motion as. 
F=ma 
Use of Newton’s second law to have a quantitative measure of force. 
SI Unit of force. 1 Kg-wt as a unit of force. 
Impluse. 
Impluse as change in linear momentum. 
F vs x graph and impluse. 
Solving problems using Newton’s second law. 
Varying mass system. 
Motion ofa rocket. 
Free-body diagrams and their use in problem solving. 
Solving problems involving strings and pulleys. 
Statement of Newton’s third law of motion and illustrative examples. 
Law ofconservation of linear momentum and Newton’s third law of motion. 
Illustrative problems using law of conservation of linear momentum. 
Inertial and non-inertial frames ofreferences. 
Pesudo or ficticious forces. Their application in problem solving. 


Circular motion. 
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Oa 
° Basic concepts and definitions. 
° Relation between linear speed and angular speed, linear acceleration and angular acceleration. 
° Similarity between basic definition of linear and circular motion. 
° Kinematics ofuniformly accelerated circular motion. 
° Uniform circular motion and centripetal acceleration. 
° Solving problems involving centripetal force. 
° Friction as a necessary evil. 
e Cause of friction. 
° Laws of friction, definition of coefficient of friction. 


° Different types of friction. 


(1) Static 
(1) Kinetic 
(m) Rolling 


° Solving problems involving force of friction. 
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LAWS OF MOTION 


Dinear Inertia (asd FORCE 


Newton’s first Newton’s second Newton’s third 
law of motion or Law of motion Law of motion 
Law of Inertia 


Illustrative 
examples of First 
Law of motion 


Quantative Mass Illustrative 
examples of Third 


law of motion 


measure of force vs 
SI unit of force Weight 










Impluse Varying mass Law of conservation 
system of linear momentum 








F vs x graph Motion of Application of law of 
and impluse Rocket conservation of linear 
momentum 
Concurrent Forces _ Free body diagram & 
Lami’s Theorem its use in problem solving Inertial and 






Fictitious Forces 
non-inertial 


frames of reference 


& its applications 












Dynamics of uniform FRICTION 
circular motion 

Kinematics of Cause of 

circular motion Friction 


Centripetal Force its applications Problems involving friction 












Angular speed 
and acceleration 


Laws of Static; Kinetic 


Friction rolling friction 
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Introduction 


In study of kinematics we do not discuss about cause of motion. The study of Newtonian mechanics 
analysise in detail the cause of motion. This part of Physics is also known as dynamics. Newton’s laws of 
motion, three in number, give logic to the study of motion of bodies. 


1. Force: Itis as external agency which charges or tries to charge the state of rest or motion ofa body 
or the direction of motion of the body. It is a vector quantity. It SI unit is newton (N). Dimensionally 
F=[MLT?]. 


Some important forces in nature are: 

(a) Gravitational force 

(b) Electrostatic force 

(c) Electromagnetic force 

(d) Interatomic or intermolecular forces 


(5) Nuclear force 


2. Inertia: It is the property ofa body by which it continues to be in state of rest or uniform motion 
along a straight path unless an external unbalanced force acts on the body. Intertia is of three types: 


(a) Inertia of rest 
(b) Inertia of motion 
(c) Inertia of direction 


Inertia to linear motion is measured by the mass of the body. Larger the mass; greater is the intertia of the 
body 1.e. itis more difficult to change the state ofrest or uniform motion of the body. 


In absence of friction between a passenger and the bus, the passenger will not move with the bus when it 
starts. As aresult, he will hit the back of the bus (Intertia of rest). 


Likewise when the brakes are applied to the moving bus in above situation, the passenger will hit the front 
of the bus (Intertia of motion). 


Ifthe bus takes a turn to left, the passenger will the thrown towards right (Intertia of direction). This is 
becuase the directional inertia of the body of the passenger. 


Linear Momentum : It is the quantity of motion present in a body. Mathematically, it is measured as 
product of mass and velocity v of the body. 


Momentum p =m v 


It is a vector in the direction of velocity. Its SI unit is kg ms" or Ns. Dimensionally momentum is MLT”. 
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Laws of Motion 


1. Newton’s First Law of Motion 
It states that every body continues to be ina state of rest or uniform motion along a straight line unless 
an external unbalanced force is applied to change its state. The law gives qualitative definiton of 
force. 
Here the significance of the words external and unbalanced must be clearly understood. Internal 
forces are forces exerted on one another by the bodies making the stystem. The external forces are 
forces exerted on the system by everything else, except the stystem, known as surroundings. There 
is no overall motion of a system due to internal forces. For example, it is not possible to move a car 
by pushing it when we are sitting inside the car. The force is this case 1s internal force. 
Similarly, an individual may not be able to move a loaded truck by pushing or pulling 1f. The force 
applied in this case 1s balanced by an equal and opposite force (or friction) which 1s appearently not 
visible. 
2. Newton’s Second Law of Motion 
According to second law the rate of change of linear momentum ofa body is directly proportinoal to 
the net external applied force. The change in momentum takes place in the direction of the force. 
The law gives a relation between force and momentum. It also gives a quantitative definition or 
measure of the force. 
Mathematically, 
dp d (m v) m V r T 
EFTA = M—-— (for a system with constant mass 
dt dt E ) 
=ma 
V e 
a= at = Instantaneous acceleration of body. 
Remember 
l. For a constant mass and changing velocity. 
dv 
F = m— 
dt 
2.  Forconstant velocity and changing mass. 


dm 


F = v— 
dt 
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3.  Interms ofrectangular coponents of the force and momentum 


d 
F -Pap as and ea 
dt ” dt dt 


Z 


4. A force applied along X—direction does not affect the momenta of the body along Y and Z directions 
and F does not affect p and p,. Similarly F, does not produce any change in p, and P, 


3. Newton’s Third Law of Motion 


It states: To very action, there is an equal and opposite reaction. 


Mathematically, Fp, =—F,, 


Where F,, is force on B due to A and F,, is force on A due to B. Therefore, 
F,,+F,, =0 
Remember 
1. | The forces of action and reaction do not cancel each other because they act on different bodies. 
Units of Force : Absolute unit of force in SI system is newton. IN = 1 kg. m/s? 
The gravitational unit of force in kg wt or kg f. 
l kg wt=1kg f=9.8 kg m/s? = 9.8N 


Impulse of a Force : A large force acting for a small time interval is said to impart an impulse to the object. 


The impulse ofa force is numerically equal to the product of the force (F) applied and the time (At) for 
which it acts, 1.e. Impulse = Fx At 
The impulse ofa force in equal to the change in momentum ofthe body. 
<. Impulse = Force x Time 
= Change in momentum 


The change in momenum ofa body is large ifa larger force in applied or if the force is applied for a larger 
duration of time. 


Impulse in a vector quantity in the direction of force. 


Impulse J =F .t ; if force is constant 


= | F.dt ; if the force in variable 
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=p.—p, =m(v-u) 
Impulse ofa force can also be measured as the area under the force time graph. 


A large force acting for a short duration is called impulsive force (See 
figure). The shaded area gives the impulse of the force applied. 


The SI Unit of impulse is N—s or kg ms”. 
Dimensionally impulse is MLT”. 


Note that impulse and momentum have same dimensional formula and 
same units. 


Sometimes it 1s simpler to use the impulse momentum relation in terms 
of their components as under: 


J, = |Fadt = Ap, =m(v, -u,) 
J, = Í F,dt = Ap, =m(v, -u, ) 
J, = | F,dt = Ap, =m(v,-—u,) 


Apparent Weight of a Body in a Lift 


(i) Inalift at rest or in uniform motion (upwards or downwards) i.e. when a= 0; the weight ofa body 
is its true weight. 


We have R = mg 


(i) — When a lift moves upwards with uniform acceleration ‘Q’, apparent wieght of Lift 
a body in the lift increase. =e 


We have R - mg = ma 





- R=m (g+ a)> mg 


mg 
i) When a lift moves downwards with a uniform acceleration ‘a’; apparent weight 
ofa body is less than its actual weight. 
R 
From the figure: 
F+F,,=ma | m 
mg-R=ma 
mg 
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p R=m(g-a)<mg 


(iv) Ina lift falling freely, we have a = g 


. R=m(g-g)=0 
The body experience weightlessness. 


Important : When a person of mass mclimbs up a rope suspended from a rigid support with acceleration 
‘a’; the tension in the rope in T =m (g +a) 


When the person climbs down the rope with acceleration ‘a’; the tension in the rope is T =m (g-a). 


Ifthe rope supports the weight of the man (with man neither climbing up nor down); the tension in the rope 
equals his weight 1.e. T =m g 


To solve problem, in a non-initial frame, using newton’s second law, we have, 
F+F,.=ma 


Note that when lift accelerates upwards or downwards, the mass inside the lift experiences a force ma; in 
addition to its weight. The direction of this force is always opposite to the direction of acceleration of the 
lift. In other words, ma acts vertically downwards when lift accelerates upwards. The force ma is vertically 
upwards if the lift accelerates downwards. This extra force is known as an inertial force or a ficticous force. 
This force is purely due to acceleration of the frame of reference, 1.e. the left. 


Intertial and Non-interial Frames of Reference 


A frame ofreference either at rest or having a uniform motion is an INERTIAL frame ofreference. The 
external forces acting ona body in this frame are real or physical forces F. We use Newton’s second law 
in the form F = ma; to solve problems. 


Any frame having an accelerated motion is a non-intertial frame. In such a frame, the body experiences: 


(1) Physical force (F) and 


(it) | Pseudo or Ficticious force, F., = m(—a *) 


1 


where a* is acceleration of frame ofreference. To solve problem, in a non-inertial frame; using Newton’s 
second law, we have, 


F + F; = ma 
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Example-1 : 


A heavy block is supported by a chord C from a rigid support and another chord D is C 
attached on the other side of the block as shown. Ifthe free end of the chord D is given a 
sudden pull; the chord D breaks. If the chord D is pulled steadily; chord C breaks. Why? 


Solution: 


The difference can be explained by law of intertia. When the free end of D is given a 
sudden jerk; the block was at rest and continoues to remain at rest. So the chord D breaks. 


If D is pulled streadily; the block comes in motion and due to inertia continues to be in 
motion. Hence chord C breaks. 


Example—2 : 


An object in thrown vertically upwards witha certain velocity. At the instant, the object attains the maximum 
height, the gravity is turned off. What will be the motion of the obejct thereafter? 


Solution: 


At the highest point, the object comes to rest. Normally it starts its downwards journey under gravity. In 
this case, since there is no force acting on the object it will continue to be at rest. 


Example-3 : 


A 5000 kg rocket is set for vertical firing. The exhaust gases move at 800 ms” and give the rocket an 
upward acceleration of 20 ms *. The mass of gases rejected per second is 


(1) 187.5 kg 
(2) 185.5 kg 
(3) 137.5kg 
(4) 127.5kg 
Solution : 
F 

We have F =u ~ | a 
In this case; 
F — mg = ma 

F=M(g+a) Mg 

= (5000) (10 + 20) 

= 30 x 5000 N. 
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Also, 30 x 5000 = 800 x x E = +) 
x= = = 187.5 kg 


Option (1) 1s correct. 
Example—4 : 


A 200 gm ball moving normal towards a wall at 20 m/s rebounds at 10 m/s. The change in momentum of 
the ball during impact is 


(1) 2000 kg m/s towards the wall 
(2) 6000 kg m/s towards the wall 
(3) 6 kg m/s towards the wall 

(4) 6kgm/s away from the wall 


Solution: 


l 
We have m = 200 gm = 588 


u= 20 m/s towards wall 
v= 10 m/s away from the wall 


z. Change in momentum = m (v — u) 


=;[10-(-20)] 


= 6 kg m/s away from the wall. 
Example-S5: 


A body of mass 2 kg in uniform circular motion at 10 m/s moves froma point A to a diamterically opposite 
point B in its path. The magnitude of change in momentum is 


(1) zero 

(2) 40kgm/s 

(3) 20/2 kg m/s 
(4) 20kg m/s 
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Solution : 
Given m= 2 kg 
u, = +10 m/s 
Va =—10 m/s [The direction of velocity is reversed. | 
z. Change in momentum = mv — mu 

=—10 — 10 = -20 kg m/s 
, Magnitude of change in momentum = | —20 | 

= 20 kg m/s 


Important : Here we may note that the change in magnitude of momentum is zero. 
Pa |= Ps] x Ap, |—|Ap,|=0 

But magnitude of change in momentum. 
=|Ap|=|p, —P,|# 0 

Example—6 : 


A body of mass 5 kg initially at rest is subjected to force varying with time as shown in F v/s t graph. 
Calculate the velocity of the body after 4 second. 





S 4 
73 ig 
2 
Solution : -F aioe) 
Given m= 5 kg 
u=0 
v=? 


We have impulse = Change in momentum 
=m(v—u)=mv 
Also impulse = Area under force — time graph 


= Ar OABCF 
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= Ar (OAH) + Ar (BCFG) + Ar (ABGH) 
] 1 
E KAE A 


=4+1+2=7.5N-s 


: mv=75>v= 2 =1,.5ms" 


Example-7 : 


A body of mass 2 kg initially moving at 10 m/s is subjected to a time dependent force F (t) = (2t +3) N 
where t is in seconds. Calculate the velocity of the body at the end of five seconds. 


Solution : 

Given m= 2 kg 
u=10m/s 
v=? 
t=5s 


We have change in momentum = impulse 


5 


t? 
-+s 
2 





0 
=|t? +3t| =40Ns 


j eae sone 
m 


v=(20+u)=(20+10)m/s 


= 30m /s 
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Example-8 : 


A body of mass M in being pulled by a string of mass m. A force F is applied at the free end of the string 
to pull the mass. Calculate the force exerted by the string on the body. 


Solution : 

For the system; total mass = m + M —> 
p 

Force = F m 


7 F _ &F 
Totalmass m+M 





Acceleration ĉ 


For the body; T = Ma 





F 
=M 
[— M I 


FM 
<. Force on the block = ——— 
F+m 


Example-9 : 


Two blocks of mass 12 kg and 2 kg are tied to the ends ofa string. If the 
table and the pulley are smooth and the string in light; calculate the acceleration 
of 2 kg block and the tension in the string. 





Solution : 
For 12 kg object 
T3128 aa (1) N T 
— a 
For 2 kg object T—2x9.8=2.a a... (2) 
12 kg T fa 

<. a-2a=2 x 9.8 

10a = 19.6 

12x9.8 N 2x9.8 N 
a = 1.96 m/s? Fig. (a) Fig. (b) 


T=12a= 12 x 1.96 = 23.5 N 
Example-10 : 


Three blocks A, B and C wth mass 1.5 kg, 2 kg and 1 kg respetively are placed on a rough surface 
with coefficient of friction 0.2 with the blocks. Calculate the force F required to produce an acceleration of 
3 m/s’ in the system. What is the force exerted by (i) A on B (ii) B on C? 
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B 


A 
F 
1.5 kg] 2 kg 


Solution: 


C 


Let ‘a’ be the acceleration o the system towards the direction o the applied force. The frictional force 


u (m Ti tm ) g acts towards left opposite to F. 


: F-p(m, +m, +m,)g=(m, +m, +m, )a 


or F =(m, +m, +m, )(at+pg) 
=(1.5+2+1)8+0.2 x 9.8) 
= 4.5 x 4.96 = 22.3 N 
The blocks B and C move due to force ofA on B. 
.. Force on B= (m, +m )a + (m, +m,) ug 

= (3) (3 + 1.96) 

= 3 x 4.96 = 14.88 N 
Force onC =m, (a+ ug) 

= | (3 + 1.96) = 4.96 N 


Example-11 : 


Two bodies ofmass 6 kg and 9 kg are connected with a light inextensile string passing over a smooth pulley 


with one ofthe bodies on a smooth inclined plane (0 = 30° ) and the other hanging freely from the other 


end. Show that the time taken by 9 kg to pull 6 kg up the entire length is half the time taken by 6 kg to pull 


9 kg over the same plane. 
Solution : 


The two situation are shown in Fig. (a) and Fig. (b). 








Fig. (b) 
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Case (1) Fig. (a) Let a,, be the acceleration of 6 kg object 
Then6g-T=6a, 0 2 ee (1) 
T—9gsm30=9a a (2) 
(1) + (2) given 6g — 9g sin 30 = 15a, 
8 
Lg 15a or a = 10 


To cover a distance '¢'; time ‘t’ is given by 


l. a 2& 2 206 
Peal =% or a 
or ATT, (3) 
8 
Case (2) Fig. (b) 9g-T 59a, n (4) 
T—6gsn30-6a, 0 22 ae (5) 
(4) + (5) give, 
6g=I15a, 


, Time t, for motion up the entire length '¢' of the in incline in given by 





Sat =d 
A [20 | 2t [54 
mer eo A a 6 
i da ⁄%g 8 (0) 
t, a~ ë 2 
T S T 
Example-12 : 
Two masses m, and m, are attached to a spring balance S as shown. 
Assuming the pulleys to be light and frictionless, calculate the reading I d 
in the spring balance. (Take m, > m,). m, n m, 
a 
m,g mg a 
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Solution : 

The spring balance will read tension. 

Wehavemg-T=ma > ae (1) 
T-mg=ma © ae (2) 


z. C1) + (2) gives (m,—m,) g =(m,+ m,) a 
m, +m, 
a Mm, — mM, 
Using in(1) T =m g- ™ PETA 8 


-mgl 1 
m +m, 


_ 2 mm, 
m, + m, 


is the reading in the balance. 
Example-13 : 


An elevator with a total mass of 4000 kg has an upward acceleration due to a 48000 N tension in the 
supporting cable. Calculate the acceleration and the time it takes to cover 9.0 m. What will the reading in 
a weighing machine in the elevator with a 60 kg man standing on the machine. [g = 10 m/s’] 


Solution : 
T =| 48000 N R 


fa 


Mg mg 
We have T — mg = ma 


48000 — 4000 x 10 = ma 


a 2 ae 
4000 
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ls 2s 2x9 
Again S =— at > t=,/— =,/—— = 3second . 
om 9 Va V2 


For the man on weighing machine 
R -mg = ma 
- R=m(g+a)=60 (10 + 2) 
=60 x 12N 
=6 x 12 kg wt = 72 kg wt 


Law of Conservation of Linear Momentum 
According to this Law: 


The total linear momentum, ofa given system, remains conserved ifthe net external force acting on this 
sytem is zero. 


“If E =0, We have, 
p, +p, +.....+p, =aconstant 


or mV, +m. V, +.....+ mM, V, =aconstant 


For a system of two bodies, undergoing a collision, we have, 
mv, +m v, =mu, +m,u, 
Let us apply this law to a bullet and the gun system. Here the system is at rest to start with. 
Hence, when a bullet is fired from a gun we have, 
Initial momentum = zero 
- Final momentum of the bullet & gun system must again be zero. 
- mv+MV=0 


-- Recoil velocity of the gun. 


y- mY 
M 
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Rocket Propulsion / Body with Variable Mass 


For a rocket moving in force free space; when a rocket is fired; the backward momentum of the ejected 
gases imports an equal forward momentum to the rocket. As the fuel is burnt; the mass of the rocket 
decreases and the acceleration keeps on increasing. 


Consider a rocket of total mass (sum of mass of body ofrocket and fuel gases inside) m, starting from rest 


dm 
in a force free space. Let & = a the constant rate of burning of fuel. 


u= The exhaust speed of ejected out gases with respect to rocket, u is constant. 


dm 
The thrust, F, on rocket due to fuel ejected is UO = u at By applying law of conservation of linear 


momentum, it can be shown that the instantaneous speed, v, accquired by rocket is given by 
v =2.303u log (=) 
m 


where m =m, — at = The instantaneous mass of the rocket. 


Concurrent Forces 
The forces acting at the same point ofa body are called concurrent forces. 


Equilibrium of Concurrent Forces: For a number of concurrent forces acting on a body in equilibrium, 
the forces can be represented by a closed polygon taken in order or the resultant force is zero. 


EFE +tE +.....4+F, =0 


Lami’s Theorem: For three forces acting on a particle to keep it in equilibrium, 
we have, 


F 


3 


F 


1 


F 


— 2 — 
sina sinp siny 


The theorem is very useful in solving problems related to three concurrent 
forces in equilibrium. 


We may also write 
Fte. +E S0 a... (1) 


Ete tE, S0 O=O O oooi (2) 





DQ, OY 
UDARN 
Fot+K+K,=90 ae. (3) 


The above three equation in terms of the components have to be simultaneously satisfied for the system to 
be in equilibrium. 


Example-14: 


A neutron having a msss of 1.67 x 10” kg moving at 10*ms“ collides with a deutron at rest and sticks to 
it. Ifthe mass ofthe deutron is 3.34 x 107” kg, find the speed of the combination. 


Solution : 
We have, m = 1.67 x 10°’ kg 
u, = 10° m/s 
m, = 3.34 x 10°’ kg 
u,=0 
Mass of the combination after collision. 


=m, +m, =(1.67x10” +3.34x10” )kg 


= 501x107’ kg 
By principle of momentum conservation. 
Momentum after collision = momentum before collision. 
5.01<10°’V = 1.67x107’x10° 
Laas 
* V=—x10°m/s 
3 
Example-15: 


A disc of mass 50 g is kept floating horizontally by throwing 10 marbles per second against if from its 
bottom. Ifmass of each marble is 20 gm, calculate the velocity with which each marble hits the disc to keep 
it afloat. Assume the marbles hit the disc normally and rebound with equal speed. 


Solution : 

Mass of the disc = 50 gm = 5x10” kg 
Mass of each marble = 20 gm = 20x10” kg 
Number of marbles per sec = 10 


Let velocity each marble the V m/s. 
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Then change in momentum of each marble. 
=mV —(-—mV)=2 mV 
2x20x10°xV kg m/s 

Total change in momentum of the mables per sec. 
= 10x2x20x10° V 
=0.4V 
= Force (by II law) 

To keep the disc afloat; 

Force due to marbles = weight of the disc 

or 0.4 V=mMm 2 
= 5x10°x10 


7 50x107 


"V =1.25m/s 


Example-16 : 
l 5 m/s 
A bomb of mass 11 kg at rest at O expodes splitting into there pieces. 


Two of the pieces fly as shown. Calculate the speed of third piece. In 5 kg 5 kg 
which direction does it fly? 120° 


2 m/s 


Solution : 
Here initial momentum = zero 
- Total final momentum = zero 


Total momenta of the two pieces shown can be calculated by using law of vector addtion. 


We have p, = 10 kg m/s, p, = 10 kg m/s; 9 = 120° 


“Dro =P; +p} + 2p,p, cos120 =p, =10 kgm/s 


By symmetry p „acts in a direction bisecting the angle between p, and p.. 


Total final momentum = 0 


~. Momentum of the third piece = p, =—p along OA 
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=10kgm/along OB ikem A p=10kg m/s 


Mass of third piece = (11 — 2 — 5) by = 4 kg 10kg m/s 
“. 4v =10 along OB 


or v= 2.5 m/s at 120° with p, or p, as shown. 





Example-17 : 


B 
A ball of mass 2kg hangs in equilibrium from two strings OP and OQ as shown. Calculate the tension in OP 
and OQ. 


Solution : 
Various forces acting at ponit ‘O’ are as shown in the figure. 


As 20 N; T and T, are in equilibrium; we have 


T, I 20 P Q 











sin 150 7 sin 120 7 sin 90 (Panes con) 





L L 20N 


; — = 150° 
sin30 sın60 120° 








“. T, =20sin30=10N 2kg wt = 20N 


T, = 20sin 60° =10V3 N 
Example-18 : 


A body ofmass ‘m’ is suspended by means of strings OA and OB. Assuming 
the strings to be light and inextensible, calculate T, and T.. 


Solution: 


From the free body diagram shown, we have 





T, cosa = T, cosp 


COS Q 





or L =T, 
cos B 


T, sin a + T, sin B = mg 
T, Cos B 


COS Q 





or T sina +T, sin B = mg 
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[sina cosB + cosa sinB| E 
! cosb 
T a 
sin(a +B) 


mg cos q 


bt, ee 
Similarly, 2 sin(a+B) 


The Free Body Diagrams 


A diagram for each body ina system indicating all the forces exerted on the body by the remaining parts of 
the system and the external agents is called free-body diagram. 


In mechanics, we useually come across systems consisting of a number of bodies / particles under the 
action of a number of forces due to their mutual interaction; gravitational forces, frictional force, force due 
to strings, springs (called tension); supports etc. 


Solution ofsuch problems can be simplified by using the following steps: 


l. 
2, 
3. 


Draw a diagram showing various parts of the system with links, supports etc. 
Select any convenient part of the system. 


Draw a separate diagram for the part selected above showing all the forces on it by the remaining 
parts of the system and also by external agents. This diagram is called the free body diagram. 


Remember to include the information about the magnitude and direction of forces which are given 
and which you are sure of. The remaining forces are treated as unknown. Use Newton’s second law 
of motion to get an equation of motion for the chosen part 1.e. eqaute the net force acting ina 
particular direction to the product ofmass and acceleration of the body in that particular direction. 


Follow the same procedure for any other part of the system to get more equations. You need as 
many independent equations to solve the problem as the number of unknowns. 


Solve the equations obtained for different parts of the system to obtain the values of the desired 
unknowns or to get a desired equation. 


Following points must be kept in mind while drawing the free body diagram (FBD) 


° The reaction force (called normal reaction) always acts normal to the surface in contact or on 
which the body is placed. (See diagram below) 


N 
N 


mg mg mg 
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° Tension in a string arises due to the restoring forces caused by intermolecular forces of 


interaction. It is the force exerted by one part of the string on the other part. The tension in 
each branch ofthe string must form action - reaction parr. It always acts towards the support 
(Hand / pulley). 


”H— 
m, m, 
aed 


In the above system, tension on m, is towards m, and that on m, is towards m.. 


° A pulley is used to change the direction of force to a more convenient direction. For a light 


(massless); frictionless pulley with on inextensible string passing over it without any kinks, the 
tension on either side of the string is the same. 


° In a FBD; take into account all the forces acting on the body. 


Inter Connected Bodies 


(i) 


Bodies in Contact 


When three masses m,; m, and m, are placed in contact on a smoth 
horizontal surface and pushed witha force F applied on m, as shown, 
we have acceleration. 





F 


 —_—_—_——— 
m,+m,+m, 


Force on m, = E = F, 


F 


We have acceleration @ = —4 
m, +m, +m, 


The weights are balanced by the normal reaction on the bodies. 
Force on m =F =(m,+m,+m,)a=F 
Force on m, = F, = (m, +m) a 
(m, +m, )F 
(m +m, +m, ) 
Force on m, = F, = ma 


m, F 


m, +m, +m, 
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(ii) 


(m) 


(iv) 


(v) 


Inter Connected Bodies suspended from a Rigid support 


When two masses m, and m, are suspended vertically from a rigid, non-yielding support 
using strings as shown and a pulling force F is applied to pull the mass m, down, we have 


T,=F+mg 





and T =F +(m, +m,) g 


For two interconnected bodies with a rope passing over a smooth support or smooth 
light pulley; 


a= (m, —m,)g m 
(m +m, ) : 

T = 2m,m,g 
m,+m, ai 


Note that a < g for the system. 


For two masses m, and m, attached to the ends ofa string passing over a smooth pulley with mass 
m, ona smooth horizontal surface, we have. 


N T m, 
m, >a 1 
T 
mI T 
a 
mg mg m, 
m 
a=— È (<g) 
m, +m, 
T = mm, 
mtm, 


Equation of motion ofm, in mg-T =m a 
Equation of motion ofm, is T = m.a 
For a body on a smooth inclined plane, acceleration down the plane is given by 


a=gsin0 
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(vi) 





For a system of three masses connected as shown; we have (surface and pulleys are assumed 


frictionless). 

me Tea ang (1) 
L= As 0: O O p (2) 
L=-mg=maáa  — O ç O (3) 


Adding (1), (2) and (3), we get 


a (m,+m,+m,) =(m,—m,) g 


. m — MM, | 

. a=| ———————_ |g 
m, +m, +m, 

<z. From (1) 


T -|m alam) y 


1 
m, +m, +m, 


om (2m, +m, ) 


m, +m, +m, 


T _ m,(2m,+m,) 
= 


(vi) Inthe interconnected bodies shown; ifm, slides down and m, slides up the double smooth inclined 
plane; the acceleration ‘a’ and the tension T in the string is given by 


E (m, sinB—m, sina) g 


m +m, 


no m,m,g(sina+sinB) 





mtm, 
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Net tension at O = Reaction at O 
=./T° +T? +2T’ siny 


=T,/2(1+siny) 


= /2T,/1+sin(180—a—f) 
= J2T,/1-sin(a +8) 


and m, sina =m, sinB [For equilibrium or for a= 0] 


Friction 


Whenever a body moves or tends to move over the surface of another body, a force comes into play to 
opposes their relative motion. This force is known as force of friction. It opposes motion and acts parallel 
to the surface of contact of bodies. 


Frictional force may sometimes act in the direction of motion of the body. The following examples illustrate 
the situations where the force of friction ‘acts’ in the direction of motion of the objet. 


è For a man walking due north, the frictional force also acts due north. 


e In a bicycle; the driving forces are connected to the rear wheel. The direction of frictional force on 
the rear wheel at point of contact with the ground 1s in the direction of motion whereas that on the 
front wheel is opposite to the direction of motion. 


Static Friction 


The force of friction which comes into play between two bodies before one object actually begins to move 
over the other is called static friction (f). Static friction is a self adjusting force (both in magnitude as well 
as direction). It is always equal and opposite to the applied force as long as there is no relative motion. 


Limiting Friction 

The maximum force of static friction which comes into play when a body just starts moving over the surface 
of another body is called limiting friction or the maximum force of static friction (p~ ) . The force of 
friction never exceeds f™*™. 

Kinetic Friction 


The force of friction which comes into play when a body is in motion over the surface ofanother body is 
called kinetic or dynamic friction. It is denoted by f and is less than limiting friction. 
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Laws of Limiting Friction 


(1) The force of limiting friction depends on the nature of the two surfaces in contact and their state of 
roughness. 


(2) The force of limiting friction acts tangential to the surfaces in contact and in a direction opposite to 
that of the applied force. 


(3) The force of limiting friction between any two surfaces is independent of the shape and the area of 
contact so long as the normal reaction remains unchanged. 


(4) The force of limiting friction between two given surfaces is directly proportional to the normal reaction 
between the surfaces. 


fa Norf= u N where u, is coefficient of limiting friction. 


f> _ Limiting Friction 





So, Ms = N  NormalReaction 


f 
and coefficient ofkinetic friction Hy = z 


We have u, <u, because f is always less than f”™ . 

Let F be the external force applied on a body and f™™ ; the limiting value of static friction. Then 
(G) F<f™, body does not move. 

(i) F2f"", body starts moving. 


If F< f™™ , the force of friction which comes into play equals F. 


Angle of Friction > 


It is the angle which the resultant of the force of limiting friction and the normal 
reaction makes with the normal reaction. Fona 





max 


We have tan 0 = =— 
N 


mg 


=u, 
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Angle of Repose 


It is the minimum angle that an inclined plane makes with the horizontal when a body placed on it just begins 
to slide down the plane. Fig. shows forces acting on a body of mass m about to slide down the inclined 
plane. 


N Baw 


We have, f _ = mgsin ọ 


2 “ms 


N = mgcos ọ 


f 
ʻ —=— =u, = tan 
T V 








Motion of a Body on a Rough Inclined 
(1) Motion — Down the Plane 


Let m be the mass ofthe body moving down a rough inclined N 
plane ofinclination @. 


u, : Coefficient of kinetic friction. 


The forces acting on the body are shown in Fig. 





Normal reaction N = mg cos 0 
Frictional force f, = u, N = u,mg cos 0 up the plane. 
Net force down the plane = mg sin 0- f, 

= mgsin ĝ — u, mg cos 0 

= mg (sin 0 — u, mg cos 0) 
Acceleration down the plane =a = g (sin 0 — u, cos 0) 
Note that the acceleration down the plane is independent of mass of the body. 


Minimum force applied up the plane to prevent slipping = mg (sin O— u, cos 0) 


Ifu=0 and the body is let go from top of the incline. 


Velocity at the bottom of the plane = v = ,/2g/ (sin 0 -— u, cos 0) 


314 


UDOON 


A program to give wings to girl students 


2l 


Time taken to slide down the plane = t = g(sin0- p, cos6) 


Work done against the force of friction = u,mg/ cos 0 


From work-energy theorem; 


The net work done on the body = increase in KE 
= mg/ (sin ð- u, cos@) 


(2) Motion ofa Body up an Inclined Plane 


Fig. shows forces acting on a body; accelerating up the 
plane with constant acceleration ‘a’. F is external applied 
force up the plane. 


When a=0, 1.e. when the body is just pulled up the inclined 
plane, the force required equals 





mg | (sin 0)+(U, cos 0) | 


When a body is pushed upwards along an inclined plane with initial speed v, so that it just reaches 
the top of the plane; they is not ext applied force F. 


The acceleration of body is a= —g(sin 6+ u, cos 8) 
The time, t, taken to reach from bottom to top, 1s given by 


O=Vv, +(-a)t 


TE E Vo 
a  g(sinO+ 1, cos) 


The force F required to move a body up an inclined with an acceleration ‘a’, is given by 
F- {mg (sin O+ u, cos 6); =ma 


Motion of Two Bodies, One Resting on the other 


Case-I : Force applied on A — Three possibilitiesa arise. 


(a) No frictional force between surfaces in contact. 
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F 
In this case 2, =— 
m 


a, =0 
(b) There is friction between A and B only. The body A will begin to slide on B only 
when F > f""" or F> un, (mg) 


Both A and B will move together with a common acceleration; 


E= = F 
A “B ` 
m+M 





if there is no slipping between A & B. 


(c) When F >f™™; the two bodies will move in the direction of the applied force. The acceleration 


produced in the two will be different. 
The FBD of A and B are shown in Fig. (a) & Fig. (b) respectively. 


We have, f, =u,mg 


B moves due to f, 


_f, _ mg 


? M M 
For motion ofA; we have, 


F-f, =ma, 








Case-II: Force F, |... on the Lower Object B; Three subcases arise: 


(a) Whenthere inno friction; 43 = — 


a, =0 (.. There is no pulling force) 





A will have a relative backward motion and will fall off. 


(b) When friction acts between A and B; the two bodies will move together 1.e. there is no slipping 
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between A and B. The common acceleration is 


esd 


F 
Force on A =F'= ma = m| ) 
m+M 








The bodies A & B move together till 
F'<f™™ or F'<u.mg 
(c) IfF>un, (m + M) g; the acceleration in A and B will be different. 
ma, =f, =u, mg 
a, = HE 


F-f, 





For B; F-f, =Ma, or a, = 


= F—u,mg 


or a, 
M 


Example—19 : 


A block A of mass 8 kg 1s placed on another block B of mass 10 kg 
with B resting on a smooth horizontal surface. To slide A on B, a 
horizontal force of 24 N is required. Calculate the maximum horizontal 
force that can be applied on B so that both A and B move together. 
Calculate the acceleration produced by this force. 





Solution : 
Here m = 8 kg, M = 10 kg 
Force applied on A = 24 N 


This force has to be equal to kinetic friction. 
” f =u,mg or 24=u,x8xg 


24 3 


. x R0 g 
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Let F be external applied force on B. The acceleration a of the system N, 
(Block A and B move together) is 





F 
a = — zs 
(M F m) seepe (1) F,.= ma 
fi, 
The FBD of block A is as shown in Fig. If Fie < fá max) block A does not mg 


move B. 


However if Fie > f 


A,max 


block A starts slipping on B. 


For blocks to move together, a, is given by F., =f, 


max ? 


orma,,.=uwmg or a, EUS aa (2) 


From (1) and (2) 


Fs =(M+m)a,., =p(M+m)g 
3 

: F=>x(18)x(g)=54N 
8 


F 54 P 


max 


a ex _ = = 3ms 
“x  (m+M) 8+10 





Example—20 : 


Two block A and B have masses 10 kg and 5 kg respectively. What should be the mintumum mass of a 
block C that should be placed on A so as the prevent A from slipping. Coefficient of static friction between 
the table and the block A is 0.3 
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Solution: 


To prevent the system from slipping; all three blocks have to be in equilibrium. 
Lè- F, =K, =F, = zero [Net forces] 
For A; N=(m+m,)g= (10+ m) g 

and T =f, = uN =0.3(10+m)g ... (1) 


For B, T=mg=5g 





x 0.3(10+ m)g =5g [Using (1)] (m+m,)g 
> ame eg 
0.3 3 


m= 6.7 kg 
Example-21 : 


A metal block of mass 1 kg when placed over an inclined plane ofan angle of 30° slides down without 
acceleration. Ifthe inclination is increased by 15°, what would be the acceleration ofthe block? 


Solution : 


In Fig (a); the block slides down without acceleration. So angle ofrepose is 30° 





mg Cos 60° 





Fig (b) 


l 
u = tan 30° = —= = 


V3 


In Fig. (b); 6 = 30° +15° = 45° 


|S 


If ‘a’ is the acceleration down the plane, we have, 
F., =mgsinO—-f [Down the plane] 
or ma = mgsin80—umgcosO 
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or a = g(sin 0—-cos8) 


=¢g [sin 45-— u cos 45] 


1 3 1 
=f -S | 


aber eee 


V2, B| v6 


7.32 


V6 


The acceleration does not change with mass. 


=3 m/s? 


Example-22 : 


A truck tows a trailer ofmass 3000 kg at 20 m/s on a level road. The tension in the coupling in 2500 N. 
(1) What is the power expended on the trailer? (11) What will be tension in the coupling if the truck hauls the 
trailer up an incline rising 1 in 6? Assume the frictional forces on the incline to be the same as that on the 
level road. 


Solution: 


On the level road; the motion being uniform; a = 0 


f 


friction 


= 2500 N 


F ied = 
Speed v = 20 m/s 
+ Power P = Fv = 2500 x 20 = 50 kW 





Up an incline : The truck has to overcome friction f and also the component 
of the weight down the plane. 


~. Tension in the coupling 


T=megsin0+f 
l 
= 3000x10{ È ]+ 2500 


= 7500 N 
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Circular Motion 


A body is circular motion is always accelerated due to change in direction of velocity. The magnitude may 
or may not very. The acceleration which changes the direction of motion so as to enable the body move 
along a circular path is called centripetal acceleration. The force producing this acceleration is called 
centripetal force. 


N 





mv 5 Qn) 
We have, F = - = mro = mr T 


An’ mr 





Body on Level Circular Road 
The friction between the tyres and the road provides the centripetal force. 


2 





mv 
We have, = umg 


or V=,/urg 


which gives maximum safe speed of a vehicle on road for negotiating a curve of radius ‘r’. (Without 
skidding). 


Banking of Roads (Tracks) 
Curved roads and tracks are banked to reduce the role of friction for providing centripetal force on curves. 


For a track / road of radius ‘r’ banked at an angle 0 ; the maximum safe speed at which a vehicle can 
negotiate a curve 1s given by 


v =./gr tan 0 


The above max safe speed does not take into account the friction between the tyres and the road. 


If the force of friction is also taken into account; we have, 


u+ tan 0 
v=, lrg] ———— 
1—ytan@ 
Bending ofa Cyclist 


In order to negotiate a circular turn of radius ‘r’ at a speed v; a cyclist must bend at an angle 9 with the 
vertical such that 
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2 

V 
tan 9 = — 
rg 


Motion in a Vertical Circle 


Consider a body of mass ‘m’ moving along a circle of radius ‘r’ in a vertical plane tied at one end ofa 
string. 


Let v, be speed of particle at the lowest point A on the vertical cirlce. As particle moves along vertical 
circle; speed and velocity both very. The motion is neither with uniform speed not uniform velocity. P is the 
instantaneous position of particle on vertical circle; string OP makes an intantaneous angle @ with vertical. 
Let v be instananeous speed at P. From law of conservation of energy. 


=mvi = =my" + mgh 


Also from Fig; 
AQ=h=0A-0OQ=r-rcosð =1(1—cos8) 
: v =v, —2gr(1—cos@) sass (1) 


Fig. shows forces on mass mat point P. The instantaneous tension 
T 1s string 1s 








T =mgcos0+ 


2 


=mgcos0+ MVA —2mg(1-cos8@) 
i 





2 
Sa 2mg +3mgcos0 
r 





(1) Particle at lowest point an vertical circle 1.e. @ = 0; From equation (2) 
T, = eal mg 


TU 


(2) Particle in position B i.e. string is horizontal obviously 9 = > 


. From equations n (1) and (2) 


2 
my 


v“ =v, =2gr; T; =—*-2mg un (4) 
r 
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(3) Particle at highest point on vertical circle 1.e. at C. Obvisouly 0 = 7 from equations (1) and (2); we 


have, 


v 
2 xe i — A 
Vo = Vi 4 gr; Te = 





—Smg 


2 
Va 





From equation (5) T, is negative if <5mg. 


This means string slackens and particle cannot complete motion along vertical circle, 


For v, =(v, ) , Ve 1s given by 


v =5er—4egr 


ENE 


Example-23 : 


A pendulum suspended from the roof of a car by a string shifts through an angle 9 [tan 0 =0.36] when the 
car negotiates a curve of radius 200 m. Find the speed ofthe car. 


Solution : 


The forces acting on the pendulum bob are: 





| Q 
(i) Weight mg vertically downwards. ) n ` è 
(i) Tension T up the string. l | $ 
. l 2 
(m) | Centripetal force. mg sin 0 ! A my 
m 0 
Resolving the forces and applying equilibrium conditions along and ha aii 


perpendicular to the string, we get 


mg sin 0 = 


2 





cos 0 
r 


v’ =rgtan0 


v=4/rgtanð 
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= 4/200 x 9.8 x 0.36 
= 26.6m/s 
Example—24 : 


A train has to megotiate a curve of 400 m radius. If the distance between the rails is 1m, by how much 
should the outer rail the raised w.r.t. the inner rail for a safe speed of 48 km/hr. 


Solution : 


40 
We have v= 48 km/h= ae 


Let ‘h’ be the required height of the outer rail. 


n 1m 
We have Sa n 
For small value of 0 ; sin 0 = tan0 = h = 
y? 
“. — = tanĝ =h 
rg 


ve Kx 


re 400x10 





eee 


x m 
3 3 4000 

= (0.444 m 

Example—25 : 


A circular race track ofradius 300m is banked at 15°. If u = 0.2; what is the optimum speed ofa race car 
to avoid wear and tear of the tyres. Also calculate the maximum permissible speed to prevent slipping. 


Solution: 


Optimum speed of the car = v = ,/rgtan15 = /300x9.8x tan 15° 


= 28.1m/s 
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Maximum permissible speed of the race car using frictional force as well is 


Vv... =, [rg Eo =38.1ms™ 
— l-u, + tan 0 


Example-26 : 


An aeroplane is flying at 360 km h” ina vertical circle ofradius 200m. Calculate the force with which a 75 
kg pilot presses his seat at the 


(a) highest pomt 


(b) lowest pomt i mg 

in the circle. [Use g = 10 m/s’] A R, 
mv_ 

Solution : r 


(a) At the highest point. 
R, + mg provide centripetal force. 


2 





“ R, +mg = = 





5 


We have m = 75 kg; v = 360 km/h = 100 m/s, r = 20 m and g = 10 m/s? 





100x1 
s, R, =75| S 
00 


-10 =75x40N 


75x40 





kg wt = 300 kg wt 


(b) At the lowest point 





R, -mg = R 





325 


UDOON 


A program to give wings to girl students 


2 
R, -m +g] 
r 


= 75| ore 


+10 |=75x 60N 
200 


= 75x 6kg wt 
= 450 kg wt 


Constrained Motion 


It is a motion of a body subjected to certain restriction to its free motion. The constraints arise due to 
contact between bodies or when the bodies are interconnected. 


We can consider following examples of contrained motion. 

(a) Body on a floor is constrained to move along x-direction alone. 
We have y = 0 WA X 
v,= 0, a = 0 


(b) 


Inextensible 
string/rod 





In all the cases shown in the diagram, ifthe string / rod connecting the bodies in 
inexternsible; we use a contrain that the length of the string is fixed. 

Distance x, = x, 

VB 


VA 














Speed 


aB 








Acceleration aal = 


It is important to note that the velocities and accelerations may be in different directions. 
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(c) 


(d) 


(e) 


In case of a moveable pulley shown 


We have, F= 2T and T=Ma 


block 


X 
Ifthe block moves a distance x; the pulley moves a distance 5 


as the length of string remains constant. 


We have, V pulley = 9 V block 


= d block 

d lley — a 
ee eee 
2m 2m 4m 


Ring on a smoth rod 


For a ring of mass m connected through a string of length 


l Smooth rod 
‘L with a block of mass M; ri 
F 
q 


We have, L =,/d*? + y? + x (Constant) 


dL l1 2y dy dx 
We have o 2 z dt dt 
9 d +y t dt 
dy dx 
— =y and —=v 
AS p i dt ™“ 
and cos 8 = 
d +y’ 
[vy = [Va cos o| m (1) 
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Acceleration can be obtained by differentiating (1) w.r.t. time. Note that @ also changes with time. 


For two blocks connected as shown; we have 


327 


UDOON 


A program to give wings to girl students 


(f) 





Length ofthe string = L =OA+AB+x 


=20A +x 

=2,/d°+y° + x = constant 
l p 22y y dr 
dt 2,(a?+y2) dt dt 


or 2v,cos0+v,, =0 
Vu =—2V,, cos 9 


Block sliding on a wedge 


Consider a block sliding on a moving wedge. As the 
block slides from O to D (through a distance x) on 
the wedge; the wedge moves through a distance OE. 


We have y, = DE= OE sin 9 


= ysin 9 b, 


V wedge sin ol 





"e |Vblock 

















d block d wedge sin ol 





ADDITIONAL EXAMPLES 


A point particle of mass m, moves along the uniformly rough track PQR as shown in the figure. The 
coefficient of friction, between the particle and the rough track equals u . The particle is released, 
from rest, from the point P and it comes to rest at a point R. The energies, lost by the ball, over the 
parts, PQ and QR, ofthe track, are equal to each other, and no energy is lost when particle changes 
direction from PQ to QR. The values of the coefficient of friction and the distance x (= QR), are, 
respectively close to: 
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P 

4 

l 

l 

h=2m l 
l 
| 
A 

Horizontal. —> Q R 

surface 
(a) 0.2 and3.5m (b) 0.29 and 3.5m 
(c) 0.29 and 6.5m (d) 0.2 and6.5m 
Correct option is (2) (IIT 2016) 


Solution: 


Work done, over the paths. PQ and QR, are, respectively, 





W, = umg cos O 2 = (2mgv3 n) 
sin O 


and W, = umg x 
Since W, = W,, we get 
x=24/3m=3.5m 


or loss in P.E. = (mg) x 2 


“. 2mg = W, + W, = 4mgV3 u 


2 
io Oj = —= = 0.29 
This given H NA 


A mass ‘m’ is supported by a massless string wound around a uniform hollow 
cylinder of mass m and radius R. Ifthe string does not slip on the cylinder, 
with what acceleration will the mass fall on release? 





o = b) g 
2 
O 2 @ 5 
Correct option is (1) (IIT 2014) 
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Solution: 
The equation of motion of mass m is 
mg -— T = ma 
For the cylinder, we have 


T.R = la 
a 
But & = R’ (as the string does not slip) 


and J = mR? 
.. T=ma 


We this get 


a=Ë 
2 


PROBLEMS FOR PRACTICE 


1. A stone thrown on a window pane smashes it but a bullet fired from a gun makes a clean hole in it. 
Explain. 


2.  Anathlete has to run through a certain distance after crossing the finishing line. Explain. 
3. The students ina Physics class make the following statements. 

(a) Linear momentum is the quantity of motion contained in the body. 

(b) Impulse and acceleration make an angle of 180° with change in momentum. 

(c) Change in momentum is a measure of impulse. 


(d) The linear momentum ofa body remains constant when it is in circular motion with a constant 
speed. 


Which of the following is correct: 

(1)  Allthe above statements are correct. 
(2) Only (a) and (c) are correct. 

(3) Only (a) and (b) are corret. 

(4)  (b), (c) and (d) are correct. 


4. Which of the following statements is correct? 
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The internal forces can change: 
(1) Linear momentum but not kinetic energy. 
(2) Kinetic energy but not linear momentum. 
(3) Both kinetic energy and linear momentum. 
(4) Niether kinetic energy nor linear momentum. 


A truck starts from rest and moves down a hill with constant acceleration covering 400m in 20s. 
Calculate the acceleration and the force on it, 1f1ts mass in 5 metric tonnes. 


Ans: 2 m/s’; 10000 N 


In an X-ray machine, an electron (m =9x10~' kg) is subjected to a force of 10” N. Calculate 


the time in which it covers 10 cm. 
Ans: 1.33x10*s 


A balloon has 5 kg air in it. The air escaps at a uniform rate with a velocity of 5 m/s. Ifthe entire air 
escapes in 2s, find the average force on the balloon. 


Ans: 12.5 N 


A machine gun fires a bullet of mass 40 gm at 1200 ms. The person holding the machine gun can 
support a maximum force of 144 N. Calculate the number of bullets that can be fired from the gun in 
one second. 


Ans: 3 bullets / sec. 






—> Force (N) x 10° 
— NOW A U 








12345 67 


Time (sec) 
The above graph shows the force exerted on a ball struck by a bat. Using the graph determine. 
(1) the impulse delivered to the ball. 
(1) the average force the ball. 
(mi) the maximum force applied. 
Ans: 
(i) 1.2x10*kg m/s 
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(ii) 2000N 
(ii) 4000 N 


A man weighing x kg can descend by means of a parachute with a minimum acceleration of ri ; 
Calculate x ifthe strings of the parachute can bear a maximum tension of 72 kg weight. 

[Hint: T_ =m(g-a_._)] 

Ans: 96 kg wt 


A ball ofmass 200 gm moving at 5 m/s collides with another ball of half its mass moving at 4 m/s in 
opposite direction. The balls stick together and move with a common velocity v. Calculate v. 


Ans: 2 m/s 


A 60 kg boy running at 5 m/s jumps on a stationary trolley of mass 100 kg. Calculate the velocity 
with which the trolley begins to move. 


15 
Ans: 8 m/s 


A balloon of mass mis rising up with an acceleration ‘a’. Show that the fraction of weight which must 


ma 
2a+g 





be removed from it so as to double its acceleration is : assuming the upward force to 


remain the same. 
T T T 


3 2 l 
_| PL ra Ph a 


Four identical blocks are connected by light inextensible strings and pulled by a force F on a smooth 
horizontal surface. Show that T, : T,:T,1s6:2: 1. 


For the system of masses shown above, calculate the tension in the string between m, and m.. 


2m,m,g 


Ans: Mm, +m, +m, 
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A bullet of mass 20 gm is fired on an 8 kg wooden block at rest on a horizontal surafce. The bullet 
gets embedded in the block and the combinations moves 20m before coming to rest. With what 


speed did the bullet hit the block? Given u, =0.25 
Ans: 4010 m/s 


A suitcase is gently dropped on a conveyor belt moving at 6 ms". If the coefficient of friction 
between the belt and the suitcase is 0.5, how for will the suitcase move on the belt before coming to 
rest? 


Ans: 3.68 m 


Two blocks of mass 2 kg and 5 kg connected by an ideal string passing over a smooth, light pulley 
as shown. Calculate the acceleration of the system and the tension in the string. [Use g = 9.8 m/s’ 





Ans: 4.87 m/s’; 24.65 N 


A 100 gm ball in suspended by a 30 cm long light string. Keeping the string always taut, the ball 
describes a horizontal circle of radius 15 m. Calculate angular speed. 


Ans: 6.14 rad/s 


A motor cyclist drives at 144 kmh on a 320m radius circular track. Calculate the angle through 
which he should lean with the vertical to keep his balance. (g = 10 ms”) 


Ang: T 
S: 4 


The railway bridge over a canal is in the form ofan arc ofa circle ofradius 20m. What is the minimum 
speed with which a car can cross the bridge without leaving contact with the ground at the highest 
point. 


[Use g = 9.8 m/s?] 
Ans: 14 ms” 
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QUESTION BANK 
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10. 


Key Learning Points 


Force is an external agent which changes or tries to change the state of rest or uniform motion ofa 
body along a straight path. 


Intertia is the property ofa body by virtue of which it opposes a change in its state of rest or uniform 
motion along a straight path. Mass is a measure of inertia of the body. 


The quantity of motion contained in a body is called momentum. It is measured as product of mass 
and velocity of the body. Its SI unit is kg ms’. Dimensionally momentum is MLT”. 


The three laws of motion are: 


(a) Every object in the universe continuous in its state of rest or uniform motion along a straight 
path unless an external unbalanced force changes its state. This law is also known as the law of 
inertia. 

(b) The rate of change of momentum of a body is directly proportional to the net external force 
and the change in momentum takes place in the direction of the force. 


dp dv _ 


Mathematically F = — = m — = ma 
dt dt 


(c) To every action, there is an equal and opposite reaction. Action and reaction act on different 
bodies and hence never cancel each other. 

SI unit of force is newton N = 1 kg ms”? 

The gravitational unit of force is kg wt or kg f. 

l kg wt = 1 kg f= 9.8 N = 9.8 kg ms” 

Impulse ofa force is the product of force and the time for which it acts. 


Mathematically, Impulse = J =F.t (for constant force) 


= |F. : 
j i (for variable force) 


Impulse is related to change in momentum as J = Change in momentum 


= Ap =p; —P; = m(v—u) 


The total momentum of a system remains conserved if there is no net external force acting on the 
system. 


A rocket is a system of varying mass. The instantaneous speed ‘v’ acquired by a rocket in given by 


v = 2.3031 log (=) 
m 
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where m =m, — at = The instantaneous mass of rocket. 


For a body in equilibrium under the action of three concurrent forces, we have. 


F 


1 


F 


2 


ees 
sina sinp siny 


This is known as Lami’s theorem. 





The free body diagram in a system indicates all the forces exerted on the body by the remaining parts 
of the system and the external agents. 


A frame of reference at rest or in uniform motion 1s an intertial frame. The laws of motion (F= ma) are 
valid in such frame. 


An accelerated frame of reference is a non-inertial frame. Fictitious forces have to the included 
before applying the laws of motion. 
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Unit—3 : Laws of Motion 


Average 


Laws of Motion 


1. Two projectiles are simultaneously fired from a point ‘O’ with velocities u, and u, at angles 


a, and o, with the horizontal. The trajectory of the second projectile as observed from the 


first will be: 
(1)  anurregular curve 


(2) aparabola 


u, Sin Q, —U, SING, 


(3) astraight line with slope 


u, COS Q, —U, COS Q, 


(4) astraight line with slope 


Correct answer: (3) 


Solution: 


u, COS Q, —U, COS Q, 


u, Sin Q, —U, SIn Q, 


(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 


Choose co-ordinates X—Y as shown in Fig. Consider motion ofeach projectile in terms of components 


along X and Y—axes. 


For projectile 1 


x, =(u, cosa, )t y, = (u sino, )t-— et" 
For projectile 2 
x, =(u, cosa, )t y, = (usina, )t-—gt 


. y,—y, =[u, sina, —u, sina, |t 
XX =[u, COSQ, —U, cosa, |t 


y 27% _ Ys sin Q, —U, SING, 
X,—X, U, Cosa, —u,cosa, 


u, SING, —U, sina 
— 2 2 1 1 

(y.-y, )=(%-%) 
u, COS Q, —U, COS Q, 
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u, Sin Q, —U, SING, 
The above is equation ofa st. line with slope 
q p u, COS Q, — U, COS Q; 


Unit—3 : Laws of Motion 


Easy Circular Motion 


2. A partile is in uniform circular motion. If a,; a, and a respectively denote the average 


values of the tengential, centripetal and net acceleration respectively, which of the following 
statements is correct? 


(1) a=a,#a, (Correct) 
(2) a, =a,#a (Incorrect) 
(3) a>a,>a, (Incorrect) 
(4) a<a, <a, (Incorrect) 


Correct answer: (1) 


Solution: 


For uniform circular motion a, = 0 and a = 4a} +a? 


<. Option (1) is correct. 


Unit—3 : Laws of Motion 
Difficult Second Law of Motion 


3. Atrain of mass 5500 kg is travelling on a level track with uniform velocity. The last carriage 
of mass 500 kg gets detached from the train. The driver of the car notices the same after 
travelling 1 km and switches off the engine. Assuming the resistance to motion as uniform 
and proportional to mass and the engine to exert a constant hauling force, the distance 
between the train and the carriage after both come to rest is 


11 


(1) Tai (Correct) 
(2) km (Incorrect) 
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13 

(3) 12 km (Incorrect) 
14 

(4) 10 km (Incorrect) 


Correct answer: (1) 

Solution: 

Let M be the total intial mass. 

Initial force of resistance = k M; K is a constant. 

Since train moves with uniform velocity; net force on it is zero, therfore, 
The hauling force of engine = kM 


After the carriage is detatched from the train; hauling force remains unchanged (kM) and the resistance 
reduces to k (M-—m). 


<. Energy acquired by train in travelling a distance £ = [kM — k (M-m)] £ = km/ 


One switching off engine, the only force acting is resistive force of track. Let the additional distance 


covered by train in coming to rest be @'. The energy accquired by train is spent in doing work against 
resistive force. 


We have, k(M-—m)¢'=km/é 


gap |g 2) L 
M-m) 5000 10 


+ Total distance | 1+ 2 km = nom 
10 10 


Unit-3 : Laws of Motion 
Average Friction 


4. Two masses m and nm are placed on surfaces AB and AC symmetrically inclined at A as 
shown. The coefficients of friction for the surfaces are u and 2u respectively. 
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For the system to just slide down along AC; n should be 


(1) EA 
2) — 
3) = 
(4) — 


Correct answer: (1) 
Solution: 


Fig. (a) & (b) show free body diagram of mass m and nm respectively. 





n mg cos 45° 





(b) 
1) | For mass mto be in equilibrium 

T = mg sin45 + u mg cos 45° 
(i) For mass nm 


nmg sin 45 =T + 2u n mg cos 45°or T =n mg sin 45° — 2u n mg cos 45° 
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(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 
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- nmg [sin 45— 2u cos 45°] = mg sin 45 + u mg cos 45 


_ l+ųu 
1-2u 


~n 


Unit-3 : Laws of Motion 


Difficult Momentum Conservations 


5. Abody of mass 6m is projected with a velocity v at 30° with the vertical. At the highest point 
in the trajectory; the body splits up into three parts; A (mass m) moves vertically up with 
velocity v,; B (mass 2m) moves vertically down with velocity v, and the third part (mass 


3m) moves with a velocity v,. Then after explosion, we have 


(1) v,=2v,;v,=2v 


(2) Vi = NG Ve = 
(3) v=; y =y 
2 


(4) v =v = 
2 


Correct answer: (3) 

Solution: 

At the highest point of trajectory; the body has only horizontal momentum. 
. p; = 6m(vsin30) =3m v (horizontal) 


Applying law of conservation of linear momentum along horizontal direction. 


<. Final horizontal component of momentum = 3 mv = M,V; => V; = 3 
m 


Applying law of conservation of linear momentum in vertical direction. 


P vertical =0> M,V> — m, V => 2m V, = m v; 
Vi 

or V, — 
x 

<. Option (3) is correct 
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(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 


DO, OY 
UDAAN 
Unit—3 : Laws of Motion 
Average FBD 


6. A block of mass M lying on a smooth inclined plane is being pulled up by applying a force 
F to the free end of a string passing over a pulley as show. The other end of the string in 
fixed to a rigid support on top of the incline. The minimum force F required to move the 





block up the plane is 
Mg (1+cos®) 
dad) —.— (Incorrect) 
sin O 
Mg(1-—sin 0 
(2) oe ( (Incorrect) 
cos 0 
Mg 
— tan 0 
(3) oF (Incorrect) 
Mg(1l—cos0@ 
(4) E (Correct) 
sin 8 


Correct answer: (4) 
Solution: 
Fig. shows F.B.D. ofsystem. Resolve F into rectangular components as shown. 


The body is on brink of moving up, if 


F+Fcos0=Megsin0 








| P-Mgo 0 
1+cos0 
sin 0(1—cos 0) 4 (1—cos6) 
g l-cos?@ sin 8 
<. Option (4) is correct. 
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Unit—3 : Laws of Motion 


Average 


Momentum Conservation 


7. A body at rest explodes into three pieces. Two of the pieces carry momenta p, and p, equal 


2 
in magnitude along different directions, an angle 7 apart. If p, is the momentum of the 


third piece, we have, 






































(1) |p, =|p, 
(2) |ppl> IP, 
(3) |pal<|p, 
(4) [p,|=2)p, 














Correct answer: (1) 
Solution: 
Total initial momentum = zero 


+ Total final momentum = zero. 


Le. Pp, +p, +P, =0 or P; =-(p, +P» 





P» 








P; 





Also and 0 = = = 120° 


-, Resultant of p, and p, is given by 


Ip,|= p? +p} +2p,p, cos120° 


I 
= oi +pi-+293(-3) = 


<. Option (1) is correct. 


> 


P: 
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(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


Average 


JQ, Or 
UDAAN 
Unit—3 : Laws of Motion 


Centripetal Force 


8. A glass container of the shape shown is filled with water and mounted on a turn table. On 


relating; the water level 


(1) 
(2) 
(3) 
(4) 


A E B 





Moves down in A and B and rises in C (Incorrect) 
Moves up in A and down in B (Incorrect) 
Moves up in A and B and moves down in C (Correct) 
Remains unchanged in all the three tubes (Incorrect) 


Correct answer: (3) 


Solution: 


The rotation ofthe turn table results in an outward force away from the centre (C). So the water level in C 
moves down and that in A and B moves up. Hence option (3) is correct. 


Average 


9. A lightinextensible; rope is fixed at one end to a clamp 
C fixed in ground. The other end of the rope passes 


Unit-3 : Laws of Motion 


Second Law 


B 


over a pole AB assumed to be frictionless as shown in 

Fig. (a). The clamp can be uprooted with a minimum © m 
400 N force. In order the pull the clamp a 50 kg boy 

hangs on the free end of the rope. In order to just pull nA 

the clamp; the boy must have a minimum acceleration 

of (Take g = 10 m/s’) 


(1) 
(2) 
(3) 
(4) 


8 m/s* upwards (Incorrect) 
8 m/s* downwards (Incorrect) 
6 m/s* upwards (Correct) 
6 m/s? downwards (Incorrect) 


345 


UDOON 


A program to give wings to girl students 


Correct answer: (3) 


Solution: 


Let T be the tension in the rope. Then at C; the components of T are: 


T cos 30 horizontal 


T sin 30 vertical 


To just pullthe clamp out 


T sin 30 = 400 or T = 800 N 
From F.B.D. of boy; as shown in Fig. (c) T | 
(As T acts upwards) l 
a 
30° 
C 


T -mg = ma 


800 — 50x10 = 50a 


Fixed 
horizontal 


pole N 





Fig. (a) 


T Sin 30° 


300 T Cos 30° 
= —— = 6m / s? upwards 
a 50 ia Fig. (b) ae 
: s Fig. (c) 
<. Option (3) is correct. 
Unit-3 : Laws of Motion 
Average Second Law 


10. The S-t graph for a body is as shown. The net force acting on the body in zero in the parts. 


S D 
aa 


(1) 
(2) 
(3) 
(4) 


C only 

A; B and D 

A and D but not in C and D 
B only 


Correct answer: (2) 


(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 
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Solution: 


The parts A; B and D ofthe S —t graph are linear and hence represent uniform motion. So accleration 
a = 0 and hence no force acts on the body. 


~. Option (2) is correct. 


Unit—3 : Laws of Motion 
Average Impulse 


11. Two balls with linear momenta p, = pi and p, =—pi and are subjected to a force F = xj+ yk 


for a short duration changing the momenta of the balls to p, and p,. 


If all the coefficients p, x, y, a,, b,, €., a,, b, and c, are non-zero; which of the following 
combinations is possible. 


(1) P: =ai+aj+ak (Incorrect) 
p, =b,j+¢k 
(2) P: =al+ck (Incorrect) 
p, =a i+c,k 
(3) P: =b,j+¢k (Correct) 
p, =b,j+c,k 
(4) P: =b j+c,k (Incorrect) 
Pp, =a,i+b,j 
Correct answer: (3) 
Solution: 
Initially; the total momentum in X—direction is zero. So final momentum in x should also be zero. 


The force F applied on the system has no component along X—direction but has only Y and Z components. 


So the system will have a net momentum in Y and Z direction but not in X—direction. 
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In option (1) and (4), the system has X—component of momentum. So these options are ruled out. In 
option (2); the system does not have Y component. So the option is incorrect. Option (3) is correct as 
X—component is zero and, we have momenta in Y and Z direction. 


Option (3) 1s correct. 


Unit—3 : Laws of Motion 


Average Second Law 


15 
12. A 4m long plane with inclination 30° is placed in a lift. The motor of the lift produces an 


upward acceleration of 5 m/s*. A body is released from the top of the incline (assumed 
frictionless). The time taken by the body to slide down the plane is 


(1) > S (Incorrect) 

(2) Is (Correct) 
l 

(3) Jd 5 (Incorrect) 
3 

(4) E > (Incorrect) 


Correct answer: (2) 
Solution: 
For the lift accelerated upward; effective weight of objects in the lift = m (g+a) 


~, Acceleration ofthe block down the plane = (g + a) sin 9 


=15sin 30° A 
=7.5m/s° 
(gta) 
: TEL E ee T / \® 
2 4 2 2 
or t=ts 


Hence option (2) is correct. 
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Unit—3 : Laws of Motion 
Difficult Friction 


13. A body of mass m is placed on a horizontal surface. A force F has to be applied to move the 
block in any direction. If u is coefficient of friction between the block and the surface; the 
minimum force required to move the block is 








(1) umg (Incorrect) 
umg 

(2) J+? (Correct) 
l+u° 

(3) i ms (Incorrect) 
umg 

(4) l (Incorrect) 


l= 

Correct answer: (2) 

Solution: 

Let the force F be applied at an angle 9 with the horizontal. 
From the F.B.D. diagram Fsin 0+ N = mg > N = mg — Fsin 0 


For the body to just slide; we have, F Sin 0 





Force Fcos0= (mg —Fsin6) 
u (mg-F Sin 0) 
or F(cos0+p1sin®)= "mg 


mg 


umg 
(cos0+usinð) 


or 


For minimum F; (cos 0+ usin 0) should be maximum. 





d 0+ usin 0 
or ee sida ) _ 9-5 -sin0+ucosð=0 
do 
or w=tand 
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l 2 
e umg sfs +u Jee- umg 











2 
! =+Ļ £ - N yi+p 
I+u Jl+u 
Option (2) is correct. 
Unit-3 : Laws of Motion 
Average Friction 


14. A block is moving on an inclined plane making an angle 45° with the horizontal. The coefficient 
of friction is u. The force required to just push the block up is three times the force required 
to just prevent it from sliding down. If N=10,; then N is 


(1) 10 (Incorrect) 
l 
(2) 10 (Incorrect) 
(3) 5 (Correct) 
(4) = (Incorrect) 
Correct option: (3) 


Solution: 


Fig. (a) & (b) give the F.B.D. of block as it is on brink of moving up or down 
the inclined plane. 


In Fig. (a) 





F =mgsin45+f, = mgsin 45 + u mg cos 45° 


Block on brink of 
moving up 


Fig (a) 


In Fig. (b) 
F, = mgsin 45 — u mg cos 45° 
As F, = 3F,; we have, 


sin 45 + u cos 45 = 3(sin 45 — LCOS 45°) 





Block on brink of 
moving down 


Fig (b) 
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I+u=3-3u or 4u=2 or n=- 


<. N=10u=5 


Average 


Unit—3 : Laws of Motion 


15. A system of two masses 5 kg and 20 kg is in equilibrium of rest. The spring is 
elastic and has a force constant k. 


The string between the masses is now cut. The acceleration of the masses 20 
kg and 5 kg after the mass 5 kg is just let go are [Take g = 10 m/s?| 


(1) 


(2) 
(3) 
(4) 


5 
5 m/s* upwards; 10 m/s* downwards 


2.5 m/s? upwards, 5 m/s* downwards 
10 m/s* upwards, 40 m/s* downwards 
20 m/s* upwards, 10 m/s* downwards 


Correct answer: (1) 


Solution: 


After the string is cut to just let go 5 kg mass, we have 


ma = mg (for 5 kg mass) 


. a=g=10m/s° 


FB.D. 


20 kg M 


5kg m 
(Correct) 


(Incorrect) 
(Incorrect) 


(Incorrect) 


From the equilibrium forces acting on M now downward force of 50 N is no longer there. There is a net 
upward force of 50 N on M. 


= Ma = 5x10 N 
or 20a=50 


50 
=> a=— 


=- m/s" upwards 


20 2 


Correct option is (1) 
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Difficult 


Unit—3 : Laws of Motion 


Second Law 


16. A particle moving in XOY plane is subjected to a force F and has a linear momentum. 


p(t)= | 25cos200n ti- 25sin2007 ti kgm/s 


The angle between the force and the momentum is 


(1) 
(2) 
(3) 
(4) 


0° (Incorrect) 
30° (Incorrect) 
60° (Incorrect) 
90° (Correct) 


Correct answer: (4) 


Solution: 


Given p(t) =25cos 200nti—25 sin 200zt} 


+ Force F= 2 = | —{25(200n)isin(200nt)i| -{25(200n) jcos(200zt) J} | 


:. F.p =25| (cos 200nt)i— (sin 200nt) j |.25(200n)] (~sin 200zt)i (—cos 200nt) j| 


AN AN 
e 


or Fp cos 0=625(200z)| —cos(200zt).sin(200nt)+ si (n 200nt).cos 200nt | 


=0 


‘- cos8=0 or 0 = 90° 


Option (4) is correct. 


Difficult 


Unit-3 : Laws of Motion 
Pulleys 


17. Two fixed frictionless pulleys are suspended from a rigid support AB. A massless inextensible 


string passing over the pulleys supports a body of mass ‘m’. The angle Q is a function of 
time as the mass is pulled up by means of the strings. If the free ends P and Q are pulled 
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with a uniform speed u; the instantaneous upward speed of the mass M is 








(1) ucosé 
(2) 2ucos@ 
3 2u 

(3) cos 0 

i u 

(4) cos 0 


Correct answer: (4) 


Solution: 


From the diagram; ‘a’ is constant irrespective of position of M. The speed 
along DA and DB is equal to ‘u’, the speed with which the free ends are 


being pulled. 
We have, a? + y* =% 
. y? ne p =A" 
Differentiating w.r.t. time t; we get 


ay ¥ C, 


dt dt 

dy == 1 dé l l 
— Z —| — | =Z — —— Z= u 
dt y\dt) % dt \cosé 


dy u 
<. Upward speed of the mass = —— = 
dt cos@ 





Option (4) is correct. 








(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 
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Unit-3 : Laws of Motion 
Average Pulleys 


18. A string of negligible mass passing over a smooth clamped 2kg pulley supports a 5 kg mass 
as shown. The force on the pulley by the clamp is [Take g = 10 m/s’| 


2 kg 
5 kg 

(1) 50V2N (Incorrect) 

(2) 10V74N (Correct) 

(3) 20J2N (Incorrect) 

(4) 290N (Incorrect) 
Correct answer: (2) 
Solution: 
Let T be the tension in the string. T N 
For 5 kg block to be in equilibrium, T—5 x g = 0 

T=S0N 
For free body diagram of the pulley, the forces are 
(1) 70N vertically down t 
20 N 

(i) T=50N horizontal F.B.D of pulley 


~. N = Net force on the clamp = 4/70? + 50” 
= 4900 + 2500 
=10V74N 


Hence the clamp exerts a force of equal magnitude on the pulley. 


Option (2) 1s correct. 
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Unit—3 : Laws of Motion 


19. A train is moving on a level straight track with a constant acceleration ‘a’. An observer in 
the train throws a ball forward with a speed of 10 m/s at an angle of 60° with the horizontal. 
The observer has to move 1.15 m forward to catch the ball back at the initial height. The 
acceleration of the train is 


(1) 
(2) 


(3) 


(4) 


10 m/s? (Incorrect) 

5 m/s? (Correct) 
10 3 

F m/s (Incorrect) 
543 m/s? (Incorrect) 


Correct answer: (2) 


Solution: 


The train accelerates horizontally, there is no fictitious force in vertical direction but there is a ficticous force 
horizontally in backward direction. 


Time of flight of the ball= T = 


24 sin ð 
g 





2x10xsin60 B 
ee 
10 


The forward acceleration of the train gives a pseudo force on the boy 1.e. produces a negative acceleration. 


< Seini sar 
2 


1.18 =5xt—_at? 
2 
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 a=5x1.73-1.15=7.5 or a=2=5 m/s? 


Option (2) 1s correct. 


Unit-3 : Laws of Motion 
Difficult Friction 


20. A block is released from rest at the top of a 45° smooth incline. It slides down a distance ‘d’. 
If the time taken to slide down a rough incline through an equal distance in n times the time 
taken on the smooth incline, the coefficient of friction between the block and the plane is 


(d) n?-1 (Incorrect) 
jat 
(2) a (Correct) 
l 
(3) = j (Incorrect) 
n 
l 
(4) € — | (Incorrect) 


Correct answer: (2) 
Solution: 
(1) Motion on smooth plane 


The free body diagram of the block 1s as shown in Fig. (a) 


<2 mg sin 45° 
As there is no friction; acceleration down the plane = a = a eee al 
m 


= g sin 45" N 


Time taken to slide through a distance ‘d’ in given by 





l l l 
d=7at =5(gsin45)t m (1) mg Cos 45° 


(2) Onarough incline 
The F.B.D is as shown in Fig. (b) 
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N 


<. Acceleration a'= g (sin 45 -— u cos 45) 





d=}at? =1g(sin45-pcos45)t? Da (2) 
2 2 mg Cos 45° 
Equating the distances 45° 


= 2 (sin 45—cos45)t" = = (esin 45)t° 


P sin 45 ; 
ee 


Po sin 45— u cos 45 g 


a 
l-u 
l 
| — u = — 
or u n 
l 
= 
Or u n 
Option (2) is correct. 
Unit-3 : Laws of Motion 
Easy Friction 


21. Inthe adjoining figure, blocks A and B with masses M, and M, 
are connected by a light string passing over a smooth pulley. A 
block C is placed on A to prevent it from sliding over the surface. 


If u, is coefficient of static friction between A and the surface in 





contact, the minimum value of ‘m’ is 


M 
(1) m -M, (Correct) 
(2) uM, -M, (Incorrect) 
(3) we (M, + m) —M, (Incorrect) 
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(4) M, —-Hs (M, + m) (Incorrect) 
Correct answer: (1) 
Solution: 
Ifthe block ‘A’ does not slide; B is also in equilibrium. 
. T=M,g 


Considering free body diagram of A; we get 





T =f; =u, (M, +m)g 


or M,g=n, (M, + m)g 


Option (1) 1s correct. 


Unit—3 : Laws of Motion 
Difficult Pulleys 


22. A block of mass 5 kg on a frictionless horizontal table is connected to a block of mass 3 kg 
by means of a system of light pulleys P, and P, and massless, iextensible strings as shown. 
Ifa, and a, are the acceleration in the to masses and T; T, the tension as shown; we have 





ay T 
—=2; —=2 

(1) a, T, (Incorrect) 
ay I, 
—=2; —=2 

(2) a, T, (Correct) 
d, T, 
= 

(3) a, T, (Incorrect) 
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T 
(4) —=2; T =2 (Incorrect) 
1 


Correct answer: (2) 
Solution: 


As 3 kg mass and the moveable light pulley P, are connected; they must have same acceleration a, so as 
to move together. If P, moves a distance x, m, must move a distance 2x (x each for upper and lower parts) 
in a time ‘t’. So acceleration ofm, must be twice that of m.. 


. a, =2a, 
This rules out option (3) and (4) 
Again T, —2T, = Massof P xa =(0)xa =0 
As the pulley P, is massless 
fo. Ae 


Hence option (2) is correct. 


Unit—3 : Laws of Motion 


Average Friction 


23. A block of mass 10 kg is pushed against a wall by a force F making a angle of 45° with the 
horizontal. Given u = 0.3 and g = 10m/s’. The minimum and maximum values of force F 
that allow the block to remain stationary are 





u= 0.3 
(1) 109 N; 202 N Fig. (a) (Correct) 
(2) 70N; 130N (Incorrect) 
(3) 130N;160N (Incorrect) 
(4) 100N;130N (Incorrect) 


Correct answer: (1) 
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Solution: 


(1) | When the block is on brink of sliding down, F is minimum. 






The free body diagram is as shown. 
F Sin 45° 


F 
` V2 F Cos 45° 


mg 


Fsin 45 + uN = mg Fig. (b) 


Fsin 45 + uF cos 45 =10x10=100 


Pt iomp =? t ioon 
V2 v2 


1.3 13 
F= 109 N 


(i) F is maximum ifblock is on brink of moving upwards; the force of friction must act downwards. The 
free body diagram in this case is as shown in Fig. (c) 


Along horizontal N = F cos 45° 
Along vertical F sin 45 = mg +f, 


= Mg + uF cos 45 






F (sin 45-— u cos 45) = mg = 100 
F Sin 45° 





1 03 
E =100 f, 
v2 v2 F Cos 45° 
p 100/2 _100x1.414 _1414 Fig. (©) 
0.7 7 7 
= 202 N 


Option (1) 1s correct. 


Unit-3 : Laws of Motion 
Difficult FBD 
24. Inthe diagram shown; AC in a smooth inclined plane with mass m and 2m on it connected 


by a massless string. Another mass M hangs vertically by means of another light string 
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passing over a frictionless light pulley. 





Fig. 1 


If M is twice the mass required to keep the system in equilibrium; the tension T, is 


(1) 2mg (Incorrect) 
(2) Smg (Correct) 
3) ng (Incorrect) 
(4) Smg (Incorrect) 


Correct answer: (2) 
Solution: 


The F.B.D. of different masses are shown in Fig. (2) 
T, 





Fig. 2 
For system to be in equilibrium; 
From Fig. 2(a), we have 
T,-Mg=0OorT,=Mg  —.... (1) 
From Fig. 2(b), we have 
T=T,+mgsm30 ooo (2) 
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From Fig. 2(c), we have 
T,=2mgsin30 0 © ee (3) 


From equations (2) and (3), we get 
l 3 
=> T, =3mgsin 30 = m 


3 3 
' Mg =-m or Mz=-m 
g 7 g 7 g 


Ifthe mass is doubled; we have 


M=2x>m = 3m 


The free body diagrams are as shown in Fig. (3) 


T, 


| 





3 mg 


(a) (b) (c) 


Fig. 3 
Let ‘a’ be the acceleration of the system 
From Fig. 3(a), we have 
3mg—-T.=3ma 0 ee (4) 
From Fig. 3(b), we have 
T,-T,-mgsm30=ma č č seu (5) 
From Fig. 3(c), we have 
T,- 2mg sin 30 = 2m)a a (6) 


Adding equation =n (4), (5) and (5), we get 


3mg- mg = 6ma 
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From equation (3) T, =2 ma +2 mg sin 30 


g 3 
=2m| = |+mg=—m 
2) emg= mg 


Option (2) 1s correct. 


Average 


25. 


Unit—3 : Laws of Motion 


FBD 


Two blocks of mass M, and M, are suspended from a rigid support at point ‘O?’ Rigid Support 


by two inextensible wires of 1m each. The upper wire has negligible mass and 
the lower one has a mass x kg/m. The whole system has an upward acceleration 
‘a’ including the support. The tension T (at A) and T, (at B); A & B are mid- 
points of respective strings are given by 


(1) 


(2) 


(3) 


(4) 





T, =M,(g+a);T, =(M, +M, +x)(g+a) (Incorrect) 
T = M, +2)(geay, =(M,+M,)(g+a) Mineo) 
T= M, +2)(gra)t, =(M, +M,+x)(g+a) (Correct) 
T = M, Z| g;T, =(M, +M, +x)g donad 


Correct answer: (3) 


Solution: 


The F.B.D. ofpoint A is shown in Fig. (a) 
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X X 
. T—-| M,+— |g=| M+ la 
(m+) i 4 


al 
| 
., T =(m, +2 )(e+a) | 
F.B.D. ofpoint B is shown in Fig. (b) M 
T, -(M, +M, +x)g=(M, +M, +x)a (a) 
. T, =(M, +M, +x)(g+a) 
Option (3) is correct. 


Unit-3 : Laws of Motion 


Easy 


Friction 


26. A block of mass 10 kg rests on a rough inclined plane making an angle of 30° with the 
horizontal. The coefficient of static friction between the block and the plane is 0.7. The 


frictional force on the block is (g = 10 m/s’) 


(1) SON 

(2) 0.7x50x 3 
(3) 50/3N 

(4) 70N 


Correct answer: (1) 
Solution: 


The F.B.D. of block is shown in Fig. obviously N = mg cos 30° 


(Correct) 
(Incorrect) 


(Incorrect) 


(Incorrect) 


As u, =0.7 N=100 Cos 30° 


So maximum force of static friction. 


V3 


fa =usN = 0.7 (100) = (50)(.7) v3 


= 60.6N 
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Force down the plane on mass m= 100 sin 30 


= 50 N 


Since the force trying to move block is less than f, ; the block does not move. The friction coming into play 


equals the force trying to move the block 1.e. force of friction = 50 N. 


Option (1) 1s correct. 


Unit—3 : Laws of Motion 
Easy Circular Motion 
27. A simple pendulum of length L and bob of mass M is oscillating in a vertical plane about a 


vertical line within angular limits —0, to + 0, . For an angular displacement 0 (lol <0, ) ; the 


tension in the string is T and the velocity of bob is v. Which of the following statements is 
incorrect? 


2 





M 
(1) T=Mgcos0+ z 


(Incorrect) 
(2) d tangential — 8 sin 0 (Incorrect) 
(3) T=Mgcos9@,, atO = 90, (Incorrect) 
(4) d net = g (Correct) 


Correct answer: (4) 
Solution: 


The motion ofa pendulum bob in circular motion with radius ‘L’. The forces are resolved along the string 


2 





(radius) and | radius. Net force along radius should be 


2 2 


M 
or T = Mgcos0+ 7 — (1) 








M 
We have, T-Mgcos0= 4 


Ma, = Mgsin 0 > a, = gsin O 





' ' 


ai. Eg (- the tension also acts in addition to weight) Mg Cos 6 Mg 
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Unit-3 : Laws of Motion 
Difficult Connected Bodies 


28. Asmooth pulley of mass M is lying on a smooth table. A light string passes round the pulley 
and has masses m and m’ attached to its ends with the masses hanging vertically as shown. 
The acceleration of the pulley is 


m 
4 Fig. 1 m 
mm'g 
(1) 4m4 (M 1 m') (Incorrect) 
2(m-m')g 
(2) (M+m+m’) (Incorrect) 
')—-M 
(3) Ricca ed (Incorrect) 
m+m'+M 
4mm'g 
(4) 4mm'+M (m+m') (Correct) 


Correct answer: (4) 


Solution: 





Let Z., 2, and £, denote the lengths of portion of the string as shown. Ifthe pulley moves towards right 
through x on the table m’ down by y and m moves up by z; then 


366 


lL =l -x; l, =l, +y & (,=,-2 
As the length ofthe string is constant, we have 
Llata Fi =2(¢,-x)+f,+y+l,-z 
or 2x=y-Z 


Differentiating twice with respect to time; we get 





dx _dy dz 
dt? dt? dt? 
or 2a,,=a,-a, a (1) 


Using free body diagram shown in Fig., we get 


2T=Ma, ee (2) 
m'g-T=m'a ae (3) 
and T-mg=ma, a... (4) 


Substituting for a, „a and a, from (2), (3) and (4) in (1), we get 


Ete 


mt+m' 


' 








S70 1 
mm 





m+m'! 4 
T pa Sz 
m 3 & 


7 2Mm m'g 
E 4mm'+M (m+ m') 


3 -2r 4mm'g 
and “m M 4mm'+M(m+m') 


Option (4) is correct. 
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Fig. 3(a) 


m'g 


Fig. 3(b) 


mg 


Fig. 3(c) 


JQ, Or 
UDAAN 
Unit—3 : Laws of Motion 


Average Friction 


29. A ladder of mass m leaning against a smooth wallis in static equilibiritum making an angle 
0 with the horizontal floor. The coefficient of friction between the ladder and the floor is H, 
then u and 6 are related as 














A 
a Smooth wall 
Bo) 
u C 
l = C t 

© 2 tan 0 a 

2 = In t 

(2) H tan 0 (Incorrect) 

l 
(3) uS 5 tan 0 (Incorrect) 
2sin’ 0 
(4) = (Incorrect) 
cos 8 

Correct answer: (1) 
Solution: 
As the ladder is in equilibrium; 
Fa = 0 
T, =0 
The F.B.D. diagram is as shown in Fig. 
o N, =uN, (Horizontal force = 0) 

N, =mg (Vertical force = 0) 
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Taking torque of forces about point B; we have 


mg—cos = N\Lsin 6 (t, =0) 
or N, === cot 


eN =—1 =P cot 0 = mg 
u 2u 


_cotdO 1 
= j 3 2 tan 9 








Option (1) 1s correct. 
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Friction 


30. During paddeling of a bicyble, the force of friction exerted by the ground on the two wheels 


is such that it acts 


(1) inthe backward direction on both the front and the rear wheels 


(2) mthe forward direction on both the front and the rear wheels 


(Incorrect) 


(Incorrect) 


(3) inthe backward direction on the front wheel and in the forward direction of the rear wheel 


(Correct) 


(4) inthe forward direction on the front wheel and in the backward direction in the rear weel 


Correct answer: (3) 


Solution: 


(Incorrect) 


We apply a force ofa action on ground in background direction when the cycle is paddled. The reaction 
force on backward wheel is due to friction between ground and wheel. It acts is forward direction. There 
is no force of action on front wheel. It moves forward. The force of friction opposes this motion & 


therefore acts in backward direction. 


Option (3) 1s correct. 
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Unit-3 : Laws of Motion 
Easy Circular Motion 


31. Along horizontal rod has a bead which can slide along its length and is initially palced at a 
distance L from one end A of the rod AB. The rod is set in angular motion about A with a 
constant angular acceleration g . The coefficient of friction between the lead and the rod is 
u. Neglecting gravity, the time at which the lead starts slipping is 


(1) — Infinitesinally small (Incorrect) 

(2) fe (Correct) 
u 

(3) Ra (Incorrect) 
l 

(4) Jua (Incorrect) 


Correct answer: (2) 
Solution: 


The reaction of the rod on the bead provides tangential force F, and the centripetal force (F,) is provided 
by friction f. The bead slides when f equals limiting friction. 
A 
| 
We have, F,=ma=maL=N 4... (1) = L 
| 
a eer 


(f.) =uN=umoL oan. (2) F. » 


I 
I 
I 
Also o=@,+at=at Tu” 
: F is directed into the paper 


Attime‘t?, FK.=mLo =mLo*ty 4... (3) 
From (2) and (3), 
mLa? t =nmaL=>t=,{& 

OL 


Option (2) 1s correct. 
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JQ, Or 
UDAAN 
Unit—3 : Laws of Motion 


Circular Motion 


32. Inthe given system, when the hall of mass m is released, from point A, it will swing along 
the dotted arc. A nail is located at N; a distance 0.6 / beow O, the point of suspension. The 
tension in the string just before touching N and after touching N are 


(1) 


(2) 


(3) 
(4) 


mg and mg 


mg and 5 mg 


3 mg and 6 mg 
3 mg and 3 mg 


Correct answer: (3) 


Solution: 





(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 


Just before touching the nail; the ball is moving along a circle of radius £. 


. T=mg+ 


2 
mv 





Also v’ = 2 ¢ 


a T=mg+— 2gl=3mg 


[Using mg L = =mv"] 


After touching nail, the ball moves along a circle ofradius E —0.60(=0.4¢ ) 


mv 
. T'= mg+ —— = mg + 


0.44 


= mg + Smg = 6mg 


Optino (3) 1s correct. 


371 


DO, OY 
UDAAN 
Unit-3 : Laws of Motion 
Difficult Second Law 


33. A 1 kg particle initially moving with a velocity of 5i m/s is subjected to forces F, and F, 
whose magnitude vary with time as shown in the graph. The velocity of the particle at t = 2s 
(neglecting gravity) is 





F, 
a) 101-5] (Incorrect) 
(2) Ili-5j (Incorrect) 
(3) —i-5j (Correct) 
4) 5i+5j (Incorrect) 


Correct answer: (3) 
Solution: 
In 2 second; impulse of F, = Area under F vs t graph. 
= —6 Ns = —6 kg m/s 

—ve because the force F, is in—X direction 

= m(v,-u,)=-6 or mv,=—6+5=-l 

. v, =-l (Asm= 1 kg) 

; = 

. V. =; ms 
Again impulse of kg F, = Area under F,vs t graph. 
= ——(2)(5) =—5 kg m/sec 


As the force F, is in—y direction. 
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: m(v,—u,)=-5=>v, =-5 j 


is v=—i-—5j 
Option (3) is correct. 
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Impulse 


34. A ball of mass 5 kg is moving on a smooth XOY plane at 0.6 m/s along +X diretion. It is 
subject to a constant force of 2N in Y direction. After ‘t’ second the speed of the ball becomes 
1 m/s. The value of ‘t’ (in second) is 


(1) 
(2) 
(3) 
(4) 


ls 


2s 


35s 


4s 


Correct answer: (2) 


Solution: 


Initial momentum along X-axis = p, = 5x 0.6 =3kgm/s 


Suppose momentum inported by the applied force = p, (+. Force is in y-direction). 


Given P; magnitude of final linear momentum = mv =5x1=5kgm/s 


Also p; =p, + py >p, =25-9=16 


or p,=4kgm/s 


Momentum imported in Y direction = F.t 


4 =2 (t) 
or t=2s 
Option (2) 1s correct. 
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(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 


DO, OY 
UDAAN 
Unit-3 : Laws of Motion 
Difficult Impulse 


35. A block of mass m is on a rough inclined plane of angle O with tan 0 
exceeding H, the coefficient of friction. The block is held stationary by 
applying a force P parallel to the plane. The force P up the plane is taken > 
to be positive. 


As P in varied from P, = mg (sin@ — ucos® ) to P, = mg (sin® — pcos0 ) ; j 0 
the variation of the frictional force of with P can be represented as 
(1) f 

(Incorrect) 
(2) 

(Correct) 

(3) 

(Incorrect) 
(4) 

(Incorrect) 





Correct answer: (2) 
Solution: 


For P < mg sin @, the block tends to slide down the inclined plane. Force of friction f coming into play, acts 
upwards. 


For equilibrium P + f = mg sin 0 


374 


A program to give wings to girl students 


f =mg sin 0 — P is positive (for P = P) acting upwards 


For P= mg sin @ 
P+f=mg sin 9 
or f=0 


For P > mg sin 0, the block tends to slide up the plane. Force of friction f coming into paly acts down the 
plane. 


Therefore for equilibrium; f+ mg sin 9 =P 
or f=P—mg sin 0 is negative. (for P =P.) (acting down the plane) 


This variation in ‘f’ is represented in option (2). 


Unit—3 : Laws of Motion 
Difficult Momenum Conservation 


36. A 10 gm bullet moving horizontally hits the centre of a 200 gm ball placed on top of a 5m 
high pole. (See figure) The two move independently thereafter. The ball hits the ground 20 
m away from the pole and the bullets hit 100 m away as shown. The initial velocity of the 
bullet is (Take g = 10 m/s’) 


200 gm 


10 gm 





20 100 
(1) 250m/s i " (Incorrect) 
(2) 400 m/s (Incorrect) 
(3) 500m/s (Correct) 
(4) 1000 m/s (Incorrect) 


Correct answer: (3) 
Solution: 
Consider vertical motion of bullet after collosion. 


TIme taken by the ball tofall to the ground = ‘t’ is 
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l 
2 
h=— gt 
2 


2x5 -is 





o t= 


Horizontal distance covered by the ball = 20 m 
v, = Horizontal velocity of bullet after collosion= 20 m/s 
Similarly, final horizontal velocity of the bullet after collosion = 100 m/s 


Let u be horizontal speed of bullet before collosion. Using principle of momentum conservation along 
horizontal, we get. 


mu = mv, + mv, 


000 (2 | (190) +(e eo) 


10u=50000 or u=500m/s 


Option (3) 1s correct. 


Unit—3 : Laws of Motion 


Difficult Momentum Conservation 


37. A 0.20 kg projectile is fired from a point on a level ground at 50 m/s at an angle 0 = tan” 2) ; 


At the highest point of the trajectory, the projectile is hit at its centre by a bullet moving 
horizontally at 500 m/s. The projectile and the bullet move independently thereafter. If the 
projectile and the bullet cover a further horizontal distance of 160 m and 400 m respectively; 


the mass of the bullet is 

(1) 40gm (Incorrect) 
(2) 20gm (Incorrect) 
(3) 10gm (Incorrect) 
(4) 5gm (Correct) 


Correct answer: (4) 
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Solution: 


4 
We have tan 0 = a 





- Oe pose 
5 5 





u, =50cos0=30m/s u, =50sin0=40m/s 
ne 

Hee E T a e 
2g 5 5 2x10 


Time taken by projectile to fall through a vertical distance of 80 m is given by 


ee or t= An ea: 
2 g 10 


Horizontal distance covered by projectile = 160 m 





160 
<. Horizontal speed after being hit = Pa 


= 40 m/s 


4 
Final horizontal velocity ofthe bullet = 7. 


= 100 m/s 
Applying principle of momentum conservation to horizontal motion, we get 
mu + MU = mv + MV (m= Bullet, M = Bal) 
m (500) + (0.2) (30) =m (100) + (0.2) (40) 
400m=8-6=2 


2 l 
= —— = — kg = 5 gm 
m= 400 200 ® ~” 
Option (4) is correct. 
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Unit-3 : Laws of Motion 
Difficult Comented Bodies 


38. Two blocks with masses M, and M, are connected with a light spring of stiffness K Nm". 
The blocks are placed on a smooth horizontal surface and pulled by forces F, and F, as 
shown. When the blocks attain constant and equal acceleration; the extension in the spring 
is 








M EF +M,F, 

(1) (M, +M, ) K (Correct) 
M E + MLE, 

(2) (M, +M, ) K (Incorrect) 
F -F 

(3) K Z (Incorrect) 
E+E 

(4) E (Incorrect) 


Correct answer: (1) 

Solution: 

Let T be the tension in the spring. The equations of motion of M, and M, are: 
ce ae) De: Se (1) 

TSME i (2) 

Adding (1) and (2), we get 


F -F 
. F -F, =(M, +M, )a > a = ——— 

M; +M, 
: _ R-E, ' 
r-r +m (foe [Using (2)] 


_ MEME +M.E -M,E 
M, +M, 
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-ME +M E 
M, +M, 


T MEME 
Extension in the spring = * 7 K (M, +M,)K 
1 2 


Option (1) is correct. 
Unit-3 : Laws of Motion 
Easy Second Law 


39. The velocity ofa 2 kg object initially moving at (-2i+3j—5k) m/s changes to (i+3j+4k) 


m/s after 3 s. The magnitude of force acting on the body is 


(1) 2V3N (Incorrect) 
(2) 2 V10N (Correct) 
(3) 6V3N (Incorrect) 
(4) 12/3N (Incorrect) 


Correct answer: (2) 
Solution: 


Change in velocity of the body = v — u 
=+31+9k 

Change in momentum = m (v—u) 
= 61+18k 


Force = Rate of change of momentum 
iv : 
= z(6i+18k) =2i+6k 
IF|=V2 +6 =/40 =2V10N 
Option (2) is correct. 
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Average Second Law 


40. Aclock with 7 cm long light seconds hand carries a 100 gm mass at its free tip. The change 
in momentum of the mass in 10 s is 


11 : 

(1) 15 10” Ns (Correct) 
22 E 

(2) i 10” Ns (Incorrect) 
ll. 

(3) mi 10” Ns (Incorrect) 
I5 

(4) = x10” Ns (Incorrect) 


Correct answer: (1) 


Solution: 


l 
— — |e 
We have mass m= 10 gm 100 g 


v| =v 





Iv, |=v 
Angle swept in 10s -22 x10 60° 


0 = 60° 


Av = Vv? +v? —2v.vcos 60 
=T 2y? (1 —cos 60) = /2v’ 2sin’ 30 


0 e T 
T 7 100x60 
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11 
=—— m/s 
1500 
Ap=m(Av)= x 
g 1000 1500 15000 


Option (1) 1s correct. 


Unit—3 : Laws of Motion 
Difficult Law of Motion 


41. A ballofmass m is projected vertically upwards from ground at 40 m/s and at the same time 
another identical ball is thrown downwards at 10 m/s along the same vertical line from a 
height of 100 m. The two balls collide and move together thereafter to finally fall on the 
ground. The total time of flight of the balls is 


(1) 8sec (Incorrect) 
(2) 6sec (Incorrect) 
(3) 5 sec (Correct) 
(4) 4sec (Incorrect) 


Correct answer: (3) 


Solution: 
For the ball moving up, 
Distance S, = 40t — gt [Retarded motion] 


For the ball moving downwards 


l 
S, =10t+ J gt” [Accelerated motion] 


For the balls to collide at time ‘t’, we have 
S, +S, =100m 
or = 50t=100m > t= 2s 


Upward velocity of first ball at t=2s =v =u-gt 
= 40 — 10(2) 
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= 20 m/s 

Downward velocity of second ball at t =2s =v, = 10+ 10(2) 
= 30 m/s 

For velocity of the combination after collision 

20 m (upwards) — 30 m (downwards) = 2 mv 

- v=5 m/s downwards 

Height at which bodies collide 

= Distance covered by the first ball in 2s 


= ut -> gt = 40(2)-—(10)(4) = 60m 


For motion of the balls after collision 
u=5m/s 
S =60m 
a=+10 m/s? 


1 
We have 8 = ut + Sat! 


60 =5t+—(10)t 


St? + 5t — 60 =0 
t+t-12=0 
(t+4)(t-3)=0>t=—4s; t =3s 
Neglect t =—4s (extraneous) 
We get t =3 sec. 
<. Total time of flight =2 s (Before collision) 
+ 3s (After collision) 
=55 


Option (3) is correct. 
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42. The driver of a truck, driving at a certain speed, notices a wall ahead at a distance ‘d’. To 
prevent a collision; he may turn the truck to safety by applying a turning force F. He may 
also prevent collision by a braking force F’,. The forces are related as 


(1) F,=2F, (Correct) 
(2) FZ. (Incorrect) 
GO) B=. (Incorrect) 
(4) F,=aF, (Incorrect) 


Correct answer: (1) 
Solution: 


If vis the initial speed of the truck; to stop it over a distance ‘d’; the braking force F, must produce an 
acceleration ‘a’ given by 


2ad = (0)* — v? 
2d 
Breaking force |F,| = m|a| = ll 
i 2d 


To turn the truck to safely, he must take the truck along a circular path of radius ‘d’. 


So turning force = F= Centripetal force 


N 


mv 


d 





. E =2F, 


Option (1) 1s correct. 


Unit—3 : Laws of Motion 
Easy Laws of Motion 


43. Aman standing on a weighing machine in a lift records his weight in the machine as under: 


(i) w, when the lift acceleration upwards at 5 m/s’ 
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(ii) w, when the lift acceleration downwards at 5 m/s’ 


(ili) w, when the lift moves up at 5 m/s 
(iv) w, when the lift moves down at 5 m/s 


Which of the following gives a correct relation between their relative values. 


(1) w,>w,>w,>w, (Incorrect) 
(2) w,=w,>w,>w, (Incorrect) 
(3) w,<w,<w,<w, (Incorrect) 
(4) w.>Ww,=wW,<w, (Correct) 


Correct answer: (4) 

Solution: 

When lift acceleration upwards ficticous force acts downwards and vice-versa. Therefore 
Wi? Ww, 


When left moves up or down with a constant speed, the weight of man equals his true weight. Therefore 


wW, =W, 
Option (4) is correct. 

Unit-3 : Laws of Motion 
Average Impulse 


44. The given figure represents the position time graph for a body with a certain mass m. 
Which of the following graphs correctly represents the impulse received by the body. Take 
impulse along motion as positive and against the motion as negative. 


2 4 6 8 10 12 
—> t(s) 
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(1) (Correct) 
Impulse 
(2) (Incorrect) 
Impulse 
> t(s) 
(B) 
(3) (Incorrect) 
Impulse 
> t(s) 
(C) 
(4) (Incorrect) 
Impulse 
> t(s) 
(D) 


Correct answer: (1) 
Solution: 


At t = 2s; the velocity changes from u to —u. The impulse imparted equals change in linear momentum and 
is opposite to the motion and hence negative. So the impulse is —2mu or 2mu in downward direction. 


Similarly at t = 4s, velocity changes from —u to u. The impluse imparted is + 2mu. This process repeats 
itself. These changes are shown in graph (A). 


Option (1) 1s correct. 
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Unit-3 : Laws of Motion 
Difficult Laws of Motion 


45. A stone of mass m tied to a string of length ‘L’ is whirled in a vertical circle with the other 
end of the string at the centre. At a certain instant of time, the stone is at its lowest position 
and has a speed ‘u’. The magnitude of change in its linear momentum as it reaches a 
position where the string in horizontal, is 


(1) mu’ —2meL (Incorrect) 
(2) ./2m* -gL (Incorrect) 
(3) myu -gL (Incorrect) 


(4) my2 (u? - gL) (Correct) 


Correct answer: (4) 
Solution: 


As the body moves from intial position I to final positino F, we have change in velocity 
Av=v-u 


=vj-ul 
|Av =VV FU ae (1) 


l l 
Also mur ~ ym = 2gL 





Daet y Oe 2 (2) 
i [Av] =u" —2gL +u’ = J2(u - gL) 
Change in momentum Avl =m,/2 (u? — gL) 


Option (4) is correct. 
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Unit—3 : Laws of Motion 


Average Laws of Motion 


3 


x 
46. A block of mass m is placed on a surface with a vertical cross-section given by y = eo If 


the coefficient of friction is 0.5; the maximum height above ground at which the block can 
be placed without slipping is 


(1) - m (Incorrect) 
l 

(2) a (Incorrect) 
l 

(3) ` m (Correct) 
2 

(4) : m (Incorrect) 


Correct answer: (3) 


Solution: 


x? 
We have Y =| — 


With the block at height y as shown, we have 


dy d(x 
tan 0 = — = —| — 
Slope dx 


6 





dx\ 6 
l 2 
“ore 


At maximum height, the friction is maximum. 


2 
X 


We have u = tan 0 or FZ =05Sx° =] 


Xel 
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x l l 
¿. From y= 3 we get = = or y=-—m 


Hence the maximum possible height above the ground where we can place the block without slipping in 


l 
—mM, 
6 


Option (3) 1s correct. 


Unit—3 : Laws of Motion 


Average Tension in a Rope 


47. A uniform rope of mass M and length L lying on a smooth horizontal surface is pulled from 
one end by a constant force F. The tension in the rope at a distance '/' from the end where 
the force is applied is 


t 
(1) ve (Incorrect) 
(2) [==] (Correct) 
L 
(3) =) (Incorrect) 
(4) Pe (Incorrect) 


Correct answer: (2) 


Solution: 


The rope can be considered as made of two parts of length ¢ and (L —t ) as shown. 


Acceleration in the rope = a = MoUs (1) 


Let T be the tension at C. 


Then equation of motion of length ¢ is 
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F-T=m a= > (/)a me (2) i—i 
& for part CB; T=myca=—-(L~0)a en (3) B C C A 
Ma- 5 =F) [Using (1)] 
Option (2) 1s correct. 
Unit-3 : Laws of Motion 
Difficult Laws of Motion 


48. The barrel of a gun of mass M makes an angle a with the horizontal. It fires a shell of 
mass m. The gun is mounted on a frictionless track. If the muzzle velocity of the shell 
relative to the gun in ‘v’; the absolute muzzle speed in given by 

m(m+2M) , 
ay yfi (m+M) cade (Correct) 








(2) (Incorrect) 
(3) (Incorrect) 
4) v units tan a Incorrect 
D VJ (Incorrect) 


Correct answer: (1) 
Solution: 
As the recoil is frictionless, there is no horizontal force. 


<. Momentum along horizontal is conserved. Ifthe shell is fired with a relative velocity v, then relative 
horizontal velocity =v cos a 
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.. VCOSQ=V.,. —(-V) 


> Vs =VCOSO-V 0 (1) 


By conservation of linear momentum along horizontal, we get 
m(vcosa —~V)-MV = (0) 


MV COS Q 
or V= TM (2) 


V being the recoil velocity ofthe gun. 


Vertical component of absolute velocity of the gun = vsin a 


V = (vcosa—V) +(vsina) 


abs 


= Jv + V° —2vV cosa 





mv’ cos’ a mv cosa 
oe — |cosa 
(m+M) m+M 








m’ cos a 2mcos’ a 


(m+M) m-+M 


m(m+2M) > 
=y |l- —— cos a 
(m+M) 


<. Option (1) is correct. 
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Unit—3 : Laws of Motion 


Average Varying Acceleration 


49. A uniform flexible chain of length '¢' with mass à kgm™ passes over a small, light and 


smooth pulley. It is released from rest with a length x on one side. Assuming that the 
chain accelerates downwards from this side; the acceleration of the chain as a function of 


‘x’ is 
2X 
(1) í = =| Ag (Incorrect) 
2x 
(2) (= — j 8 (Correct) 
2x 
(3) (= -7 L Ag (Incorrect) 
2% 
(4) | E =| 8 (Incorrect) 


Correct answer: (2) 
Solution: 


From the diagram, 





Mass of chain on side x = xà kg 


Downward force = (mass) g=xÀg 


Mass on side (2 —x) = (2 -x)À kg 





+* 
ANRRRRRRRVRVNRERNRRRURERURRRRRRRRG ou 


Weight = (2 — x)àg kg 
Net unbalanced force = xAg — (2 — x) A | g 
= (2x-L)Ag 


Force 2x-f 
mass LX 








<. Acceleration ofthe chain = Àg 
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Option (2) 1s correct. 


Unit—3 : Laws of Motion 
Average FB.D. 


50. A and B are two blocks placed on frictionless inclined planes making angles of 30° and 60° 
respectively with the vertical. The relative vertical acceleration of ‘A’ with respect to B is 


(1) 4.9 m/s? upwards (Incorrect) 
(2) 4.9 m/s’ (Correct) 
(3) zero (Incorrect) 
(4) 9.8 m/s? downwards (Incorrect) 


Correct answer: (2) 


Solution: N 


Taking free body diagram of A; the acceleration down the plane in 30° 






_ mgcos 30 mg cos 30° 


— 0 
a, — g cos 30 me sinis0? 


Components of the acceleration a, along horizontal and vertical are 

a cos 30 vertical = (g cos 30) cos 30 

= g cos’ 30 vertically downwards and a, sin 30° along horizontal. 

Similarly component of acceleration ofa, (for block B) is g cos*60° vertically downwards. 
<. Acceleration of A w.r.t. B along vertical 


= g cos*30 — g cos’ 60 


2 2 
=g $ — =) = E = 4.9m / s? downwards 


>S 3. 
2 2 


Option (2) is correct. 
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51. A pendulum is suspended from the ceiling of a lift. The time period of the pendulum in the 
lift moving upwards with an acceleration ‘a’ is measured to be half the period when it has an 
equal downwards acceleration. The value of ‘a’ is (Take = g 10 m/s’) 


(1) 10m/s? (Incorrect) 
(2) 3m/s? (Incorrect) 
(3) 4.5 m/s? (Incorrect) 
(4) 6m/s? (Correct) 


Correct answer: (4) 
Solution: 


In lift accelerating downwards 


4 
g-a 





T=2r im (1) (Net acceleration = g — a) 


In lift accelerating upwards 





T27 = 
gta 


(1) + (2) gives 


> lg +a 
g-a 


or gta=4g-—4a 


4 T 
Do (2) (Net acceleration = g + a) 


5a = 3g or a == 6m/s' 
Option (4) 1s correct. 


Unit—3 : Laws of Motion 


Average Laws of Motion 


52. A block of mass 2.5 kg is placed on a rough horizontal surface. The block requires a minimum 
force of 15 N along horizontal to slide. It is further observed that the block slides through 
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the first 10 m after being gently pushed and set in motion with 15 N force. 


Take g = 10 m/s’. The values of coefficient of static and kinetic friction are respetively. 


(1) 0.6;0.6 (Incorrect) 
(2) 0.6;0.52 (Correct) 
(3) 0.52; 0.6 (Incorrect) 
(4) 0.6; 0.26 (Incorrect) 


Correct answer: (2) 
Solution: 
Given m= 2.5 kg, F =I15N 


limiting 


1515 | 





F 
As F=uR=umg; we get u, = — = = — =Q. 
A E mg 2.5x10 25 


Using S = utt at. 


7 yu 2 2X10 
ue t 5x5 





= 0.8 ms” (Asu=0) 


Friction in motion is u, R = u, mg 


n F 


applied E 


fa 


r 


(kinetic) = ma 


15—p, (2.5)(10) = (2.5) (0.8) 


13 52 
= — =— =(0).52 
Fx 35 100 
Option (2) is correct. 
Unit-3 : Laws of Motion 
Average FB.D. 


53. A constant force of 20N is applied on a block of mass M (= 2 kg) connected to two blocks 
of masses m, and m, as shown. The pulleys are light and frictionless. If m = 1kg and m, = 
2kg, then the magnitudes of acceleration a, of m,; a, of m, and A of M are related as 
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[Take g = 10 m/s’] 





(1) a=a,=10 m/s’, a =5 m/s? (Incorrect) 
(2) a=a =a, =6 ms (Correct) 
(3) a=2ms a =a, = 4ms (Incorrect) 
(4) a=a =a, =2 ms (Incorrect) 


Correct answer: (2) 


Solution: 


Mg Mg M.g 
(a) (b) (c) 


From free body diagrams (a), (b) and (c) 


F—T=Ma or 20-T=2a  — (1) 
21 e= Or 2F=10=—a, kes (2) 
M.g-T=ma, or 20-T=2a, aa. (3) 


Again if M moves a distance x towards left and m, moves down through x; then m, moves upwards 
through 2x 


aa ce: rr (4) 
(1) + (2) + (3) gives 20— 10 +20 =2 (ata) + a, 
or 30=2 (2a) +a =Sa, 

a, =6 m/s’ 
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<. From (2); (2T = 160r T=8N) 
Using T in (1) & (3), we get 
a=a =a,=6m/s 


Option (2) is correct. 


Unit—3 : Laws of Motion 


Easy EFB.D. 


54. A balloon of mass M is descending with an acceleration a (<g). A mass m is removed from 


; , : . a! 
the balloon and it begin to rise wth an acceleration a The mass removed is 














Ma 
(1) ota (Incorrect) 
Ma 
(2) g-a (Incorrect) 
3Ma 
(3) (g+a) (Incorrect) 
3Ma 
(4) ( 2g + a) (Correct) 


Correct answer: (4) 


Solution: 


7 | ‘ | (4/9) 


Mg (M-m) g 
(a) (b) 


Fig. (a) shows force acting on balloon descending down with acceleration a. F is bouyant force of balloon. 
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Equation of motion is 
Mg-F=Ma n (1) 


a 
Fig. (b) shows forces acting when ballon ascends upwards with acceleration 5: 


The equation of motion is 
F-(M-m)g=(M-m)5 
Adding (1) & (2); 


Mg-(M-m)g=(3M-m)5 


or mg =(3M-m)= 


a 3Ma 
or MM Sr |= 








2 2 
3Ma 
o M= 
2g+a 
Option (4) is correct. 
Unit—3 : Laws of Motion 
Average 
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FB.D. 


55. A chord conncts two bodies of mass m, and m, placed on an inclined plane. The coefficient 


of friction between the inclined plane and m, is p, and that with m, is u, . When the motion 


of blocks is about to take place downwards; the inlination a will be 





(1) an em + HM, 
m; + m, 


397 


(Correct) 


UDOON 


A program to give wings to girl students 


-1| HM, +Hum, 
tan aee 
(2) m, +m, (Incorrect) 
a| Me’ mMm, 
3 tan Incorrect 
(3) um, + W,mM, ( ) 
1| mMm —M, HUU, 
4 tan (suas Fes Incorrect 
4) m +m, /\ H +H, ( ) 


Correct answer: (1) 
Solution: 
Fig. shows the forces acting on the system. The system is in equilibrium, therefore 
for m,; we have 

mgsina=T+yum gcosa = an (1) 
For m,; we have 

mgsnat+T=u,m,gcosao  —.... (2) 


Equating T from (1) and (2) we get 





m,g sina —U,m,gcosa =p,m,gcosa—m,gsina 
gsina(m,+m,)=gcosa(u,m, +u,m, ) 
TER um, + Wm, 
m; + m, 


Option (1) 1s correct. 


Unit—3 : Laws of Motion 
Average Laws of Motion 


56. A smooth inclined plane has two parallel and similar tracks provided on it. A particle P, 
released from rest, from the top of the plane, of length L (on one of the tracks), slides down 
the plane and reaches its bottom in 2n seconds. 


A second particle, Q, projected (simultaneously) from the bottom of the plane (on the other 
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track), with a speed v, goes up the plane a distance ¢, comes to rest there, and when it 
reaches the bottom of the plane again, the total time of its complete journey is also 2n 


seconds. The ratio £) equals 


(1) =) (Correct) 
l 

(2) =) (Incorrect) 
2 

(3) =| (Incorrect) 
3 

(4) = (Incorrect) 


Correct answer: (1) 
Solution: 


For the particle P, the acceleration down the plane is g sin 0 (0 = angle of inclination of the plane). 
l . 2 

Hence, L=0+ mate sin 0)(2n) 

a Le (2g sin 0)n° 


2n 
The time, for the upward and downwards journeys of the particle Q, would be 5 ( = n) seconds. Also it 


would again experience an acceleration ( gsin 0) down the plane. We, therefore, have 
(Consider the upward journey of particle Q) 

O= v—(gsin8)n 

Ve (g sin 0)n 
The distance, ¢ , moved by the particle Q, up the plane, is related to v through the relation. 
O’-v'= 2(-gsin@) ¢ 
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v?  (gsin0)n? 





— 2gsin0 | 2 
£ (gsin0)n* l l 
aca ee o OO i 
L 2 (2g sin 0) n° 4 


Option (1) 1s correct. 


Unit—3 : Laws of Motion 


Average Impulse 


57. The position time graph of a particle (mass = 5kg) is as shown. The impulse, on this particle, 
around t = 5s and t= 10s, would be 





10 
—> t (ms) 
(1) 20kg ms" and—20 kg ms”, respectively (Incorrect) 
(2) -20 kg ms" and 20 kg ms”, respectively (Correct) 
(3) -5 kg ms" and 20 kg ms”, respectively (Incorrect) 
(4) -20 kg ms" and 25 kg ms”, respectively (Incorrect) 


Correct answer: (2) 
Solution: 
As seen from the graph, the particle 1s 


(1) atrestfromt=Otot=5s 


5-15 
(í) moving with a constant velocity of (ss) m/Sie.—4 ms" 


400 


A program to give wings to girl students 


(m) atrestagamnfromt=7.5stot=10s 





—5 
Jmis i.e. 4 ms! 


(v) moving with a constant velocity of € 5—10 


<. Change in momentum (= impulse), around t = 5s, is [(5x—4) — 0] kg ms ' = -20 kg ms"! 
and change in momentum (= impulse), around t = 10s, is [5x4 — 0] kg ms” =—20 kg ms” 


Option (2) is correct. 


Unit-3 : Laws of Motion 
Average Second Law 


58. A stream of glass balls, moving vertically upwards with a speed u, strike a horizontal plate 
(of mass M) and rebound, therefrom, with the same speed. The disc can be kept floating 
horizontally, if the number of glass balls (each of mass m), striking it per second, equals. 


2mU 

(1) ae (Incorrect) 
Mg 

(2) ca (Correct) 
Mg 

(3) (Me (Incorrect) 
mU 

(4) EA (Incorrect) 


Correct answer: (2) 
Solution: 


Let N be the required number of balls striking the plate per second. The change in momentum of each ball, 
upon striking the plate 1s 


mU —(—mU) = 2mU 
<. Total change in momentum, per second, when N balls strike the ball in one second, is 
(2mU) x N=2mUN. 


This rate of change of momentum equals the force exerted on the plate by the glass balls, striking it from 
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below. It is this force that balances the weight of the horizontally floating plate. Hence, 
2mUN = Mg 


(a 
2mU 
Option (2) 1s correct. 


Unit-3 : Laws of Motion 
Average Varying Force 


59. A particle, of mass 200g, is initially moving with a speed of 15 ms", along the X—axis. It is 
acted upon by a force that remains directed along the X—axis but whose magnitude varies 
with time in the manner shown. The final speed of the particle, at t= 20s, would be 





SSeS Perce esagseurea & 


—-> t (ms 
(1) 160 ms" m (Incorrect) 
(2) 165 ms” (Incorrect) 
(3) 180 ms” (Incorrect) 
(4) 185 ms” (Correct) 


Correct answer: (4) 


Solution: 


d 
We known that F = = 


‘. Fdt=dp 
ae | Fat = | dp =p, =p 
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The integral, on the left, representing impulse, equals the area under the F vs t graph. 


From the given figure, this area is 


-| Scteae{ Facdc2 4x1 |+ (6s) +{ F424 4x1) (2x3) |N- 


= 34 N-s 


<. Change in momentum = 34 N—s 





200 
<. Final momentum, after 20 s = = x154 34)N -5 


= 37 (N-s) 


37 P 
<. Final speed ofthe ball = | [7 |S 


200 
1000 


= 185 ms! 


Option (4) 1s correct. 


Unit-3 : Laws of Motion 
Average 


60. 
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S 


Momentum Conservation 


An object, of mass 5m (initially at rest), breaks up into three fragments whose masses are 


in the ratio 1:1:3. The two equal mass pieces fly off with equal speeds, along mutually 
perpendicular directions. If the speed of the heavier fragment is v, the speed of each of the 


other two fragments, is 


(1) 3/2 v 
J 

D F 

(3) 1.542 v 


g 
(4) (i5 


Correct answer: (3) 
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(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 
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Solution: 


Let u be the common speed of either of the two ‘equal mass’ fragments. The total momentum, ofthese two 
fragments, has a manitude 


p|=| (mu) + (mu) | 
TDs J2 mu 


This is directed midway between the two mutually perpendicular 
directions. Since the total momentum, after the ‘break up’, has to again 
equal zero, we must have, 


(3m)v = /2 (mu) 


7 u=[]v=(1.5V3)s 


Option (3) 1s correct. 


Ys 





Unit—3 : Laws of Motion 
Average Second Law 


61. A system of two masses M, and M,, a smooth inclined plane, 
a light inextensible string and a smooth pulley is set up as 
shown. The time taken by the mass M, to get hauled up 
the plane, when the mass M, is ‘let-go’, is t. On 
interchanging the two masses, the corresponding time is t,. 





t 
The ratio + equals 
2 
D (PM ina) ones 
— 2 orrect 
M, —M, sin 
D E -M, sin j a 
a ae a correct 
M, - M, sin® 
M, —M, sin ð 
(3) M, —M, sin (Incorrect) 
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M, - M, sin ð 
(4) (PazMasne) (Incorrect) 
Correct answer: (1) 


Solution: 


Let a, be the common acceleration ofthe two masses in the case shown. Using the free body diagrams for 
the two masses, we get 


T-M gsinð =M a, 
M,g—T=M,a, 
Adding, we get 


g(M, —M, sin6)=(M, +M, Ja, 





(M, -M sin 0) 
r = am aM 
'  (M,+M,) 
m,g 
We have, 
L=0 that? A 
2 
re ek 2L(M, +M,) 
or eae ae 
a, (M,-M,sin0)g 
On interchanging M, and M,, we would have 
Mg 


aa 2L(M, +M, ) 


r= = 


a, (M,-M,sin@)g 


to (M, -M, sin 0) 


t; (M,-M,sin6) 


t, _| M,-M, sin9 Á 
ot (M, -M,sinð 


Option (1) 1s correct. 
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Unit—3 : Laws of Motion 
Average FB.D. 


62. A box, of mass M, is (i) pullled (ii) pushed, on a horizontal floor, by applying a force F (is a 
cirection inclined at an angle @ to the horizontal), in each case. The coefficient of friction, 
between the base of the box and the floor is u. 


If the time taken, to move the box through a distance L, in the two cases is t, and t,, 


t 
respectively, the ratio + is 
2 


ons F(cos0 —psin 0) + Mg ‘ E 

(1) (cos 0+ usin 0) +uMg oe) 
1 

; F(cos 0+ usin 9) +uMg )+uMg a 

(2) F(cos0— usin 0) )+uMg coe) 
1 

r (cos 0-— F(cos0- usin 0)-uMg sin 0) — uMg r 

(3) (cos 0+ usin 0) — uMg Coren) 
1 

; F(cos 0+ usin 0)-uMg — uMg r 

(4) F(cos 0- usin 0)—uMg (Incorrect) 


Correct answer: (3) 

Solution: 

The free body diagrams, for the two cases, are as shown. For case (1) we have 
N +F sm8 = Mg 


or N=(Mg-F sing) 
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N 
and FcosO0—uN=Ma, F Sin 0 
Fcos 0-1 (Mg — Fsin@) uN F Cos 0 
_ F(cos@+psin6)—pMg Mg 
E M © 
2L 2ML 


ei F(cos 0+ usin 0)-uMg 
For case (11), we have 
N'= (Mg +Fsin@) 
and FcosO0—uN'=Ma, 


F(cos0- usin 0)-uMg 


> 2L 2ML 


a, F(cos0-usin0)-yuMg 


J 





(ii) 


t, | F(cos0-usin0)-yuMg 


a 
= t, | F(cos0+usin0)-uMg 


Unit—3 : Laws of Motion 


Average Tension in Strings 


63. Three identical blocks, of mass M each, are connected to each other by inextensible strings 
and are kept on a smooth horizontal floor. On applying a force F, as shown, the system 
moves with an acceleration a. If the tensions in the two strings are T, and T,, respectively, 


2 1 


T T, 
B aa A aa ii 


F 
the ratios 9 and =) equal respectively to 
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(1) 3and1.5 (Incorrect) 
(2) 1.5 and3 (Correct) 
(3) 2and1 (Incorrect) 
(4) land2 (Incorrect) 


Correct answer: (2) 

Solution: 

For the first mass, on the right, we have 
F-T, = Ma 

For the second mass, we have 
T, -T =Ma 

For the third mass, we have 
T =Ma 


Adding the three equations, we get 
F=3Ma or a = — 


ere 


2 


U 
v | 


M.F. 
T, = Ma = — = 
Also, |; 3M 


w | = 


and ==? 


Option (2) is correct. 
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Laws of Motion 


64. An elevator, in a building, starts from rest; accelerates uniformly upwards. It takes a time 
t, to go up to second floor, situated at a height H, above the ground. The corresponding 


time, for its downward journey, is t,. 


If a person were to hold a mass M with the help of a massless string, the ratio of the 


respective tensions in the string, in the two cases, would be 


eee 


(et? 2H)? 


(ee) 


(2) (gt; + 2H) T 


(3) (2gt; -H)\t; 
(2g —H) É 
(4) (2et; +H) i 


Correct answer: (1) 
Solution: 


For the upward journey; if a, is the (uniform) acceleration of the elevator, we have 


l 
H = zati 


a -(3 


The apparent weight, of the mass M, during the upward journey, would be 


2H 
W, -M(e+a)=M[g 2) 


1 
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For the downward journey, if a, is the (uniform) acceleration, of the elevator, we have 


The apparent weight, of the mass M, during the downward journey, would be 
2H 

W, = M(g-a,)= Me- 

2 


The tensions, in the string, in the two cases, equal these apparent weights. Hence, the ratio ofthe tensions, 
in the two cases, 1S 


T_W (gt+2H|\6 
T W \gt,-2H)\t 
Option (1) 1s correct. 


Unit—3 : Laws of Motion 


Average Second Law 


65. A system of two masses, a light inextensible string and a smooth pulley, is set up as shown. 
The masses are ‘let-go’ at t = 0 s and are allowed to move for n seconds. At t= n, the string 
is suddenly cut-off. The ratio of the displacements of the masses m and M, in the next N 
seconds, would equal. 


m M 
N(M+m)+2(M-m)n (M>m) 

(1) Re | (Incorrect) 
n(M+m)+2(M-m)N 

(2) E- ee (Incorrect) 
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N(M+m)-2(M-m)n 
(4) eee | 
Correct answer: (4) 
Solution: 
The equations of motion of the two masses, for 0 <t <n, are 
T —mg = ma and Mg - T = Ma 


(ho 
These give Mam g 





Hence the speeds of the two masses at the end ofn seconds are 


M-m 
for mass m => | —— |en (upwards 
(ws ( p ) 


for mass M > (xm) gn (downwards) 
M +m 
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(Incorrect) 


(Correct) 


The displacements of two masses, is N seconds, after the string is cut, now, are those of two freely falling 


masses having these respective initial velocities. 


Hence, 


S, = Displacement of mass m (in the next N seconds) = ( 





M+m 


Eeee 


E [NM +m -2M -m)a] 
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and S, = Displacement of mass M, in the next N seconds = ~ ( 


=-|2(M-m)n+N(M+m)| 


S 


Option (4) is correct. 


Easy 


-L 
S N(M+m)+2(M-m)n 


2(M +m) 





m | 
n.N+—gN 
le a= | 


Unit-3 : Laws of Motion 


Second Law 


66. A particle, of mass 100g, initially at rest at the origin, is acted upon by two forces F and F,, 
(in the X-Y plane), directed as shown, for 10s. The coordinates of the particle, at t= 10s, in 


m would be (nearly) 





(1) (22.8), (9.14) 

(2) (11.4), 4.57) 

(3) (11.4), (4.57) 

(4) (2.64), (4.57) 
Correct answer: (2) 
Solution: 


We have, 


F, =| i(10c0s30") +(10sin 30” ) 


N 
e 


J 


|x10" 


(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 
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=| (5v3)i+(5)j |x10°N 


A 
e 


and F, =| 20cos(—45°)î+ 20sin(40°)} 10° N 


- (10/2 )i-(10V2)j [x107 N 
.. Net force on the particle = (F + F,) 


-F =| (54/3 +10V2)i+(5-10V2)j x10" N 


N 
e 


=| (22.80)i-(9.14) j |x10° N 


<|™ 


<. Net acceleration of the particle = 


_ | 22:801-9.145 | a 
0.1 


= 0.228i-.0914j 


<. Displacement, along X—axis, in 10 s 
l 2 
=0+—a, x10 
2 
= 50a, = 50x (.228)m =11.4m 
Displacement, along Y—axis, in 10 s 
es l 10? = 
= Uie a x 10° = 50a, 
= 50x (.0914)m =-= 4.57m 
<. The coordinates of the particle, at t = 10s, 


are | (11.4m),(-4.57)m | 


Option (2) 1s correct. 
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Unit—3 : Laws of Motion 


Average Second Law 


67. 


Two identical particles, each of mass, m initially located at the points (—a, 0) and (a, 0), are 
joined to each other by a massless string of length 2a. Ifa force F (= —F j) , acts continuously 


on the midpoint of this string, the relative (horizontal) acceleration of the two masses, when 


4a 
the (horizontal) distance between then becomes ra is 


m O m 
o———_ x ———_0 
(-a, 0) | (a, 0) 
O a F=F(-j) 


0.445 F 











(1) (Correct) 
m 

(2) A (Incorrect) 
m 

(3) ca (Incorrect) 
m 

(4) = = F (Incorrect) 


Correct answer: (1) 


Solution: 


The ‘set-up’ would be of the form shown here when the horizontal distance between the particles becomes 


or 


E 


If T is the tension in each string at this instant, we would have 


' 2a/3 2a/3 
<> 


Tcos0+ Tcos0=F 


T=-—} 
2cos@ 
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The horizontal force on each particle in T sin 0. Hence the horizontal acceleration, of each particle, is 


T sin 9 





m 


The particles are approaching each other (The particle, on the left of the origin, experiences a horizontal 
force, directed towards right due to the tensino in the ‘right side’ part of the string and vice-versa). Hence 


. . 2Tsin@ 
their relative (horizontal) acceleration is ; 


m 





2a 


<. Relative (horizontal) acceleration of the two masses when the distance between them becomes 7> IS 


F 


2Tsinð O2 
m m 2cos0 








sin =— (tan 9) 
(2%) — 
(3), 


(a 


m 


me 
— 





Option (1) 1s correct. 


Unit-3 : Laws of Motion 
Difficult Varying Force 


68. The ‘set-up’ shown here, is used to raise a mass M through a height 
h above the ground. The vertically upward force,F (z) applied by 
an external agency, varies with the height, z, above the ground as fro 
F (z) = F (0) — kz. 


The instantaneous speed, acquired by the mass M, when it has M 
been raised through a height h, is given by 


ae + Mg) +kh? | 
(1) (Incorrect) 


M 
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27% 
(2) aco (Incorrect) 
27% 
2h(F(0)—-Mg)-kh 
(3) | | | = B) | (Correct) 
h(F(0)—Mg)+kh’ í 
(4) E (Incorrect) 


Correct answer: (3) 
Solution: 


The net upward force, acting on the mass M, when it is at a height z above the ground, is 


F(net) = F(z)- Mg 


=| F(0)-kz-Mg | 
Let a be the instantaneous acceleration at the height. We have 
Ma =F (net) 
. M&=F(0)—kz—Mg 
dt 
(v = instantaneous velocity) 


dv dv dz dv 


A aa de de 


dv F(0)—kz—Mg 
‘v= 
dz M 


(F(0)—kz-Mg) 
M 


dz 


or vdv= 


<. Ifv is the instantaneous speed of the mass M when tt is at a height h above the ground, we have 
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| yy 
or v= | g28(F(0)-M)e~kn’ | 
Option (3) 1s correct. 


Unit—3 : Laws of Motion 


Average 


69. 


Second Law 


Two massess M and 2M, are arranged to be at the same initial height H, above the ground, 
by using a massless inextensible string and a smooth pulley. The masses are ‘let-go’, at 


H 
t=0, and the string is suddenly cut when the mass M has risen through a height (= . The 


velocity, with which the mass 2M would hit the ground, is given by 


7 Mq 
HTH 
l | 
PPPOP IIIS SIIT 
(Ground) 
(1) 4gH (Incorrect) 
5 
(2) = (Incorrect) 
4gH 
(3) 30 (Correct) 
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[et 
(4) DJ (Incorrect) 


Correct answer: (3) 
Solution: 
The equations of motion ofthe two masses are T — Mg = Ma 


and 2Mg —T = 2Ma 


-Me g 


3M 3 


H H 
When the mass M rises through a height 7> the mass 2M falls down through a distance p 


H 
The downward velocity of mass 2M, when it has moved downward through a distance 7> is, given by 


refi} 
3)\ 2 3 
ve, /8 

3 


At this instant the string is cut. The mass, 2m, therefore, falls subsequently as a freely falling mass with an 


H 
acceleration g. It is, at this instant, at a height 5 above the ground. Hence the velocity, V, with which it 


would hit the ground, is given by 


3 
o p [48H 
3 
Option (3) 1s correct. 
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Second Law 


70. A trolley, having an open rear end, has a small box at mass m, put on it at a distance / from 
that open rear end. The coefficient of friction between the box and the trolley is u. If the 
trolley (initially at rest on a horizontal floor), were to be given a constant acceleration a, the 


distance, it would travel before the box falls off it, would equal 





ay» ates) 











a 
/ a 
D oe) 
/ a 
©)" (a-ng) 
a) o EHe) 
a 


Correct answer: (3) 


Solution: 


(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 


When trolley accelerates from left to right, with an acceleration a, the box has a force (= ma), acting on it 
from right to left. The free body diagram, showing the forces acting on the box, 1s as shown. The net force, 


on the box, directed from right to left, is (ma— u N) = (ma — u mg)=m(a-— u g). 


Hence the net acceleratino of the box, directed from right to left, 1s m(a-ug) Lē: (a — ug) i 


The box needs to move a distance ¢ (from right to left) before it falls off. If it takes a time t, for this 


purpose, we would have 


(=0+ (a-ug)” 


l 


The distance, s, moved by the trolley, in this time, 1s 
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s=0+-at? ana 
2 2 


Nara 


Option (3) 1s correct. 


(a-ug) 





Unit-3 : Laws of Motion 
Average FB.D. 


71. A system of three masses m,, m,, m, [m, > (m, + m,)], a smooth inclined plane, two smooth 
light pulleys and inextensible massless strings, is set up as shown. The acceleration, of the 
mass m,, if the masses were ‘let-go’, would equal 


m, 
m, 
(m, — Mm, — m, ) m, 
(1) (m, +m, +m, ) (Incorrect) 
(m,—m, sin®—m, ) 
(2) (m, +m, +m,) 8 (Correct) 
(m, -m, cos 0—m, ) 
(3) (m, +m, +m, ) (Incorrect) 
(m, +m, sin0-m,) 
T aus ae (Incorrect) 


(4) (m, +m, +m,) 


Correct answer: (2) 
Solution: 


Let (1) T, be the tension in the string between masses m, and m, and (11) T, the tension in the string between 
masses m, and m.. 


The free body diagrams of the three masses (which would all have an acceleration, say a, of the same 
magnitude) are as shown. 
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be T, 
a | m, | a 
mg mg 

Their corresponding equations of motion are 
T, -mg =ma 
T, - T, -m,gsin ð = m,a 
and m,g—T, =m,a 
Adding, we get 

(m, —m, sin6—m, )g=(m,+m, +m, )a 

(m, —m, sin @—m, ) 
: a= E 
(m, +m, +m, ) 
Option (2) 1s correct. 
Unit—3 : Laws of Motion 

Average FB.D. 
72. A smooth inlclined plane, of mass m,, has a mass m, kept on m, 

it, as shown. The inclined plane is kept on a smooth horizontal 

surface. A light inextensible string and a light smooth pulley 

are used to connect it to a mass M hanging vertically. It is 

observed that when the mass M is ‘let-go’, the mass m, does x 

not slip over the inclined plane. The relation between M, m, 

and m,, is, then 

2 
(1) E (cot 0-1) (Correct) 
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ee 
(2) ~ (tan pe 1) (Incorrect) 


_m, +m, sind 
(3) ( cote 1) (Incorrect) 


m +m,sinð 
(4) T (tan 9— 1) (Incorrect) 
Correct answer: (1) 
Solution: 


Let ‘a’ be the common acceleration of the mass M and the 
(staying intact) ‘combination’ of the inclined plane and the mass 
m,. The mass m,, by itself, can slide down the inclined plane 
with an acceleration g sin 0. It would not slip over the inclined o a 
plane if the component of the horizontal acceleration, a, of the 


‘combination’, equals g sin 0. We thus need to have 
a COS 8 


acosO@=gsinO@ aa (1) 

To find ‘a’ we look at the free body diagrams of (i) mass M and (ii) the ‘combination’ of masses m, and m.. 

We then have, 
Mg—T=Ma 


and T=(m,+m,)a 


f Mg =(M+m,+m, )a 





_ M _ 
(M+m,+m,)° 


Putting this value of ‘a’, inthe above equation (1), we get 


M 
—_g |cos0@=gsin®@ 
M+m +m, 


“. Mcot0=M+m, +m, 
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E (m +m, ) 
(cot 6-1) 


Option (1) 1s correct. 


Unit—3 : Laws of Motion 
Average FB.D. 


73. A system of two blocks, of masses m, and m,, a smooth inclined plane, a light pulley and an 
inextensible light string, arranged as shown, is observed to be in equilibrium. If the normal 
reaction, due to the inclined plane, on the mass m, equals that due to a mass M, on a 
horizontal surface, we would have 





N 
ik M 
() M=,/m; +m; (Incorrect) 
(2) M=,/m;-m; (Correct) 
(3) M= (m; sina +m, ) (Incorrect) 
(4) M= (m, cosa +m, ) (Incorrect) 


Correct answer: (2) 
Solution: 


The free body diagrams, for the masses m, and m,, are as shown. Since the system is in equilibrium (i.e. 
has zero acceleration), we have 


T 
mg-T=O0 2 2 2 a, (1) 
and N=m gcosa aa. (2) 
and T-mgsina=O on. (3) 
m8 
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Adding (1) & (3) 


(m,g—m,gsina)=0 


m, 
. sina = — 


m; 


M, a 
. N=mgcos0=mgvl1-sin’ o : 


2 

m, 

= mg, |1- = 
1 


2 
=m g acta =g (m? -må ) 
1 


For the mass m, on the horizontal surface, we have 





N = Mg 


or M= (m? -m}) 


Option (2) is correct. 


Unit-3 : Laws of Motion 
Average Second Law 


74. A given box gets crushed when a mass of M kg is kept on its top. If this box were to be kept 
in an elevator, with a mass m on its top (m < M), the box would get crushed if the elevator 
were to start 


M 
(1) ascending with an acceleration (=) 8g (Incorrect) 
e e e m 
(2) descending with an acceleration M g (Incorrect) 
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M 
(3) ascending with an acceleration | — —! |g (Correct) 
8 m 


m 
(4) descending with an acceleration | 1-77 |g (Incorrect) 
E M 


Correct answer: (3) 
Solution: 


For the box to get crushed, the apparent weight, ofthe mass m, should be come equal to the normal weight 
of mass M (= Mg). 


The apparent weight needs to increase. Hence the elevator must start ascending with an acceleration ‘a’, 
such that 


m(a+g)=Mg 


` ,_(M=m)g 


(2 


Option (3) 1s correct. 


Unit—3 : Laws of Motion 
Average FB.D. 


75. A simple pendulum, having a bob of mass m, is suspended from the roof of a car. It is 
observed that when the car starts moving with an acceleration a, the string, of the pendulum, 
gets inclined at an angle a to the vertical. The acceleration, a, of the car, and the tension, 
T, in the string of the pendulum are, then, given by 


(1) a=gseca; T=mgtana (Incorrect) 
(2) a=gtana; T=mgseca (Correct) 
(3) a=gtana; T=mgtana (Incorrect) 
(4) a=gseca; T=mgseca (Incorrect) 


Correct answer: (2) 
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Solution: 


The three forces, keeping the bob, in equilibrium, in the accelerated car are, as shown. We then have, by 
Lamr’s theorem. 





qT o 
ma 
gsina 
a= ——— = ge tana 
COS O 
d T=m = mg seca 
an g ae 2g mg 
Option (2) is correct. 
Unit-3 : Laws of Motion 

Average Laws of Motion 


76. A train starts moving with a uniform velocity u, along a straight horizontal track, at t =0. 
Brakes are applied to it, at t = 100 s, and these produce a uniform retardation ‘a’, on the 
train, for the next 10 s. 


The displacement (relative to the train, of a small object, kept on a smooth long (horizontal 
top table), as a function of time, would be represented by the graph, labelled as graph 










Displacement 
Displacement 


100 110 





100 110 








Displacement 
Displacement 


100 110 100 110 


Time ——> 
t (ms) t (ms) 


(C) (D) 
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(1) A (Correct) 
(2) B (Incorrect) 
(3) C (Incorrect) 


(4) D (Incorrect) 
Correct answer: (1) 
Solution: 


There is no force acting on the object as long as the train is moving with a uniform velocity. The object, in 
this inertial frame of reference, does not move, relative to the train, from (t = 0) to (t= 100s). 


When the brakes are applied, the train experiences a backward force that produces a uniform retardation. 
The object would, therefore, experience a forward force that would give it a forward acceleration (=a). 
The displacement, of the object, relative to the train, from (t = 100 s) to (t = 110 s) would then be 
represented by 


l > 
S=ut+-—at 
2 


(Where t would now take the values from 0 to 10). 


The graph, showing the displacement of the object, relative to the train, from (t = 0 s) to (t= 110 s), would, 
therefore, have the form shown in graph A. 


Option (1) 1s correct. 


Unit—3 : Laws of Motion 
Difficult FB.D. 


77. A system of two light smooth pulleys and light inextensible strings, has two masses M and 
M,, attached as shown. The pulley P, is movable and pulley P is a fixed pulley. If the mass 
M, moves up and the mass M, moves down, the accelerations of the masses M, and M,, 
are, respectively 
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4M, -2M3 ) ana (2M M: 
“4M, +M, 4M, +M, J? (Correct) 
2M , (4M, -2M, 
4M 4M. an 4M +M, g (Incorrect) 
M,-2M, )_ „q (2M, -4M, 
4M, +M, 4M, +M, J? (Incorrect) 
4M, -2M, )_ „qf 2M, —M, 

@ (4M, +2M, J” (4M, +2M, J” (Incorrect) 


Correct answer: (1) 

Solution: 

Let T, and T, be the tensions in the strings, as shown. We see that 
C2 


Pulley P, is massless. If there is a net force on it, acceleration will approach infinity. For the mass M,, 
moving upward, the acceleration will be half that of the mass M,, moving downwards. [This is because a 


Ax 
=) ofmass M.]. 


downward displacement, Ax , of mass M, will result in an upward displacement of 


Hence the equations of motion of the two masses are 


T, -Mg=M, > _ (1) 
and Mg-T,=Ma a... (2) 
Also 27, -M,g=M, > vee (3) 
Agam 2M,g-2T,=2Ma aa (4) [From (2)] 


Adding (3) and (4), we get 





(2M,-M,)g=>(M, +4M,) 
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_ 2(2M,-M,) = 4M, - 2M, 
© (4M,+M,)~ ( 4M,+M, 


The acceleration of mass M, 1s, therefore, 


4M, —-2M, 
4M, +M, 8 and that of mass M, IS 
_ (2M, —M,) 
(4M, +M, ) 


Option (1) 1s correct. 


Unit-3 : Laws of Motion 
Average Laws of Motion 


78. A block, of mass M, is kept on a smooth inclined plane, of incline ‘1 in <°. When the 
inclined plane is given a horizontal acceleration a, it is observed that the block says 
stationary relative to the ‘incline’. The acceleration, a, equals 








(1) 73 F (Incorrect) 
8 
(2) P| (Correct) 
l 
(3) 8 =) (Incorrect) 
Ga 
4) g -r (Incorrect) 


Correct answer: (2) 
Solution: 


For the given incline, we have 


ee 
£ 
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coso (E= 





id 


a 
The acceleration, of the block, down the inclined plane is g sin 9. —— l> 
The component ofthe horizontal acceleration, a, of the ‘incline’, 
along the inclined plane, is a cos Q. 





The block will remain stationary, relative to the incline, if 
acos9= gsin ð 


or a=gtan0 





C -—] 
Option (2) is correct. 


Unit-3 : Laws of Motion 
Difficult FB.D. 


79. An insect, of mass 7 m, is at the bottom of a hemispherical bowl of radius R. The coefficient 
of friction, between the legs of the insect, and the surface of the bowl, is u. The insect 
starts crawling up the hemisphere, but slides down after climbing up a height h above its 
starting point. The equation, connecting h and R, is 


(1) h- (2R + u)h +uR =0 (Correct) 
(2) h+ (2R + u)h -uR =0 (Incorrect) 
(3) ph?+2Rh-uR =0 (Incorrect) 
(4) who +(2R+p)h+uR =0 (Incorrect) 


Correct answer: (1) 
Solution: 


The insect can keep on crawling up till the component ofits weight, down the bowl, equals the force of 
limiting friction between the insect and the bowl. 


At the height, h, we then have 
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N 


N =mgcosa 


and F = force of limiting friction 





M— z —>] 


= uN = mgsin qa 
tanto mg cos Q 
T = 
In AOAB, Zoap=n-|(Z]4a 
T 
= =g 
tae 

OB (R-h) 

< fan} —-a@ |=——= > 
AB JR?-(R-h) 
(RCH) 

cota = ———~_ 

i (2hR -h° ) 
TE 2hR —h* | 
. We have — z u 
. 2hR-h* =p(R-h) 
or (2R+p)h-h* —pR=0 
or h° -(2R+p)h+pR =0 
Option (1) is correct. 
Unit-3 : Laws of Motion 

Difficult FB.D. 


80. A force, F, acts, in the direction shown, on a block of mass M. The coefficient of friction, 
between the block, and the horizontal surface is u. If the block is initially at rest, the speed 
acquired by it when it has moved a distance, s, on the horizontal surface, is 
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F 
9 M 
2s L 
(1) 7, LE(sin0+ ucos®) + uMg | (Incorrect) 
2s í 
(2) T | F (sin 0—j1cos 0) - uMg | (Incorrect) 
2s í 
(3) M | F (cos 9—psin 0) - uMg | (Correct) 
J 
(4) [z | F( (cos 0+ usin 0) + Me} (Incorrect) 
Correct answer: (3) 
Solution: 
The free body diagram, for the forces acting on the block, 1s as shown. 
We then have N = Mg + Fsin O 
and f= force of friction 
=yuN= u[|Mg + Fsin 0] 
The net force, accelerating the block, along the horizontal surface, is 
Fœ = Fcosĝ-f x 
= Fcos 0 —u[Mg + Fsin 0] 
f —- >— — - F Cos 


= F(cos0- usin 0)-uMg 


F 
Acceleration, along the horizontal, = r) , is given by 


Mg 


n F(cos@— sin 0) E 
= M Hg 
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Ifv is the speed of the block, after moving a distance s, we have 


v? -o° =2as 


Lys ~[F(cos6 - usin 0) — uMg | 


v= STF (cos0— sin 0)— uM | í 
ba H uMg 


Option (3) 1s correct. 
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UNIT-4 : WORK, ENERGY AND POWER 


Learning Objectives 
After going through unit, you would be able to understand, appreciate and apply the following concepts: 
° Scientific definition of work. 
° Expression for work done by 
(1)  aconstant 
(1) a variable force 
e Area under F vs x graph as work done by a variable force. 
° The concept of energy and different forms of energy. 
° Kinetic energy, expression for K.E and its relation with linear momentum. 
e Work — energy theorem and its applications. 
° Definition ofpower. Relation beteen work and power. 
° Power as scalar product of F and v. 
° Potential energy — Conservative and non-conservative forces. 
° Potential energy due to 
(1) gravitational force 
(i) spring force 
° Statement and use of law of conservation of energy for 
(1) | conservative 
(i) | non-coonservative forces 
° Collision — Definition. 
° Perfectly elastic and inelastic collisions. 
° Definition and use of“‘coefficnet of restitution”. 
° One demensional perfectly elastic collisions. 


° Qualitative ideas ofa two dimensional collision. 
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WORK, ENERGY AND POWER 
ENERGY COLLISIONS 


Definition of work Kinetic Potential 
Dimensions & Energy Energy Elastic and 
inelastic 


SI units a 
collision 








. nservati 
Expression Conservative 





Work by Work due of Kinetic and non Coefficient of 
a toa Energy conservative restitution 
constant variable forces 
force force 
Relation Gravitational] | Potential One 
Use of between potential energy dimensional 
F vs x K.E and energy ofa perfectly 
graph in linear spring elastic collision 
calculation momentum 
of work Special one 


Law of dimensional 
conservation of collisions 

energy and 

applications 


Work - energy 
theorem and 
applications 


Two 
dimensional 


Definition gy 
collision 


and 
Units 


Dissipative 
forces and 
law of 
conservation 
of energy 


(Qualitative 
ideas only) 





Expression of 
power in 
terms of 
force and 
velocity 





Applications 
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WORK, ENERGY AND POWER 


Work 


Work is said to be done when a force is applied on a body and the body undergoes a finite displacement. 


For a finitework ( # 0) to be done on a body; the following two conditions must be satisfied: 


(a) A force must act on the body. 

(b) There isa finite displacment of the body. 
Examples 

(1) The force of gravity does work on a falling body. 
(2) Frictional force used to bring a moving car to rest; 


(3) A horse pulling a cart etc. making cart move does work on the cart. 


Work done by a Constant Force 


For constant force F applied on body producing a displacement S as shown in Fig.; the work is measured 
as scalar product of the force vector and the displacement vector. 


Work done, W = F.S 


F 


=FScos@ 
= (F COs O) S à 
= Component of force in the direction of displacement x Magnitude of displacement. 


It is also equal to magnitude of force and the component of displacement in the direction of force. Work is 
a scalar quantity. 


The dimensions of work, W, are 
| W | = | Force] | Displacment| = MLT”L 
= MLT? 
The SI unit of work in joule (J) 1J = 1 Nm. 


The gravitatinoal unit of work in kg wt — mor kgfm. We have 1 kgfm = 9.8 Nm=9.8 J. 


Work done by a force may be positive, negative or zero. 


(i) Positive Work : For (9 <Q < 90° i.e. when angle between f and ¢ is acute; the work done by the 
force 1s positive. We say the applied force does work on the body. 
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(ii) Negative Work: For 90° <0<180° i.e. when the angle between F and S is obtuse; the work done 
by the force is negative. In other words work is done against the applied force. 


(iii) Zero Work: Work done can be zero if 
(a) No force is applied on the body 1.e. F = 0. 
(b) F#0 but the force is unable to produce any displacement 1.e. S = 0. 


(c) Both force and displacement have finite, non-zero values but F | S 1.e. the angle between the 
directions of force and displacement is 90°. 


Example-1 : A A’ B 
. . e . e F <— 

What is the sign of work done in each of the following cases? Justify t g ii 

your answer: 


(a) Work done by the force of gravitation on a freely falling body. 
(b) Work done by the force of gravitation when a body is lifted upwards. 


(c) Work done by the electrostatic force when a positive charge is moved closer 
to another positive charge. 


(d) Work done by the electrostatic force of nuclus on an electron revolving around 





t. 
(e) Work done by the gas enclosed in a cylinder fitted witha piston | Ideal 
when the gas is allowed to expand. gas 
Solution : > s 


(a) Positive because; force of gravity and the displacement are in same 
direction 1.e. vertically downwards. 


Remember: 

Positive work done by a force on a system increases the energy of the system by imparting energy to the 
system AE = E, - E, >Q. 

Negative work takes away energy from the system. Hence the final energy of the system is less than its 
initial energy AE =E, —E, <0. 


Zero work niether increases nor decreases the energy of the system AE = 0 or E, =E.. 


(b) Negative because F 1S vertically downwards and the displacement is upwards. So 0 = 180° 


vity 


W = FS cos180° =—FS 
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(c) Negative. The direction of F and S are opposite to one another as shown in Fig. (a) 


(d) Zero. The mfintesimally small displacement dS is always perpendicular to instantaneous direction 
force as shown in Fig. (b) 


(e) Positive because force applied by the gas on the cylinder and the displacement are in same direction. 
Example—2 : 
A braking force of 2000 N applied on a car stops it in 7.5 m. How much work is done by the force on 
(1) the car (11) the road? 
Solution : 
(1) We have, F = 2000 N 

S=7.5 M 

0 = 180° because the braking force acts opposite to displacement or motion. 

<. Work done by the applied force = W = FS cos 180° 

= (2000) (7.5) (-1) =— 15000 J 
(i) | Work done on the road is zero because there is not displacement of the road. 
Example-3 : 


A 1 sq. km area records a rainfall of 25 mm due to 1000 m high clouds. Calculate the work done to raise 
the water to the height of the clouds. Given g = 10 m/s’. Density of water = 1000 kg m>. 


Solution : 
We have area A= 1 sq. km = 1000 m x 1000 m 

= 10°m 

d= 25 mm= 25 x 10°m 

Volume of water collected due to rainfall = A.d =25 x 10°m 
Mass of water = Volume x density 

= 25 x 10° kg 
Fore applied to raise water = F = mg = 25 x 10’N 
Distance moved = h = 1 km = 10° m 


<. Work done = Fh = 25 x 107 x 10° = 2.5 x10! J 
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Example—4 : 


A 60 kg man carrying a 30 kg brick load moves 20 m up an incline of 1 in 10. What is the work done by 
the man? (g = 9.8 m/s’) 


Solution : 
Total mass of man and bricks = 60 + 30 = 90 kg 


Let F be force applied by the man along the plane as shown in Fig. 


For dynamic equilibrium F = mg sin Q 


~ 90x9.8x = 88.2N 
10 


W = The work done =F x s 
= 88.2 x 20 





= 1764 J 


Example-S5: 


A force F =(7i+2j-3k) newton acting on a particle produces a displacement of (2i+8 j+nk)m but 


does no work in the process. Calculate n and the magnitude of displacement. 


Solution : 

We have, F =(7i+2j—3k)N 
S=(2i+8j+nk)m 

Work done = W = F.S 
=(7i+2j-3k).(2i+8j+nk) 


= (7) (2) + (2) (8) — (3) 0) 
=30-3n 

Given W = 0; therefore, 
30 —3n=0 


or n= 10 
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+. S=(2i+2j+10k)m 


and |S|=,|(2) +(8) +(10) 


= /4+64+4+100 = 7168 
= 2/42 m 


Example-6 : 


A 2 kg block is suspended by a light thread in an elevator. The elevator | 2 m/s? 
accelerates upwards at a uniform rate of 2 m/s’. What is work done by the 
tension in the thread in 4 s and the fourth second. [Use g = 10 ms7] 2 kg 


Solution : 

For the block using free body diagram; shwon in Fig. we have 
T -mg = ma 
T=m(g+a) 
=2 (10 +2) =24N 


S = The distance travelles in 4s 


l o> 
= ut+—at 
2 


=0+—(2)(4) =16m 


~, Work done is 4 s = FS = T.S. = (24) (16) = 384 J 


S, = Distance in 4th is given by 


S =u+5(2n-1) 


n 


z. Work done in 4" second = W’ = (24) (7) = 168 J 
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Example—7 : 


A particle subjected to a force F =(i+ 2 j+3k ) is constrained to move along negative z direction. Calculate 


the work done to displace the particle through 2m. 


Solution : 

We have F =(i+2j+3k)N 

S =—2km (In negative z-direction) 

< W=ES 
=(i+2j+3k).(-2k) 
=—6J 


The following facts about work be noted carefully. 


1. Work done by a force depends on the frame of reference. Let a man pull a box inside a moving bus 
through a distance S; work done with the bus as reference frame is F.S. However the work done by 


the force with respect to an observer on ground willbe W' = F.(S+S') where S' is the displacement 


of the bus with respect to the observer on ground. 


2. Work done by force of friction may be zero, positive or negative. Ifthe force applied on a body is 
unable to move the body, the work done by the frictional force is zero. 


Ifthe force applied on a body exceeds the limiting friction and the body moves, the work done by the 
friction is negative. 


Consider a trolley with rough surface accelerating along horizontal; the force of friction between a 
block in the trolley and the trolley does positive work an the trolley. 


Work done by a Variable Force 


Let the force applied on a body vary with time or position; of the body. The work done is given by 


W= | F.ds where F is instantaneous force and ds is infinitesimally small 


displacement in time interval dt. 





The work done by a variable force equals the area under force vs 
displacement graph. Fig. shows F vs S graph. For displacement from 
S, to S.. S, 


Force 


The work done, W = Area of the shaded part of the F vs S graph. Fig. (a) 
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The area above the displacement axis is taken as positive and below it as 
negative. 


Net work done for a displacement from the origin O to S, (Fig. b) is given by 
W=W-W. 





Work done by a Spring Force Fig. (b) 


Consider a spring of spring constant k; extended by an external applied force F. The force applied and the 
elongation / compression produced are in same direction. Therefore the done by the applied force in 
positive. 


The spring exerts a force against the direction of deformation. So the work done by the restoring force on 
an external agent is negative. 
Conservative Force 


Consider a body moving from point A to B in space under an applied force. A force 1s conservation if the 
work done by the force is independent of the path followed in moving from A to B. The work however 
depends on the initial and the final positions; A and B only. The work in such cases in also called the line 


B B 
integral of the force of the field W = | F.dé(Path1) = | F.d£ (Path 2) . Fig shows particle moving fromA 
A A 


to B inthree different paths 1, 2 and 3. For a conservative force. 
B 


; . A 
The net work done by a conservative force over any closed path is zero. 
Expressed mathematically. 
2 


pF.ds =0 W, 


Gravitational and electrostatic fields are examples ofconservative fields and the corresponding forces are 
called conservative forces. The energy is stored in the system when work in done against conservative 
force. 


Non-conservative Force 


A force is said to be non-conservative if work done to move a body between two points A and B depends 
on the path followed. Frictional force is an example of non-conservative force. Note that the work done 
against friction gets dissipated as heat energy and is not stored in the system. This work cannot be recovered. 


Example-8 : 


The force F applied on a body vs displacement produced in it is shown in the Fig. Calculate the work done 
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for a displacement from 0 mto 6 m. 






7 Displacement 


Solution : 
Work done = Area under F vs S graph 
= Ar (OABC) + Ar (CDE) 


l 
(AB+OC)(_ lar distance between AB and OC) — 5 (CE) DE 


N| Re 


=+(24+5)x4—Lx1x4 
2 2 


=14-2=12J 


Please note that the net work done is algebraic sum of the areas of different parts. For the part of the graph 
below displacement axis; the work is to be taken as negative. 


Example—9 : 
A B 
An elastic spring with spring constant k has one of its ends (A) fixed — F 
to a rigid support. The other end B is gradually pulled to produce an I 
elongation ‘a’. Calculate the work done by the applied force. s—r 


Solution : 


When the spring is relaxed; the force F is zero. As the extension increases; the force required (kx) to 
produce extension x also increases. So the force is a variable force. The work done has to calculated by 
integration. 


For an instataneous extension x; the force F = kx 


Work done to produce a further extension dx 1.e., x to x + dx is dW = Fdx = kxdx 
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Work done for an increase in length from 0 to ‘a’ is given by 





W= [dW =K[ xcs 
0 





a a w 











0 


Note: This work remains stored in the spring as potential energy. 





Example-10 : 
A particle moves along the X—axis from x = 0 to x = 3 munder the action ofa force given by 
F = 2x°— 3x + 4. Calculate the work done. 
Solution : 
We have F = 2x*— 3x + 4 
Work done for a displacement dx is 
dW = Fdx = (2x? — 3x + 4) dx 
Work done for displacement from x = 0 to x = 3 m is 


an , a v 3 
W= fdWw= a -3rt4)ar spi -3 a 


X= 





0 


-Aao e E J 
2 Zz Zz 


Example-11 : 


3 
The position x of a body moving along X—axis, varies with time as x = = ; where x is in m and t in second. 


Calculate the work done by the body in first 4 s. The mass of the body is 2 kg. 


Solution: 


l3 
Given m 


dx 
The instantaneous velocity, V = a t 
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dv dv_> 
The instantaneous acceleration, 4 = a = z(t ) =2t 


The instantaneous force F on the particle, from Newton’s 2" law is 
F=ma=2 (2t) =4t 


W = [Fax = [FS dt = f Fvat 


= (4t)(t? )dt 


4 
Atdt = ai 
4 


4 





t=0 0 


=| (4) -0 = 256] 


Example-12 : 


Case I 





A A 
0 A 
"a oo o F awe 
1 40 cm wane” 
B Y Pti 


Case II 





k— 10 m ——"I 


Fig. (b) 


A ‘lawn-roller” has a moveable handle of length 50 cm. It is pulled along a horizontal surface by some 
external applied force F = 10° N in two different ways as shown in Fig. (a) and (b). What is ratio of work 
done by the applied force in the two cases? 


Solution: 


Work done in case I; 


W, = Fcosa.S =10° n[ 2) 10m=10°J 


Work done in case II; 
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W,  Feos BS =10°x x10 eos 600) 
W,_1000_. 
W, 600 
Example-13: 


A mkg object in lying on the surface of earth. Calculate the work done to move the objected vertically 
upwards through a distance equal to the radius of the earth, R. M =the mass of earth. 


Solution: 


Let the mass m be at Aon the surface ofthe earth. As the mass is moved upwards; the total distance R 
involved being large; the acceleration due to gravity does not remain constant. So the force 1s variable. 
Hence the work done 1s calculated by integration. 


When the body is at distance ‘x’ from the centre of the earth, i.e. at point L, we have 


_ GmM 


gra 2 
X 





Work done to move the body from a distance x to a distance x + dx or through dx is given by 





dw =—Fdx--2™™ ay B 
, I 
Work done to move the body from A to B is R R 
Aym ll 


W= | dW = -Gm MÍ x°dx 
R 














-~ GmM |x" rE 
R 
1 2R 
= GmM |— 
X |R 
= GmM eo 
2R R 
-(=*) 
2R 
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(St 


Negative sign indicates that work 1s done against the gravitational force of earth. 
Example-14: 


A spring with spring constant 40 Nm is compressed through 2cm. How much additional work has to be 
done to compress is further through 2 cm? 


Solution: 

We have k = 40 Nm! 

Initially x enn 
D 100 


Work done for compressioni through 2cm 


or W, = ka 
-140x x— =8x10°J 
2 100 10 


Work done for a compression from 0 cm to 4 cm is 


l 


W, =5k% 
Ase =32x10” J 
2 100 100 


<. Work for a compression from 2 cm to 4 cm 
= W, — W, =(32-8)x10~ 


= 024 J 


Newton’s III Law and Work done 


For a system, the bodies within the system exert forces of action and reaction on each other. So F,,+F, =0. 
For a pair of bodies in the system. 


It should be remembered that the work done by the action reaction pair need not always cancal. The 
distance travelled by the two bodies of different masses in coming to rest, when allowed to move until their 
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mutual force is not necessarily same. So W,, + W,, #0. 


However in some cases, the work done by the action-reaction parr is zero. 


Energy 


It is defined as the ability ofa body to do work. It is a scalar. Its SI Unit is same as that of work (J). Energy 
can exist many different forms like, kinetic energy, potential energy, spring energy, chemical energy, electrical 
energy, wind energy, nuclear energy etc. The smaller units of energy used are: 


l eV =1.6x10°" J 
LkeV=1.6x10°'°J) (=10 eV) 
l MeV = 1.6x10"® J (=10°% eV) 


Kinetic Energy 
It is the energy possessed by a body by virtue of its motion. For a body of mass m moving with velocity v, 


2 


pe l 
K.E. is given by K = x 


Linear momentum p and kinetic energy k are related as 





ee en 
2 2 m 

_(mv) p 

om 2m 

p 
So, rs or p=vV2mK 

m 

Note: 


1. For two bodies having equal momenta; the lighter body has larger value of KE. 


2 
From K =<. Ifp is same; Ka = 
2m m 


2. For the two bodies having equal kinetic energy; the heavier body will have larger momentum. As 


p=v2mK 


For constant k; p = pavm . So larger the mass, more will be the momentum. 
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Potential Energy 


The energy stored in a body or a system by virtue of its position or configuration is called potential energy. 


For a body moving from position A to position B; under a conservative force; by definition. 
B 
U, -Up = Way = | F.ds 
A 


Let U, and U, denote the potential energy at A and B respectively. The above equation defines difference 


in potential energy. 


A 
For potential energy at A; if B 1s taken as a standard reference point; 


std 


A 
Us = Usa + | F-ds U $ 
The potential energy U, at a point A 1s not uniquely defined. Its value depends on standard reference point 


chosen. However difference in potential is uniquely defined 1.e. it does not depend on the standard reference 
point chosen. 


Gravitational Potential Energy 


Consider a particle of mass m being moved very-very slowly from ground j 
(i.e. point A) to a point B at a height h above ground. For h << R; R is radius 
of earth; the force mg on particle is constant. Let U be potential energy of h 


mass at B, then | 
Ground 


U, — U, = Work done by force of gravity in moving mass m from A to B 


——-—----O 


> 


=— mgh 
Taking U, as zero, i.e. ground as standard reference point and assigning zero value to P.E. at A; we have 


U =mgh 


Potential Energy of a Spring 


Consider a spring of spring constant k. Let U, be potential energy of spring when it has its natural length. 
U isthe potential energy when length of spring changes by x. By definition 


U,- U = work done by spring force to produce a change x in length of spring. 


{ie 


. U=U,+—kx’ 
2 
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U vs x graph is as shown in Fig. (a). Commonly; U, is chosen as zero 1.e. when spring is in its natural state, 
potential energy is zero. Then 


U =k" 
2 


Under these conditions U vs x graph is shown in Fig. (b). 


U 


U, #0 





Total Energy (E) 


The sum of kinetic energy (K) and potential energy (U) is known as the total mechanical energy E, i.e. 


E=K+U 


For a conservative force; the kinetic energy and potential energy are inter-convertible. However, the total 
energy (E) remains a constant. In other words, 1f K.E. decreases, P.E. increases and vice-versa. This is 
known as law of conservation of energy. The law of conservation of energy is one of the basic law of 
nature. It is very useful in solving problems in a simple and convenient manner. 


The following important points about energy should be carefully noted and used appropriately, as required; 


in solving problems: 

(1) Kinetic energy is always positive. 

(2) Potential energy may be positive or negative. 

(3) Potential energy is present in a system of two or more bodies / molecules / atoms due to forces of 
mutual interaction. 

(4) The potential energy due to gravitational force 1s called gravitational potential energy. 

(5) The potential energy due to electrostatic forces is called electrostatic potential energy. 

(6) The potential energy may be present in a body due to interatomic / intermolecular forces. (e.g. elastic 
energy in a spring / stretched wire etc.) 

(7) The potential energy of a body/ system is measured with respect to certain reference position. 


When the forces involved are repulsive; potential energy is positive. Ifthe forces involved are attractive, 
potential energy is negative. 
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(8) The total mechanical energy (KE + PE) may be zero, negative or positive. 


(9) An electron in its orbit around an atom has negative energy. Similarly a satellite mn its orbit around 
earth has negative energy. 


(10) Negative mechanical energy signifies that the electron 1s bound to the nucleus and work will have to 
be done to make it free from the nucleus / atom. 


Like wise, work has to be done to take a satellite out of the gravitational field of the planet (to oo ). 


d 
Force F and PE ‘U’ are related as F(x) = p U(x) 


The PE ofa body cannot exceed the total energy of the body. KE may however be greater than total 
energy. 
Work-Energy Theorem 


According to work energy theorem; work done by a body is equivalent to change in kinetic energy ofthe 
body (for same value of potential energy). 


Work W = Change in kinetic energy 


a en 
2 


2 


Work done on a body results in an increase in kinetic energy of the body by an amount which equals the 
work done. 


Work done by a body is equal to the decrease in kinetic energy of the body by an equal amount. 

During transformation of energy from one form (say PE to KE) to another; the total energy of an isolated 
system always remains conserved. 

Mass—Energy Equivalence 


Mass is also a form of energy. According to Eimstein’s relation; a mass ‘m’ may be destroyed and completely 
are related as E = mc? where ‘c’ is the speed of light in vacuum. (c = 3x10* m/s). 


In certain nuclear reactions, energy is also converted to mass according to the above equation. 
So mass or energy can be obtained at the cost of the other (energy or mass). 


In light of mass-energy equivalence, instead of talking separately about (1) law of conservation ofmass and 
(11) law of conservation of energy, we talk about “law of conservation of mass-energy.” 


It can be shown that 1 atomic-mass unit, 1f completely converted into energy; is nearly equivalent to 
931MeV of energy. 
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Example-15 : sa 


The potential energy function ofa particle in one dimension as a 
function of position ‘x’ is shown in Fig. The total energy ‘E’ of the 
particle is also marked in the diagram. For the system shown, the 
particle cannot exist in the region for which the value of x is l l 





1) <-2 

(I) <-> 

2 >2 

Q) >> 

(3) a, 
(4) T 


Solution : 


A careful obsrevation of the graph shows the relative values of E, the total energy and the potential energy 
of the particle. 


b a a b 
In the regions “5 <xX< = and Ta <xX< t7: the PE of the particle exceeds the total energy ‘E’. 


Hence the particle cannot exist in these two regions. For all other regions; the PE is less than E and hence 
the particle can exist. 


Hence option (4) above is correct. 
Example—16: 


The potential energy function V(x) ofa particle in simple harmonic 
motion is given by 





Xx’ 
V(x)= 4k <— Im “er ee 


where k is the force constant for the oscillator with appropriate dimension. 


For k = 2 Nm‘; show that for values of x = +1m, the particle must return towards the origin if the total 
energy of the particle is 1 J. 
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Solution: 


The total energy of a particle is equal to the sum ofits PE and KE. 


v BS=PE+KE 


= ie eT 
2 2 


Where x and v denote instantaneous displacement and instantaneous speed respectively. 
, 1, 

Given; P.E. v(x) = a 

We know, PE is maximum when KE 1s zero. 


. (PE) =E whenK=0 


ma 


ee 
2 max 
o |(@E)a*2_ RE 
.. Anax = k 7 k 
2x1 


= + /— = Im or -Im 
2 


Hence the particle must turn back at x = +1 and x =—1 m. 
Example-17: 


A cloud burst occurs 500m above the surface of earth and the resulting rainfall causes 8 cm rainfall over an 
area of 1 sq. km. How much work is done by the gravitational force during the rainfall. Given 
Pater = 1000 kg/m’ 


d= Depth ofrain water recieved = 8 cm = 0.08 m 


Total volume of water recieved in rainfall = A x d 


= 1000x1000x -> 
100 


=8x10’m° 
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p=10 kg/m’ 

<. Mass of water recieved as rainfall = V p 
=8x10f x10? 
=8x10'kg 

W.D. by the gravitationaal force 
= Decrease in gravitational potential energy 
=m gh = 8x10’«x10x250 

Example—18 : 


It is well known that a raindrop falls under the influence of the downward gravitational force and an 
opposing resistive/viscous force. The later is known to be proportional to the speed of the drop, but is 
otherwise undetermined. Consider a drop of mass 1.00 g falling from a height of 1.00. The drop hits the 
ground with a speed of 50.0 ms. What is the work done by the unknown resistive force? 


Solution : 
Given m= Ig = 10” kg, 
h= 1 km= 1000 m 
v= 50 ms! 
E = The total initial energy of rain drop 
=mgh+ 0 
= 10°x10x10° = 10 J 


E = The total final energy of rain drop (i.e. when rain drop is just about to hit ground). 
= A mv’ +0 
2 


== x10 x (50) =1.25J 


Let W be work done on the rain drop by resistive force. Then 
=E tE = W 
= 10 + 1.25 = W 

or W =-8.75 J 
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Example—19 : 


An automobile is moving at 54 km/hr when it reaches the foot ofa 30° upward inclined road. The engine 
of the automobile is switched off and it is allowed to go up the incline having 0.2 as the coefficient of 
friction. What distance does it cover or the incline beore coming to rest? 


Solution: 


The initial KE of the automobile is partially used to work against friction and is partly converted to potential 
energy. We have 


Initial KE = PE gained + work done against friction. 


We have, 





u=54km/hr=54x>=15m/s 


mg Cos 30° 
mg 


Component of gravitational force down the plane = mg sin 0 = mg sin 30° 
Normal reaction N = mg cos 30 
raio = HN = 0.2 mg cos 30° 
Net force down the plane = F, + mgsin 0 
= umg cos 9+ mgsin O 


= mg (sin 8 + cos@) 


Let '¢' be the distance moved by the automobile up the plane before coming to rest; Then 
a l 
amu’ = mg (sin 0+ pcos @) 


2 
u 


2g(sin® + U COS 0) 


Or f= 


B 15x15 
2x10(sin30+0.2 cos30) 


7 15x15 
-= 2x10(0.5+0.1732) 
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225 
= m 
13.464 


= 16.7 m 





Example-20 : 

The velocity ofa 5 kg object changes from (3i-4 j) ms to (2j-6k) m/s. What is the change in KE of the 
body? 

Solution : 


We have, m=5 kg 


u=(3i-4j)m/s 


. jul=/45+4, =5m/s 


v=(2j-6k)m/s 


=440 m/s 


l 2 t!1 +, 
: Change in KE = > mv a 


“of a 


= —x5x15=37.5) 


5k 
Example-21 : 3 
Calculate the kinetic energy accquired by a system of two masses 
of 5 kg and 4 kg shown in (1) Fig. (a) (11) Fig. (b) is 4 s. Take g = 
10 ms”? and the pulleys as well as the surfaces to be frictionless + 


and ideal. The system is let go from rest in both cases. 
4 kg 


Fig. (a) 
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Solution : 

Case (1) 

Mass, the FBD 1s as shown. The equation of motion of the two masses 1s: 
For4kgmass:mg—T=ma n (1) 

For 5 kg mass T5=Ma ouu (2) 

From (1) and (2) we have 








9 9 
After 4s; ose E 4 


T 
mg=(m+M)a 
m 
= oo m+M a| i 
_ 4x10 U ie 
mg 
N 
9 
—> a 
160 
= — m/s 
9 M T 
l 2 
KE ofsystem = z(m+M)v 
Mg 


l 160 160 
z= — 9 — X ——_ 
2 9 
— 12800 

9 


Case (11) 


The 5 kg mass will move downwards and 4 kg upwards. Let T be the tension in the string. Using free body 
diagram (FBD) we get 
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Mg-T=Ma oun (1) T Í 


and T-mg=ma, a. (2) 


(1) + (2) gives i R 
M-m)g=(M+m)a, ys ~w 1 i 


=") 10 ; 
or a, =| —— |g=—m/s 
5+ 4 9 Mg mg 


Velocity after 4 s = at (-. u= 0) 


40 
=—mMm/s 
9 


1 
<. KE of system at t = 4 s = z(m+M)v 


l 40 40 800 
x J 


=—x9x— x — = —_ 


2 9 9 9 
Example—22 : 


A shot fired with a velocity V, on a mud wall is able to pierce 4 cm thickwall. The same shot fired at V, 
pierces 9 cm thickness ofan identical wall. Compare V, and V, assuming the resistance offered by the 
walls to remain same. 


Solution : 
Let F be the resistive force offered to the shots. 


Work done against the force = Initial K.E. 


l 
. FES, =—mV, 
2 


l 
F. S5 = z mV; 
S; 


S4 
S, 9 
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Example—23 : 


A seconds pendulum (length ~ 1m) is designed using an ideal string and a bob 
of mass 200 gm and suspended from a rigid support. The bob is pulled up till 
the angular displacement of the bob with the vertical becomes 30°. The bob is 
now released. Calculate its KE at the lowest point. (Use g = 10 ms”). 


Solution : 
Given m= 200, gm=0.2 kg 
OA=OB= Im 





ZAOB = 30° 
With BC L OA; we have 


ae cos 30° 
OB 


V3 


"OC =OBcos30" =m [OB =1m] 
= 0.866 m 
Vertical height through which the bob is raised =h (1 — 0.866) m 
=0.134m 


Potential energy gained by the bob from A to B 
=mgh=0.2 x 10 x 0.134 
= 0.268 J 
This PE is converted to KE as the bob goes back to A. 
<. KE at the lowest pomt = PE at B 
= 0.268 J 
Example—24 : 


A block of mass m= 1kg moving on a horizontal surface with speed 2 ms" enters a rough patch ranging 
from x = 0.10 mto x =2.01 m. The retarding force Fon the block in this range is innversly proportional 
to x. 


With F. = for 0.1<x<2.01m 
x 
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= (0 forx < 0.1 mandx>2.01 m 


where k = 0.5 J. What is the final KE and speed v of the block as it crosses the patch? 


Solution: 


We have m= 1 kg, u=2 ms';k=0.5 J 


Initial KE = mu" = = x1x(2) = 2) 


Frictional force over x =0.1 mto 2.01 mrangeis F, = -7 


As the force is variable; work against friction can be calculated by integration. 


dx 


2.01m x=2.01m k 
X 


We have, W = | F.dx = f 


x=0.1m x=0.1lm 


x=2.01m 





= -0.5|log. x 


x=0.lm 


2.01 
= —0.5 log, —— 
a 0.1 


=—0.5x 2.303 [log,, 20.01] 


=—0.5 x 2.303 x 1.303 [Using tables] 
=_ 1.5J 
~ K K = Work done 


final — *"initial 


> K =K + Work done 


initial 


=20J=1.5J=05J 


l 
Also, K inal = mv = 0.5J 


em 20.3 jon 


Example-25 : 





In a ballistics demonstration, a police officer fires a bullet of mass 50.0 g with speed 200 ms" on soft 
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plywood of thickness 2.00 cm. The bullet emerges only with 10% of its initial kinetic energy. What is the 
emergent speed of the bullet? 


Solution: 


50 l 
We have m = 50.0 g = eTa = on 


u = 200 ms! 


l , | | 
P — — mu^ =—x—x 200x200 =1000J 
Initial KE 5 7 50 


10 
Final KE = 10% of initial KE = a 


= 100 J 


 Lmy? = 100 
2 


v= fala = [4000 
Yo 


= 63.2 m/s 





200 — 63.2 
200 


x 100 % or 68%. 


It is important to note that a 90% decreases in KE reduces the speed by 


Example—26: 


A block of mass M is moving with a certain velocity on a 
horizontal surface. It approaches the free end ofa spring shown 
in the figure with a velocity u. The other end of the spring 
(assumed to be ideal) with force constant k 1s fixed to a rigid, 
vertical wall. 





(1) | Calculate the maximum compression produced in the spring if the horizontal surface is smooth. 


(i) Let the horizontal surface shown above be increasingly rough towards the spring and the coefficient 
of friction between the block and the surface varies as u = ax where a is a constant with appropriate 
dimensions and x is the instantaneous compression in the spring. What will be the maximum 
compression produced in the spring in this case? 
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Solution : 

Case (1) 


When the surface is smooth; the entire KE of the block is stored in the spring as elastic PE. Ifx, is the 
maximum compression produced in the spring; we have 


Case (11) 


When the surface is rough; work has to be done to overcome friction 
and to cause a compression in the spring. 


For a compression ‘x’ inthe spring, we have u = ax. 





<. Force of friction for a compression x is 
F, = uN = uMg = (ax)Mg = (aMg)x 


Work done against friction for a maximum compression x, (say) is 
W, = | Fdx = a Mg| xdx 
0 0 


2|% 


x 
—-aM 
j 2 


=—a Mg x 
5 8x; 








0 


l 
Energy stored in the spring = 7 kx; 


From law of conservation of energy; 


1M? E taNo 
2 2 2 


or Mu’ =kx +aMgx 


=(k+aMg)x; 
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| EE 
i k +aMg 


Example-27 : 


To simulate car accidents, the auto manufacturers study the collisions of moving cars with mounted springs 
of different spring constants. Consider a typical simulation with a car of mass 1000 kg moving with a speed 
of 18.0 km/h on a road with coefficient of friction 0.5 and colliding with a horizontally mounted spring of 
spring constant 6.25 x 10° Nm. What is the maximum compression of the spring? What will to the 
maximum compression ona smooth road? 


Solution: 


As the car collides with the spring, it does work against the force of friction and for compression in the 
spring. Let x, be the maximum compression produced in the spring. 


l 
Work done for compression = 5 kx 


Work done against friction = (u mg) Xo 


By work energy theorem; 


Change in KE = Work done in compressing spring + Work done against friction. 


', Sm = ka + UME x, 


or kx +2umgx, -mu =0 
Using quadratic formula with a= k; b=2 umg and c =- mu’ 


—2 umg + |4u’m’g? + 4mku° i 
| 


sug +[ p?m?g? + mku? |” 


X [Neglecting —ve value] 


(-0.5)(1000)(10)+] (0.25)(10)" (100) + (1000)(6.25x10*)(5)" | 


[u = 18 km/hr = 5 m/s] 
6.25x10° 


5 Xg = 


=1.35m 
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On a smooth road, 


reo 
2 2 


2 


k 


_ f1000x25 
6250 


=2 m 





or Xy = 


Example—28 : 


In nuclear power plant, nuclear fusion reacions are used to produce electric energy. In one such mega 
project; the capacity of the plant is 10000 MW. Assuming the entire energy of the mass lost to be converted 
into electrical energy, calculate the amount of mass converted to energy per day in the plant. 


Solution : 
We have, power P = 10000 MW 
= 10" W 
Energy generated per second = 10'° W 
1 day = 24 x 60 x 60s 
<. Total energy produced per day = 24 x 60 x 60 x 10'°J 
E = 36 x 24x 10” J 
Let m be the mass converted into energy each day. 


We have, mc? = E 


E 36x24x10" 


oro OUa (310°) 


_ 36x24 





x10“ kg 


=9.6x10° kg =9.6¢ 
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Example—29 : 
Calculate the increase in mass of 1000 kg of water heated from 20°C to 10°C. 
(Given Sp. heat of water = 4200 J kg °C!) 
Solution : 
We have, 
M, = 1000 kg 
8. = 20°C; 6, =100°C 
C= 4200 J kg °C! 
, Heat gained by water = M C (0, —0, ) 
= 1000 x 4200 x (100-20) 
= 336 x 10°J 
If ‘m’ is the equivalent mass, we hve 


mc’ = 336 x 10° 


_ 336x10° 
(310°) 


=37.3x10 "kg 
= 3.73x10°kg 
Example—30: 


Estimate the amount of energy released in the nuclear fusion reaction. 


H’ +, H* >, He’ +, n' 
Given, m(,H’)=2.0141u 

m(,He*)=3.0160u 

m(,n')=1.0087u 


and 1 u=931.5MeV 
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Solution: 


Total mass of the reacting particles = 2 x m(,H? ) = 2 x 2.0141 = 4.0282 u 


Total mass ofthe product particles = m( „He? ) +m ( an’ ) 


= (3.0160+1.0087)u 
= 4.0247 u 

‘*. AM = Mass lost during the reaction = (4.0282 — 4.0247) u 
= 0.0035 u 


E = The energy released = (AM )x c^ = 0.035 x 931.5 MeV 


= 3.2602 MeV 
Example-31 : 


A motor boat is moving steadily at 18 km hr. Ifthe water resistance to motion of the boat is 5000 N, 
calculate the power of the engine. 


Solution: 


Give F_ = 5000 N 


v=18kmhr =18x = Sms" 


Power = F.v = Fp -V | Fup = F „for steady motion | 


= 5000 x 5 = 25000 W 
=25 kW 
Example—32 : 


A train weighing 1000 metric ton is moving up an inclined plane rising 1 in 200 at a uniform speed of 54 km 
hr. The frictional resistance is 0.4 kg per metric ton. What is the power of the engine? [Use g = 10 ms *] 


Solution : 
We have m= 1000 metric ton = 10° kg 
Frictional resistance = 0.4 kg / metric ton. 


.. Total frictional force F, = 1000 x 0.4 =400 kg wt 
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= 400 x gN = 4000 N 


Gravitational force down the plane = mg sin @ 





= 10°x 10 x N 


200 
= 5 x104 N = 50000 N 
Net opposing force = F. +mg sin 0 


= 4000 + 50000 = 54000 N 


5 
V = 54 km hr! = 54 x Tg = 15 ms”! 


The power ofthe engine = P = F.v. = 54000 x 25 W 
= 810 kW 
Example-33 : 


An object acted upon by a force F = (2i ale 33) N is constrained to move along x direction with position 
vector x given by x = (2t” +3t+ 5) im. Calculate the power delivered by the force at t = 2s. 
Solution : 
We have F =(2i+3j)N 
x=(2ť+3t+5)i 


v=% =(4t43)i,m/s 
dt 


Att=2s; v=| 4(2)+3|i=1li,m/s 
Instantaneous power P= F.v 


=(2i+3j)(11i) 


= 22 J/s = 22 W 
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Example—34 : 


A particle ofmass 10 kg is moving along a circular path ofa constant radius of 5 m such that its centripetal 
acceleration a, varies with time as a, = 25 rt? m/s’. Calculate the power delivered to the particle at t = 5s. 


Solution : 
We have a, = 25 rt’ m/s*; r= 5 m 
2 


V 
Also, a, = — 
r 


2 


V 
n s5 
f 
or y= 25rt 
- v=Srt 


dv 
The tangential acceleration = 4; = a 5r = 25m/s° 


The tangential force = F,=a,= 10 x 25 =250N 
Power is delivered only by tangential force; 
P=F.v=(250)(5rt) 

= 250 (5 x 5 x 2) [At t =2s] 

= 12500 W 

= 12.5 kW 
Example-35 : 


A wind-powered generator converts wind energy to electrical energy. It is known that the generator 
transforms a fixed fraction of the wind energy intercepted by its blades into electrical energy. Show that the 
electrical power output varies directly as the third power of the wind speed. 


Solution: 


We have F = ap = © (mv) = von 
dt dt dt 
d , | 
=y [Volume x density of wind] 
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Where A is area of close section of blades. Therefore 


dx 
F = vAp— = Apv’ 
Ph P 


The instantaneous power = P = F. v = (Apv? ) v= Apv’ 
-Power P œ v` 


Collision 


Two particles / bodies are said to have undergone a collision if as a result of their interaction, there is a 
change in the momenta of the bodies. A collision need not always be caused by an actual physical contact 
between the bodies e.g. two protons may collide without actually coming in contact with one another. 


Elastic Collision: A collision is said to be elastic 1f there is no loss of KE during the collision. 
Inelastic Collision: A collision is said to be inelastic if there is a loss of KE during collision. 


Perfectly Inelastic Collision: It is a collision which leads to a total loss of KE and the bodies stick 
together after the collision. 


Head on Collision: It is a collision in which the colliding bodies move along the same straight line before 
and after the collision. 


Oblique Collision: It is a collision in which the bodies do not move along a straight path before and after 
collision. 


One-dimensional Elastic Collision: Consider two bodies A and B with masses m, and m, moving with 
velocities u, and u, along same line in same direction. Let u, > u. 


Suppose the bodies have velocities v, and v, after an elastic head-on collision. 


Applying principle of conservation of momentum. 


mutmu=mVvtMmvy oa. (1) m, ( > i nG ()— u, 


For an elastic collision, kinetic energy is conserved. Before Collision 
OESR DOP GU SE DOE 
a pee = ae epee ee (2) mv. m( >. 
After Collision 


Solving the above equations (1) and (2); we get 
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u -U, =V,-V, 


or velocity of approach before collision = velocity of separation after collision. 


_{ m,-m, 2m, 
Further, Yı = a aoe u, + ee u, 
1 2 1 2 


2m, m, —- m, 
and W u + u, 
m, T m, m; + m, 
Special Cases 


(i) B initially at rest Le. u, = 0 
y =| A Ju 
We get Yı m, +m, l 


2m, 

and V2 = (2m u; 
(i) Form =m, =m 

We get v =u, 

and v, = u, 

1.e. the bodies exchange their velocities and momenta. 
(i) m,<<m,andu,=0 

We get v, =—u, and v, = 0 
(v) m,>>m,andu,=0 


We get v, =u, and v, = 2u, 


Coefficient of Restitution (e) 


The coefficient of restitution for a collision between two bodies is the ratio of their relative speed after 
collision to the relative speed before collision. 


lv, -v,| 


We have e = 
ju; —u,| 
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Remember: 


(a) 
(b) 
(c) 


(d) 


e =0 for a perfectly inelastic collsion. 
e= 1 for a perfectly elastic collision. 


In general0<e< 1 
v_y 


When a ball strikes a floor with a velocity ‘u’ and rebounds with a velocity ‘v’, we have e = ial = 
u 


Additional Information 


l. 


For a perfectly elastic collision, linear momentum, total energy and kinetic energy are conserved. For 
a perfectly inelastic collision, linear momentum and total energy are conserved. Only KE is not 
conserved. 


For a body dropped from a height ‘h, ’; hitting ground with velocity ‘u’; rebounding with velocity v 
and rising to a height *h,’, we have 


Where h denotes the height to which the body rises after n rebounds from the ground. 


The elastic, magnetic and gravitational forces are conservative forces. Friction and viscosity are non- 
conservative forces. 


KE is alwys positive. PE may be positive or negative or zero. Repulsive forces imply positive potential 
energy; attractive force imply negative potential energy. Total mechanical energy (KE + PE) may be 
positive, negative or zero. 


l 
A gun firing n bullets each with K.E. ‘E’ in one second delivers a power P = nE = nmv . 


The power dissipated by centripetal force in circular motion is always zero. Only tangential component 
of force dissipates power. 


KE 


Stopping distance covered ~ Total opposing force 
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KE 


= ne. [When only friction acts on a horizontal surface] 


8. Fortwo bodies subjected to equal stopping force; 





Weh i (Ratio of stopping dist ) ed 
e have atio of stopping distances) = 
X ppg (KE), 
4 (Ratio of stopping times) = > = > ke 
an t, (Ratio ofstopping times) = mv, p, am 





9. For P,| = P, ; K.E. of lighter mass is more. 
10. For two bodies with equal KE; the heavier mass has larger momentum. 


11. The graphical relations between KE (E,,) and linear momentum ‘p’ are as under. 


E, VE, 
t 
VE, 
I 
—>)p —> p l; p 


Fig. (a) Fig. (b) Fig. (c) 


12. (a) Foran electron; Me = 9.1 x 10>! kg = 0.53 MeV 
(b) Fora neutron /protonm = | amu = 1.67 x 10” kg = 931.5 MeV 
(c) For alpha particle m = 6.68 x 10°’ kg = 3724 MeV 
(d) Form= 1 kg; E = 9x10" J = 5.6 x 10° MeV 
13. (a) Fora body in stable equilibrium 
P.E. =U = MINIMUM; a = Positive and = 0 
” dx? dx 
(b) Inunstable equilibrium; 


dU | d'U | 
ao 0; U = Maximum; de = Negative 
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(c) Inneutral equilibrium 


Dao a d U = tant 
kor and U = constant. 
14. Ifan elastic spring with spring constant k is cut into n parts of equal length; the spring constant of each 
part is nk. 
15. For a spring with constant k, length ¢ cut into two parts with 7, +£, = £, we have 
k(£,+2 k(4 +£ 
j as), 2) and k, read 2) 
1 2 
1 1 : l 
16. For springs in series 7 T 
prng k k k, 
17. For springs in parallelk =k, +k, 
18. Connecting springs in parallel increases spring constant whereas in series reduces spring constant. 
Example—36: 


A body ofmass ‘m’ moving witha velocity ‘u’ collides elastically with another body at rest and continues 


u 
to move in the original direction with a speed z` Find the mass ofthe second body. 


Solution : 
We have m, =m m, = x (Say) 
u,=u u, = 0 
u 
v5 5 





sae i a Pee 
As Vi = Us we get 


or 


m; +m, 
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Example—37 : 


Two bodies A and B have masses m and 4 m. A collides head on elastically with B (at rest). Calculate the 
percentage of KE ofA transferred to B. 


Solution : 
We have m, = m; m,=4m 


u,=u(say) u,=0 
2m, l 
AS Loi u, 
m, +m, 


Weget V) =u = 
© Br 5m 





^u 
5 
l 2 
KEofB (after collision) 2 1V2 
Initial KE of A 1 mv? 
2 
2 
(4m) É J 
_ 5 
mu? 
16 
25 
16 


= — x 100 = 64% 
25 


Example—38 : 


A body at rest emits a particle of mass ~ th ofits original mass with a certain velocity. Calculate the ratio 
of their (1) momenta (11) KE after emission of the particle. 

Solution : 

Initial momentum= 0 


+ Finalmomentum = 0 
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or P, +p, =0 
=\p| =p) 
Pi] 
P2 


KE of emitted particle _ P eA) 3+] 


KE of residual part VA n) 
2| m—— 
4 


Example—39 : 


A sphere of mass m moving with a velocity u hits another stationary sphere of identical mass. Ife is the 
coefficient of restitution, what 1s the ratio of the KE of the spheres after collision? 


Solution : 
We have, m, =m, =m 
u =u; u, =0 
From principle of conservation of linear momentum, we have 
mu, T mu, 7 MV, T m,V, 
- mu +0 = my, + mv, =m (vt v,) 
= on e Cette (1) 


v -vı ee ie 


Also = =< 
lu, -u| u—0 u 








e a a (2) 


V; e 
From (1) and (2) — 
2 





P 2 
è K _2 (== 
K, Saye l+e 
2 
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Example—40 : A 


In the figure shown; a ball B of mass m is suspended from a rigid 
support A, by means ofa massless string. Another ball A of identical 


mass ‘m’ travelling horizontally towards B hits it elastically head on. 
10 m/s nn 


At the moment ‘A’ hits ‘B’; the string breaks on its own and the ballsA A Gj B 
and B fall on ground XY. Calculate the distance between the points at M T 
which the balls hit the ground. [Use g = 9.8 ms7] 4.9m 


Solution: X 


We have m, =m; m, =m 


u, = 10 m/s; u,=0 
V; -[ ata = ls =0 
m, +m, 


v, [ry - (22 ho =10m/s 
m,+m, 2m 


Hence the ball A comes to rest and falls vertically downward just below B. 


l 
Time taken by A to fall down is given by h = 5 gt” 








t? 2x4.9 = t ls arer prae 

or = = r Pi ` = ` 

9.8 A p J ,  Y 

Horizontal distance covered by B in 1 s=v, xt ———— > 
=10m 


Hence the required distance = 10 m 
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PROBLEMS FOR PRACTICE 


A block of mass 10 kg is pressed against a vertical wall by a normal force of 300N, the coefficient 
of friction being 0.5. Calculate the work done to displace the block through 5m (1) horizontally (11) up 
the wall (11) down the wall. [Use g = 10 ms] 


Ans: (i) 375N, (ii) 1250N, (iii) 250 N 


A block slides down an inclined plane of slope 9 with a uniform velocity and reaches the foot of the 
incline. The block is then projected up the plane with an initial speed ‘u’. How far up the incline will 
the block move before coming to rest? Will it slide down again? 


2 


—; No 
4g sin 0 





Ans: 


A 500 g knife penetrates 5 cm into wood as it falls through a height of 5 m. How much will it 
penetrate if it is thrown horizontally at 15 m/s? [Use g = 10 ms”] 


Ans: 11.25 cm 


A 20 g bullet travelling horizontally at 100 ms” embeds itself in the centre of a wooden block of mass 
1 kg and suspended by means ofa 1m long ideal string. Calculate the maximum inclination attained 
by the string with the vertical. 


Ans: 37° 


A flat truck is loaded with rates having coefficient of friction 0.25 with the truck. Calculate the 
shortest distance over which the truck can be stopped without letting the rates slide if the truck in 
initially moving at 30 kmhr"™. 


Ans: 14.16 m 


A body of mass ‘m’ slides down a length p ofan inclined plane with angle of inclination 9 with the 
horizontal. Calculate its speed at the bottom of the incline. How far further will it slide on an identical 
horizontal surface before coming to a stop? 


Ans: /2g¢(sin @—1cos8), £ (sin —p1cos8) 
u 


Calculate the power developed by a grinding machine whose wheel has a radius of 0.20 m and is 
making 150 rpm to sharpen a tool pressed with 20 kg f. Given = u 0.3 between the tool and the 
wheel. 


Ans: 185 W 


The figure below shows the vertical section of a frictionless surface. A 2 kg block is released from 
position P. Compute its velocity at Q, Rand S. 
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Ans: 12.12 ms; 9.9 ms; 14 ms 


p 


j R 


10m 


| 


A block ofmass 2 kg is dropped from a height of40 cm on a spring whose spring constant is 1960 
Nm". Calculate the maximum compression in the spring. 


Ans: 10 cm 


A bullet ofmass 0.01 kg moving at 500 m/s strikes a 2 kg block suspended by a 5m long string. The 
c.g. ofthe block rises by 10 cm. What is the speed with which the bullet emerges from the block? 


Ans: 220 m/s 


A ball is thrown vertically downward from a height of 10 m with a velocity v,. It collides with the 
ground lossing 50% of its energy is collision and rebounds to the same height. 


Find the initial velocity v, and the height to which the ball would rise after the collision ifthe ball were 
thrown upwards with same velocity. 


Ans: 14 m/s; 10 m 


A flexible but inextensible chain of length p is placed on a smooth table with an intial length ‘a’ 
hanging down the table. Calculate the velocity with which the chain will leave the table if released 
from root. 


Ans: (e -a° ) 


A uniform chain of length and '¢' and mass m overhands a horizontal table with three fourth ofthe 
length on the table. Ifis u the coefficient of friction between the chain and the table, calculate the 
work done by the force of friction during the period it slips off the table. 


S: ZM 877 


A pendulum bob of mass 10° kg is raised to a height of 5 cm and released. At the bottom of the 
swing, it picks up a mass of 10” kg. To what height will the combined mass rise? 


Ans: 4.545 x 107m 
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The figure shows five identical springs with spring constant k arranged and supporting loads m in 


each of the cases. Calculate the ratio of the elongations (2 las ) produced in the three cases. 





Ans:2:4:1 
The displacement x of a 2 kg object varies with time ‘t’ as x = 2t? + t + 5. Calcualte the power 
development at t = 2s. 


Ans: 72 W 


At high attitude, a body explodes at rest into two equal fragments with one fragment receiving a 
velocity of 10 nys. Calculate the time taken by the two radius vectors connecting the point ofexplosion 
to the fragments to make 90° angle between than. What is the ratio of their KE at this instant? 


Ans: 2s;1:2 
A massless strong of length Lis suspended from a rigid support in a vertical plane. A bob of mass m 


is attached to the free and of string. The bob is given a horizontal speed v, = 4/3.58 L inits equilibrium 


position. Calculate the maximum height and the speed of bob in tts vertical circular path. 


Ans: 1.5 L from bottom ,/0.5 gL 


A ball is dropped from a height H. The ball undergoes two successive 50% of H. What is coefficient 
of restitution between ball and floor? 


Ans: (0.5) 


Two blocks A and B ofthe on a smooth horizontal table. The mass of block A and B 1s 2 kg and 5 
kg respectively. Initially A is moving witha speed u, = 10 m/s as shown in Fig. Block B has spring of 
spring constant 11.2 N/cm attached to it and is moving with a speed u, = 3ms '. Block A colloides, 
perfectly elastically with B. 





(1) | What is maximum compression of spring? 
(1) | What is speed ofA and B when they seprate from one another? 
Ans: 0.25 m; zero and 7 ms! 
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21. 


2; 


TD. 


24. 


25. 


Two particles A and B ofmass 20 g and 40 g are projected simultaneously from ground in vertical 
plane with same speed of 49 ms" as shown collosion. After collosion a retraces its path. How long 
after collision particle B hits ground? 

Ve Vg 


45° (35° 


A B 
H——— 245 m — 


Ans: Nearly 3.6 s 


A shell of mass M moving with a speed of 5x10° ms” breaks up into three fragments of equal 
masses. In the process the K.E. of system increases by 50% ofits intial value. What is the maximum 
velocity one fragment can accquire? 


Ans: 10°ms7! 


A body of mass M has an initial kinetic energy K. Due to an internal spring mechanism it divides itself 
into two parts having masses in ratio of 1 : 3. The two fragments move on either side of the original 
direction of motion ofm making equal angle of 30°. What is energy released by spring mechanics? 


Ans: 7 k/g 


A bullet ofmass 2g moving in a horizontal direction with a speed of 5x10’ms" hits a wooden block 
of mass 1 kg initially at rest. The bullet emerges act of block with a speed 20% of initial speed and 
the block moves a distance of 200 mm on the surface from tts initial position. What is (1) coefficent of 
function between wooden block and surface in contact, (11) decrease in K.E. of bullet? 


Ans: (i) 0.163, (ii) 240 J 


Two balls A and B of mass 10 g and 30 g are moving towards one another on a smooth horizontal 
surface with initial speed of 200 ms" and 10 cms" respectively. The two undergo a perfectly elastic 
head on collision. What is velocity of each ball after collision? 


Ans: —25 cm s”? and 5 cm s7! 


480 


481 


A program to give wings to girl students 





QUESTION BANK 
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Key Learning Points 


Work done (W) by a constant force F in producing a displacement S in a body is given by 
W =F.S=FScos@where Q is angle between F and S. 


The work done by a variable force is given by W = area under force vs displacement graph 


=F. S = | Fdscos6 


Tt 
Work is a scalar. It is positive if 0 is acute and negative if 0 in obtuse. Work done is zero if 9 = z: 
SI unit of work is joule (J) or Nm. 


Work done on a body bya given force over a given displacement is independent of the time taken to 
produce the displacement. 


Gravitational , electrostatic and magnetic forces are conservative forces. Work done by such forces 
to move a body between two points is independent of the path followed between the points. 


For a spring with initial deformation x, to a final deformation x,; the work done in given by 
l 2 2 
W= 7 k (x — Xx; 
The energy stored in a spring with spring constant k; compressed or elongated through ‘x’ from its 
original length; the energy stored in given by 


vate? 
2 


The power of an agent is defined as the rate of doing work. 


Mathematically P = a = 2e 
dt dt 


= F.v gives the instantaneous power 


Average power P = Loe = W 


Total time t 


Power is a scalar quantity. Its SI unit is watt (= 1 Js’). The practical unit of power is horse power. 
Where 1 HP = 746 W. 


Energy ofa body is measure ofits capacity to do work. It is a scalar with units and dimensions same 
as that of work. Some practical units of energy in common use are: 
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11. 


12. 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


1 calorie = 4.2 J 
1 kw hr = 3.6 x 10° J 
leV=1.6x 10 J 


Energy can exist in nature in many forms. Machanical, electrical, wind, hydel, chemical, thermal, 
sound, light, nuclear, solar etc. are some examples. The energy can change from one form to another. 


According to the principle of conservation of energy; the total energy ofan isolated system always 
remains conserved. The energy may however change from one form to another form. 


The energy present in a body by virtue of its motion is called kinetic energy. It may be translational or 


rotational energy. We have 


l 
Translational KE = 5 mv’ 


where m is mass and v the velocity ofthe body. 


| loa 
Rotational KE > Io 
where I is the moment of inertia of the body and œ the angular velocity of the body about the given 
axis of rotation. 


The energy stored in a body by virtue of its position w.r.t. earth is called gravitational potential energy 
and is given by mgh. 


m is mass of the body, g acceleration due to gravity and ‘h’ the height above a certain reference level. 
The total P.E. and K.E. ofa body is termed as mechanical energy. 


The K.E. of a body in always positive. The PE and total mechanical energy of a body may be 
positive, negative or zero. 


Repulsive forces generate positive energy and attractive forces generate negative energy. A negative 
value of mechanical energy indicates that the body is in bound state. 


According to work-energy theorem, work done by a body is equal to a decrease in its K.E. The 
work done on a body equals an increase in energy. 


Mass and energy are interconvertible and are related as E = mc? (Einstein mass—energy relation). 
where m is mass and c the speed of the light in vacuum = 3x10* m/s. 


When the interaction between two bodies results in a change in their momenta; the bodies are said to 
have undergone a collision. The collision may be elastic or inelastic. 


In a perfectly elastic collision; the KE of the system remains conserved. 
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In an inelastic collision, there is a loss of K.E. In a perfectly inelastic collision; the colliding bodies 
stick together after collision and move as a single object. 


The principle ofmomentum conservation is always obeyed irrespective of the nature of collision. 
In a head on collision, the initial and the final velocities of the bodies are along same line. 


For such elastic collision; we can apply following equations. 
mu, +m,u, =m,v, +m,Vv, 


l 2 7 2 l 2 
-mu +t- m,u, = -mV +t-m,V, 
2 2 2 2 


The final velocities after collision are given by 


m -m, 2m, 


2m, m,—m, 
and V2>= u + u, 
m, +m, m, +m, 
The ratio ofrelative velocity afer separation to the relative velocity of approach before collision is 
called coefficient ofrestitution. We have 


[va =y] 


ju —u,| 


e = | for perfectly elastic collision. 


e = 0 for perfectly inelastic collisin. 


O<e<l 
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Unit—4 : Work, Energy and Power 


Average 


1. A block of mass M is placed on smooth inclined plane of inclination 
0. An ideal spring has one end fixed to a rigid support at A. The 


Mg 
spring constant, k, of the string is (Me . The block is not attached 


to the spring. The block is pushed up the plane through a distance 
‘a’ along the plane from the uncompressed position of the spring 
and released. The speed of the block when it just gets datached 


from the spring is 
(1) yga 
(2) 2ga 


(3) ./ga(1+2sin6) 


(4) ./ga(1+2cos®) 


Correct answer: (3) 


Solution: 


Conservation of Energy 


A 





(Incorrect) 


(Incorrect) 
(Correct) 


(Incorrect) 


Take the initial position of the mass with the spring compressed as zero gravitaional potential energy 
position. When the block and the spring are released; the potential energy of the spring and the decrease 
in gravitational potential energy of the block get converted to kinetic energy of the block. The block moves 


down through a vertical distance = a sin 0 . From law of conserveration of energy the gain in K.E. equals 


loss in total potential energy of system. 


i = My" = ka’ +(Mg)asin 0 


~5[ ME a + (Mga)sino 
or v =ga+2gasin0 

= ga(1+2sin60) 
v =,/ga(1+2sin6) 
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Easy Kinetic Energy 


2. A bullet of mass m leaves the barrel of a gun of mass M with a velocity v. The gun is known 
to recoil with a velocity V. If k and K respectively denote the kinetic energies of bullet and 
the gun respectively; then 


a) K= a) k (Incorrect) 
(2) K= 2 k (Incorrect) 
3) K= = k (Correct) 
(4) K= (=) k (Incorrect) 


Correct answer: (3) 
Solution: 


We known that the momenta acquired by the bullet and the gun have equal magnitude (Principle of 
conservation of linear momentum). 


— 


~, Momenta of bullet and gun = P| each. 


The kinetic energy k and K of bullet and gun are: 


kal 
2m 
2 
and pat 
2M 
K_m 
k M 
m 
K=— k 
or F 
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Unit—4 : Work, Energy and Power 


Average Work, Energy Theorem 


3 


A particle slides along a track with elevated ends and a flat central part of length '/'. The 
curved paths are frictionless and the flat part BC has a coefficient of kinetic friction u, . 
The particle is released from a point A at a height ‘h’ above the flat part BC of the track. It 
moves along BC (or CB); a distance n/ coming to rest. Value of n is 

A D 


LA 


a t am 
h? 
(1) Hk T (Incorrect) 
h 
(2) uf (Correct) 
{ 
(3) 7 (Incorrect) 
h 
(4) by 7 (Incorrect) 


Correct answer: (2) 


Solution: 


The initial potential energy mgh ofthe particle is used in doing work against friction in the flat part BC. 


The distance travelled along BC before coming to rest = S = n./ 


W =the work done against force of friction = F, .S 


=u,mg.S = (u,mg)né 


By work-energy theorem; 


Work done = Change in energy 
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u,mg nf’ = mgh 
h 
n = — 
H, 
Unit-4 : Work, Energy and Power 
Average Work, Energy Theorem 


4. A solid sphere of density half that of water falls freely under gravity from a 19.6 m high 
bridge and then enters inside water. It travels a distance d inside water and then starts 
moving upwards. tis the time after which the sphere is back to the surface. Then 


(1) d=19.6m, t =2s (Incorrect) 
(2) d=19.6m, t =4s (Correct) 
(3) d=9.8m, t= 8s (Incorrect) 
(4) d=9.8m, t= ls (Incorrect) 


Correct answer: (2) 


Solution: 


Let m be the mass of the sphere and p its density. Then density of water is 2p . Kinetic energy of ball as 
it hits the water surface = mgh 


= 19.6 mg joule 


Net upward force on sphere when it is inside water = upthrust — weight of the ball 


m 
=| ™«2pe}-me 
p 


Let the sphere go to a depth d inside water; when it is momentarily at rest. We have, 


Work done = Change in K.E. 
mgxd=mgx19.6 


or d=19.6m 


u = velocity the sphere as it hits the water = u = ./2¢h 
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UDAION 
or y= V2x9.8x19.6 = V19.6x19.6 
= 19.6 m/s downwards 

Inside water, acceleration = 9.8 m/s? upwards 

Let t, be time taken by sphere to come to rest inside water. 

Using u + at =v, we get 

19.6—9.81=Oort, =2s 

Again time of ascent = Time of descent 
= 2s 

<. t= The time spend inside water = 2s + 2s 
= 4s 

Option (2) 


Unit—4 : Work, Energy and Power 
Easy Work, Energy Theorem 


5. Two identical blocks of mass 20 kg each are moving at 5 m/s towards each other on a 
frictionless horizontal surface. The blocks collide; stick together and come to rest. 
Considering the blocks as a system, the work done by the external forces and the internal 
forces respectively are 


(1) W,,=90 W,,=—-500 J (Correct) 
(2) W_,=90 W.=+500 J (Incorrect) 
(3) W_,=-500J W. =0 (Incorrect) 
(4) W_,=+500J W. =0 (Incorrect) 


Correct answer: (1) 
Solution: 


As there are no external forces acting on the system; work done by the external forces 1s zero. 


. W =0J 


ext 


l 1 
Total initial K.E. ofthe system = > mu’ + mu’ 
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= + x20x (25) +=(20)(25) 


= 500 J 
Final K.E. of the system = 0 (The blocks came to rest) 
By work energy thorem; work done by internal forces, W._ equals change in K.E. 
s. Wee Final K.E. — Initial K.E. 

= 0 J—(500 J) = -500 J 


The negative sign of work in due to the fact that the internal forces of action and reaction oppose the 
motion of masses. 


Unit—-4 : Work, Energy and Power 
Average Work, Energy Theorem 


6. A particle of mass m at rest at A; is moved very slovely up a irregular shaped hill as shown 
in Fig. The particle is moved from bottom (i.e. A) to the top (i.e. B) of hill. u is coefficient of 
friction. The external applied force F is always tangential to the instantaneous position on 
track. The net work done by F is 


B 
nad || 
h 
A C 
(1) mgh e<. (Incorrect) 
umg/ 
(2) ( +h? )’ (Incorrect) 
(3) mg (h = ul) (Incorrect) 
(4) mg (h + ul) (Correct) 


Correct answer: (4) 
Solution: 


The net work done (= W) 1s sum of gain in gravitational potential energy of mass and the work done against 
friction. 
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U = gain in gravitational P.E. = mgh 


To calculate work done against friction we can assume that block moves an incline of inclination 9 as 


shown in Fig. The work done 


W, =f, x AB = [umg cos 6]x AB 


4 
mane| a 


= umg/ 


W=u+W, 


=mg(h+p/) 


Average 


T: 


VE +h? 


Unit-4 : Work, Energy and Power 


Conservation of Energy 


Two blocks of mass 5 kg and 10 kg are connected by a massless 
inextensible string passing over a frictionless pulley. The 5 
kg block rests on a frictionless surface. It is connected to a 
spring of force constant 100 Nm“ as shown in Fig. Ais a rigid 
support. The blocks are released from rest when the spring in 
unstretched. The 10 kg block is allowed to fall through Im. 
The instantaneous kinetic energy of the two blocks at this 





moment and the maximum extension in the spring when the 
blocks momentarily come to rest are: [Use g = 10 ms] 


(1) 


(2) 


(3) 


(4) 


|2 m/s; 4m 
3 
2 fž m/s; 2m 


V20 m/s; 2V2m 
Y20m/'s; =m 


(Incorrect) 


(Correct) 


(Incorrect) 


(Incorrect) 
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Correct answer: (2) 
Solution: 


As the hanging block falls; the potential energy (Mgh) changes to K.E. ofthe blocks and the potential 
energy of the spring. The distance ‘h’ through which the block falls is equal to the extension in the spring. 


From law of conservation of energy, we have 
Mgh =—(m+M)v +—kx 
2 2 
Given M = 10 kg; h = Im; k = 100 Nm'!;x=h=I1m 
l 2 l 2 
10x10x1=—(5+10)v + %100x(1) 


~ 100 20 
y = —— = — 
15 3 


5 
v=2,/—m/s 
vik 


Let H be the maximum distance of fall of block. 


In this position both masses are at rest. The 100% gravitational P.E. lost by M is converted in potential 
energy of spring. 


; + ki = MgH 


— 2x10x10 _ 
100 


2m 


Unit—4 : Work, Energy and Power 
Average Work, Energy Theorem 


8. Anet force of 5 N actona 15 kg object initially at rest. The work done in the third second 
and the instantaneous power at the end of the third second are 


(1) 7.5 J; 7.5 W (Incorrect) 
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(2) 7.5J;5 W (Incorrect) 
25 

(3) T J; 7.5 W (Incorrect) 
25 

(4) FA J; SW (Incorrect) 


Correct answer: (4) 
Solution: 


We have F = 5 N, m= 15 kg, u= 0 


S, =Displ t in third second = u+ (2n —1) 
E Iisplacement 1N third second = > 


l 5 
ENE T 
F zm 


Work done in the third second = ES, 
= 5x 2 =— J 
6 6 


v = Instantaneous velocity at the end of 3“ second =u + at 
l 
=0+ A x3=I1m/s 


- P =Fy=5xl=5Js° or5 W. 


inst 


Unit—-4 : Work, Energy and Power 


Average Work, Energy Theorem 


9. A vehicle is under the action of a constant force and moving along a straight horizontal 
track. At t=0; u=0. There is no air resistance or friction. The vehicle acquires a kinetic 
energy K in time t and power developed by the motor is P. The graph which correctly 
represents variation of P with time ‘t’ is 
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L 


—t 
(1) (2) 


P 
oe I 


— T 
(3) (4) 
Correct answer: (4) 
Solution: 


As the force exerted on the vehicle is constant; the vehicle will move with a constant acceleration. Let ‘a’ 
be the acceleration produced. 


Velocity of the vehicle at time “t’= v = at. 
We have u = 0 
<. Initial K.E. =0 


l 
KE at time t = K = amv 


zomat 
2 


From work-energy theorem 


Work done = Change in KE of particle by applied force 
l 242 
. W=-—ma't 
2 


The power; P, developed by the motor is 


Pee aa a't 
t 2 
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We observe 
= *(ma) (at) 
2 


-f Pat 
2 


The P vs ‘t’ graph is a straight line passing through the origin. 


Unit—4 : Work, Energy and Power 
Average Conservation of Mechanical Energy 


10. A particle of mass m is projected with velocity ‘u’ at an angle 9 with horizontal. During the 
period when the particle descends from the highest piont in its trajectory to a point where 
its velocity vector makes an angle half the angle of projection with the horizontal; the work 
done by the force of gravity is 


l 0 
(1) ~ 5 mu’ cos’ 0 tan’ 5 (Incorrect) 
l 2 2 Ø tan? 9 
(2) es cos’ Otan 5 (Correct) 
(3) mu tan’ > (Incorrect) 
2 2 
l 2 2 0 2 
(4) T sec m 0 (Incorrect) 


Correct answer: (2) 
Solution: 


At the highest point, A, in the trajectory; only horizontal component 


Y 


of velocity u will be present 1.e.ucos 9. At P, the instantaneous 


0 
velocity v, makes an angle > with the horizontal. 





0 
Horizontal component of v= v cos 2) 
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As horizontal component of velocity remains constant, we have, 


V COS 2) = ucosĝð 
2 


ucos@ 





COS — 
2 


Work done by force of gravity. 
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= Change in K.E. fromA to B. 


= ee -im(u cos oy 
2 2 


-1 





l 
cos? 2 
2 


= L cos? [se a 7 
2 2 


= = ae cos’ 0 tan? 2 
2 2 


Option (2) 

Unit—4 : Work, Energy and Power 
Average Conservation of Mechanical Energy 
11. Two blocks of mass m and M are placed on a table with coefficient of friction u. The blocks 


are joined by a spring of spring constant k. The minimum force F applied to B which just 
makes A to move (See fig) is 





B 
A F 
M+m 
(1) H 5 g (Incorrect) 


497 


A program to give wings to girl students 


(2) u(M-m)g 


umg 
2 


m 
(4) uel M 4 


Correct answer: (4) 


(3) uMg- 


Solution: 


(Incorrect) 


(Incorrect) 


(Correct) 


Mass m (or body A) will be on brink of moving when the force applied by the spring (1.e. kx) is just equal 


to the force of limiting friction between A and surface in contact. Therefore 
kx=umg ae (1) 


x 1s the elongation in the spring 


umg 
x= at (2) 


The force will be mmimum for M when it has no kinetic energy. Applying work energy theorem to M, we 


get 
Work done = Change in kinetic energy 


(F-uMg-kx)dx=0 


D ee, x 


Fx- Mgr- ke =0 
l 
or PEME a 
|, { umg 
Mg 5 k{ e28) 


l 
= Mg eo mg 


l 
= M+—m 
uel l ) 
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Unit—4 : Work, Energy and Power 
Difficult Transformation of Energy (Work Energy Theorem) 


12. Two cylindercal vessels of equal area of cross-section ‘A’ contain a liquid of density p upto 
heights h, and h,. The vessels are interconnected by a pipe fitted with a value tap. The tap 
in opened to connect the two vessel and allow flow of liquid so that the level in the two 
vessels becomes equal. The work done by the force of gravity during the process is 


proportional to 

(1) (hh) (Incorrect) 
(2) hy (Correct) 
(3) (hth) (Incorrect) 
(4) (hh) (Incorrect) 


Correct answer: (2) 
Solution: 
Initial level of water in A= h, 


Initial level of water in B = h, 


; . h, +h, 
Final level of water in A and B = a 
Leth, >h,; 
h,+h h, =h 
Fall in water level in A = h -Hit = = 
h, +h h, -h 
Rise in water level in B = (An, ] = — 


h, Z h, 
Mass of water transferred = m= PA -> 








h, E h, h, E h, 
Work done = Change in gravitational P.E. = PA 3 g 


=a(h,—-h,) 


Option (2) 
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Unit—4 : Work, Energy and Power 


Average Conservation Forces and Energy 


13. A bullet ofa certain material at a temperature 9°C is fired from a horizontal surface with a 
velocity ‘u’ at an angle a with the horizontal. The bullet moves in its trajectory and returns 
to the same horizontal level to strike a huge ice block at 0°C. Assuming that the entire 
energy of the bullet is used in melting depends the mass ‘m’ of ice melted 


(1) Bothon a and 0 (Incorrect) 
(2) Onlyon a but not on 6 (Incorrect) 
(3) Onlyon @ but not on a (Correct) 
(4) Neitheron a not 0 (Incorrect) 


Correct answer: (3) 
Solution: 


The kinetic energy of the bullet fired changes to partly kinetic and partly potential at the highest point. The 
body however returns to the same horizontal with K.E. equal to the initial K.E. irrespective of the angle of 
projection 'q'. So (KE +mc @ ) is the total energy available for melting ice. It depends on 9 but not on 
a . Option (3). 


Unit—-4 : Work, Energy and Power 
Average Energy 


14. The potential energy of a 1 kg particle free to move along the X—axis is given by 


V(x)=—-— (in Joules) 


The total mechanical energy of the particle is 2J. The maximum speed of particle (in ms“) 
is 


i 
(1) T (Incorrect) 
(2) 2 (Incorrect) 


(3) (Correct) 


Sje 
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(4) 2 (Incorrect) 


Correct answer: (3) 
Solution: 


4 2 
Given potential energy V = ao Joule 


l = dV 
For maximum or minimum; —— = 0 


dx 


or x —-x=0 or x(x? -1)=0=>x=0, -1 or | 


2 
2 Y eai 


a 





2 
Atx=0; ao —1<0 which implies maximum v(x) 


2 


At x=Łl; = 2 > 0, Hence PE is minimum for y = +] 





From law ofconservation ofenergy. 


Vinin tKa = Total energy 


mee +K =2J=>K,,,. ae J 
4 2 4 4 
ls, 9 3 
—mv => or V.. =—=m/s = 
2 max 4 max J2 (Given m= | kg) 
Unit—-4 : Work, Energy and Power 
Easy Energy 


15. A body with kinetic energy K moving in +X direction splits up into two parts A and B of 
equal mass on its own. Part ‘A’ moves back in —X direction with a velocity equal in magnitude 
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to the initial velocity of the body. The kinetic energy of part B will be 


(1) K (Incorrect) 

(2) 4K (Incorrect) 

(3) = (Incorrect) 
9 

(4) a K (Correct) 


Correct answer: (4) 
Solution: 


Let m be the mass of the body and K its initial kinetic energy. We have 


l 
K= mw’ (1) 


The velocity of one part =—u. 
Let x be speed of second part along +ve x—axis. 


Applying momentum conservation principle. 


m m 
mu =—-—u+—x>x=3u 
2 2 


Unit—-4 : Work, Energy and Power 


Average Kinetic Energy 


16. Two identical rail cars of mass M each placed on a horizontal frictionless surface near each 
other are initially at rest. A cat C of mass ‘m’ initially on A jumps with velocity u to B and 
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immediately jumps back to A with same speed v relative to the surface. The ratio of the 
final kinetic energy of car A (with cat) to that of B after the cat jumps out is 


M[s] [AM 














2m 
(1) rey (Incorrect) 
iii 2 
(2) í TIM j (Correct) 
M 
(3) TIM (Incorrect) 
M 
(4) í m =) (Incorrect) 


Correct answer: (2) 

Solution: 

Momentum imparted to B by the cat jumping on it = mu 
Momentum imparted to B as the cat jumps out = mu 

~, Total momentum of B =2 mu 


P 7 4mu’ E 2m°u’ 
2M 2M M 








KE of B= 


Similarly, 
Momentum imparted to A= 2mu 


Total mass of and cat = m + M 








Amu’ — 2m*u’ 
KE of A= 2(m+M) m+M 
K,_ OM 
K, m+M 
Option (2) 
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Unit—4 : Work, Energy and Power 
Average Power 


17. A constant power P is applied to a particle of mass ‘m’ to increase its speed from v, to v,. 
Assuming the surfaces to be frictionless; the distance travelled by the particle is given by 


3P 


(1) a (v -vi ) (Incorrect) 
3P / a 2 

(2) am ( V3- V] ) (Incorrect) 
M/ 2 2 

(3) 3p (v — V] ) (Incorrect) 
M/ 3 3 

(4) 3p (v -Vi ) (Correct) 


Correct answer: (4) 
Solution: 


We have power P = F.v = mav 


dv PẸ vdv PẸ 
= — O = 


dt mv vdt mv 
vdv _ P 
or ds mv 
be vdv =—-dS 
m 


504 


UDA AN 
A program to give wings to girl students 
m 
or sS=— v? = y? 
3p\* 


which is option (4). 


Unit—-4 : Work, Energy and Power 


Average Power 


18. A body is constrained to move along a straight path. It starts from rest and is moved by a 
machine delivering constant power. The variation of the ratio of its displacement to velocity 


3 
S) with time ‘t’ is best represented by the graph. 


Si ho 


Sy —> S/y —> 
Siy —> S/y —> 
(3) (4) 


Correct answer: (2) 


Solution: 


As work is done on the body by a machine delivering constant power; we have work 
W=Pt 


The work done on the body is stored in it as kinetic energy. 


2 


—mv = P.t 
2 
» 2P 
or v =—t=at 
m 
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> vat or v=kt” 


2P 
Where k’ = am. and k is a constant. 


Displacement dS in time interval t to t + dt is 


dS = v dt = kt”dt 


. S= fas= frat 1 


2 


or Sat” 
t” 
Hence — 4 ~ or —at 
v t? V 


S 
“. The graph Vy v/s t should be a straight line through origin which is option (2). 


Unit—-4 : Work, Energy and Power 


Difficult 


Power 


19. An electric motor is used to deliver water through a given pipe at a certain rate (volume per 
second). To deliver n times water using the same pipe; the power of the motor has to be 


increased by a factor. 


d) n 
2) n 
3) nm 
(4) n 


Correct answer: (2) 


Solution: 


(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 


Let A, v and p respectivelly denote the area of the pipe, the speed of water and the density of wtaer. 


dm 
.. Mass of water flowing out per sec. = a = 


Avp 
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To getn times water in same time 
or A'v'p'= n(avp) 
But A’=Aand p'=p (Same pipe is used) 


' 


. V=nv 


d 
The force exerted by motor = v (= , 
Since power (P) is F.v, we have 





F ov(™%) — v(#%) 


Pi_Fiv'_(F)(v! 
P Fy Fi} \v 


FY v'(%) — nv(n4% ) _ 





- P'=n°P 


Factor by which power is increased n°. Option (2) 


Unit—-4 : Work, Energy and Power 


Difficult Power 


20. A man of mass M can throw a stone of mass m horizontally with a velocity v, relative to 
himself while standing on a firm ground generating a power P. He throws the same stone 
with velocity v relative to himself standing on skates on smooth we delivering a power P.. 
The above quantities are related as 


(dy). w= P=. (Incorrect) 
(2) vi>v;P,>P, (Correct) 
(3) vi>v;P,=P, (Incorrect) 
(4) vi<v;P,<P, (Incorrect) 


Correct answer: (2) 
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Solution: 


Case (1): The work done by the man is converted to KE ofthe stone. 


. W= 4 nv? 
2 
Case (2): In applying the same force as in case (1), the work done gets converted partly into K.E. ofthe 


stone and partly into his own K.E. 


l 2 l 2 1 2 
. mv; =—mv,+—MV 
7 1 2 2 a ( 1) 
V = speed of man; v, = speed of stone. 
From law of conservation of linear momentum. 
mU, =MV 
M 
Vo=— Vn 2 
m 2) 


2 
m 
From (1) mv, = mv; +M) Tv, 
v =v; eo =. A 
M M 
. Vasy 1 = V S 
© 7 NM+m \M(M+m) 
Veins y S. aaa =V D 
and OO M? M 'M(M+m) '\M(M+m) 


Velocity ofthe stone relative to the man 


V} M +m 
= v, = V, +V = =M + m| =v; — 
M(M+m) V M 


>V, > V; 
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Also Power = Force x velocity 
< P, =F.v.; P, >P, and P =Fv, 


Hence option (2) is correct. 


Unit-4 : Work, Energy and Power 
Easy Power 


21. Inthefigure; P, and P, are two light, frictionless pulleys with a 50 kg mass connected to P, 
moving upwards with a uniform velocity of 1 m/s due to a force F applied at the free end of 
the string. The work done to move the mass up through 5 cm and the power delivered by 
the force are [Use g = 9.8 m/s?| 





(1) 24.5 J; 490 W (Correct) 
(2) 24.5 J; 245 W (Incorrect) 
(3) 49 J; 245 W (Incorrect) 
(4) 49 J; 490 W (Incorrect) 


Correct answer: (1) 
Solution: 


The free body diagrams of point A and pulley P, are as shown in Fig. (a) & (b). 


We have 2T = Mg = 50 x 9.8 T T 
I P 
490 ° 
on F=T=245N F 
Mg 


To move block up through 5 cm; work done is W = mgh 
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= 50x9.8x—-=24.5] 
100 


For an upward velocity of 1 m/s of the block; the string at A must be pulled at 2 m/s because each side of 


the chord at P, must move up by Im in one see. 
<. Power at A= F.v 


= 245 x 2 = 490 W 


Unit-4 : Work, Energy and Power 


East 


Collisions 


22. A ball ‘A’ of mass ‘m’ collides with another ball ‘B’ of identical mass at rest. The collision is 
head on and the coefficient of restitution is e. The ratio of velocities V n and Vs after collision 





is 

l+e 
Ta 

Ive 
(2) l+e 
; l+e 
D 3 
(4) e 


Correct answer: (2) 
Solution: 


By definition of coefficient of restitution, we have 


Relative velocity after collision 


C= 
Relative velocity before collision 


VB Va 





"E =e Of VTV 5U n, (1) 
mv,+mv,=mu>v,+V,g=U an (2) 
From (1) & (2) we have, 
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(Incorrect) 


(Correct) 


(Incorrect) 


(Incorrect) 
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Va =(1+e)— 
v, =(l-e)= 
v, _l-e 
Vy Ie 
Unit—-4 : Work, Energy and Power 
Easy Collisions and Conservation of Momentum 


23. A block of mass m moving with a velocity v collides with another block of mass M at rest. 
The two blocks stick together due to the collision. The loss of K.E. expressed as a fraction 
of total initial kinetic energy is 














l = C t 
(1) —S (Correct) 
ja Incorrect 
(2) Te (Incorrect) 
M? 
3 In t 
(3) aM (Incorrect) 
_ Incorrect 
(4) TIM (Incorrect) 
Correct answer: (1) 
Solution: 
l 2 
K = Initial KE = = mv? = 
2 2m 


Using principle of momentum conservation; the velocity of the composite block is given by 





mv =(m+M)V 
mv 
ve 
ig m+M 


511 


A program to give wings to girl students 


l p’ 
K’ = Final K.E. = 5 (m i M) V’ = > (m nN M) [°- The momentum remains the same] 


2 2 2 
AE =KE lost- P2- -— P -P| M 
2m 2(m+M) 2 m(m+M) 





p“ M 
AK 2 m(m+M) M 
K p o m+M 
2m 


Correct option is (1). 


Unit-4 : Work, Energy and Power 


Average 


Collision 


24. AbodyA of mass m moving with a velocity u undergoes an inelastic collision with another 


u 
body B of mass 2m at rest. After the collision the first ball moves with a velocity” 7 ina 


direction perpendicular to its initial direction of motion. The ratio of final kinetic energy of 


B to that of A after collision is 


(1) 1:2 
(2) 2:1 
(3) 3:1 
(4) 1:4 


Correct answer: (2) 


Solution: 
Y Y 
A A 
l u_ 
t aa vi 
l A 
l | 
l l B V 
| 2 
—p>— - --e---> ____ ao >x 
m 2m 
at rest After Collosion 
Before Collosion (b) 


(a) 
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(Incorrect) 

(Correct) 
(Incorrect) 
(Incorrect) 


Take velocity u (initial) of A as +x direction. 


u 
Let = B and v, be velocity ofA and B after collision as shown in Fig. 


Applying principle of momentum conservation; Along x-direction, we have 


2mv,,=mu __ [v_ isthe x component of v, after collision] 


u 
Along y-direction ™ B +2mv,, =0 








be 
2/3 


7. Velocity of B after collision is given by 





oD 2 u u u 
e 4 123 
l u’ 
~(2m)— 
KE of B ~ EN 
KEofA 1 ow 
2 3 
Unit—4 : Work, Energy and Power 
Average 
25. 


objects have masses m, 2m and m respectively. A moves towards 
B with a speed ‘u’ and makes an elastic collision with it. 
Thereafter B makes a completely inelastic collision with C. The 
ratio of final kinetic energy of C to initial kinetic energy of A is 


(1) 1:4 
(2) 9:16 
G3) 16:81 
(4) 4:9 
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Collision in One-dimension 


Three objects A, B and C are kept in a straight line on a frictionless horizontal surface. The 


ox [2m] oa 
A B C 


(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 


UDOON 
Oa 
Correct answer: (3) 
Solution: 
For elastic collision between A and B; 
m, = m; u, =u; m, = 2m; u, = 0 
The velocity v, of mass B after collisions 1s 


m, m,—-m, 2m 


=v, =———_u, t— u, a 


m,+m, m,+m, 3m 


For inelastic collision between B and C. Let V be the speed of combination of B and C after collision. 


Using principle of conservation of linear momentum. 
2 
(m+2m)V = (2m){ Zu) 


a 
9 


sm Su) 
K 
(Besa 2m ZA V J egi 


(K, Vi — mu’ 
2 


Option (3) 


Unit—-4 : Work, Energy and Power 


Average 


26. Two small particles of equal mass start moving in opposite direction from 
a point A on a frictionless circular track. Their initial tangential velocities . 
are v and 2v respectively as shown in the figure. The particles move with 
constant speeds in between collision. After colliding repeatedly; they make 
their n* collision again at A in the shortest time. The value of ‘n’ is 


(1) 1 
(2) 2 
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A 
2V 


(Incorrect) 


(Incorrect) 


UDOON 
(3) 3 (Correct) 
(4) 4 (Incorrect) 
Correct answer: (3) 
Solution: 


a | A 2 
i a Third 
As the two particles have equal mass; after every elastic collision, the polisin 


particles interchange their velocities. As initially; particle 2 has a speed 
double that ofparticle 1; the first collision will be at B. Distance travelled 






by B is double of that travelled by 1. At B they again exchange their speeds. A rS nN. 
So the 2" collision will be at C and the 3™ collision will be again at ‘A’. B C 
First Second 
- n=3 Collision Collision 


So option (3) is correct. 


Unit—4 : Work, Energy and Power 
Average Elastic Collision 


27. A body B of mass mis at rest on a smooth horizontal surface. Another body A of equal mass 
moving with a velocity ‘u’ undergoes an oblique elastic collision with it. If v, and v,; the 


velocities of A and B after collision make angle O, and 0, with the original velocity u; then 


A B 
m m 
(1) 6,+06, =180° (Incorrect) 
(2) 6,+0, =90° (Correct) 
(3) 06,+0, =120° (Incorrect) 
(4) 0, +0, =60° (Incorrect) 
1 2 


Correct answer: (2) 
Solution: 


The bodies before and after collision are as shown in Fig. (a) & (b). 
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Y 
fi V 
I A A 
A B a 
| 0, 
o—> ----- ----->X 9 KT ---- >x 
u At rest ES 
Before Collision : 
| BN 
(a) | V, 
| 
After Collosion 
(b) 


Total initial momentum of the system along X—axis before collision = mu + 0 = mu 

Total final momentum of the system along X—axis after collision = m,v, cos 0, +m,v, cos 0, 
= mv, cos ð, + mv, cos 9, 

By principle of momentum conservation. 

mu = mv, cos 0, + mv, cos 0, 

or u=v,cos0,+v,cos0, 

Applying momentum conservation in y direction. We have 


0 = mv, sin 9, — mv, sin 0, 


or v,sinO,—v,sn0®,=O  — —  ... (2) 
As the collision is elastic; we have 

l l l 

— mu’ = —mv, + —mv; 

2 2 2 
OF usv +V eee (3) 


(1)? + (2) gives 
u” =v, +v, +2v,Vv, (cos 8, cos 6, -sin 8, sin 9, ) 
=v; +v;—2v,v, cos(0, +9, ) 


(4) —(3) gives 
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UDOON 


A program to give wings to girl students 


Unit—4 : Work, Energy and Power 


Average 


Collision 


28. The graph of potential energy V (r) vs distance r’ between the centres of two billiard balls 
have been plotted as (a); (b); (c) and (d) above. Which of the following statements is true 
about elastic collision between the balls. The variation of V(r) vs r is best represented by 


V(r) 


(a) 






V(r) 





(1) (b) and(c) only 

(2) (a) only 

(3) (b) only 

(4) (a) and (d) only 
Correct answer: (3) 


Solution: 


The potential energy V(r) of the balls should be 


V(r) 


O 
ho 
re) 


(d) 
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(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 
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V(r) ae for r<2R 
r 


and V(r)=0 forr =2R 


These condition are satisfied only in graph (b) 


Unit-4 : Work, Energy and Power 
Difficult Collision 


29. A particle of mass m strikes on ground with a velocity v at an angle of incidence 45°. If the 


coefficient of restitution; © 2 > the velocity of reflection and the angle of reflection are 


V3 afd 
JG “a. tan a5 (Incorrect) 
(2) v; 45° (Incorrect) 
Vat 
(3) D’ 45 (Incorrect) 
(4) a v; tan V2 (Correct) 


Correct answer: (4) 
Solution: 


Let v’ and Q denote the velocity after reflection and the agnle ofreflection as shown in Fig. 


Before reflection Vx = V COs 45° = T and ys vsin 45° = 


a| < 


As there is no force along horizontal; Vx = Vx = 


a| < 


The surface exerts a force along the vertical. 


<. 





— = e 


y x 


< 
< 
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Vi =CV_L = 


as 

E aD 
y? y“ 

Velocity after i t= v'= v; tv, = + — 
C1OCILY alter mpac y y 5 4 


= 
2 


' 


V 
Also tan o- X2- 

V 

2 


or O=tan'! (v2 


Option (4) 


Ne 


Unit-4 : Work, Energy and Power 
Difficult Motion in a Vertical Circle 


30. A heavy point mass m is suspended by a light string of length '7' from a point 
O. The particle in initial position A is given an initial horizontal velocity v,. The 
mass rises to a point P where OP makes an angle 9 with verticle. The string 
slackens and the particle follows a parabolic path thereafter. The value v, for 
the projectile to pass through the point of suspension is 





(1) 2g (Correct) 
(2) g0(2+V3 ji (Incorrect) 
3) 'g/(2-v3)} (Incorrect) 
(4) yel (Incorrect) 


Correct answer: (1) 


519 


A program to give wings to girl students 


Solution: 
Fig. shows the initial position A and final position P of mass. 
At P; the centripetal force is only due to component of mg along PO. 1.e. mg cos @. 


Let v be speed of the mass mat P. 


N 


mv 





Then mg cos 0 = 


or v’ =glcos0 Sia (1) 
By energy conservation principle; 


Total initial energy = Total energy at P. 


= mv; => mv’ +mg£(1+ cos 0) eens (2) 
mv = -mgl oos 0+ mg! (1+ cos0) [Use (1)] 
vo =gl|2+3cos0] n (3) 


For the projectile to pass through O; t second after it was at P. We have form horizontal component of 


motion. 












(sin =(vcos0)t — (4) 
From vertical component of motion i€—( Sin 0> 
a 
. l 2 i i a 
~£cos@=(vsin8)t—— gt S (5) — s 
Coso ! 
From (4) and (5), we get i 
Os 
Í : 2 r 
. l i 
—fcos0 =(vsin 0) ATE f 
vcosð| 2 | vcos@ Parabolic 
path of 
, articl 
Using v* = g/ cos 0 we get tan 0 = V2 a m 


l 
. cos0= B Substituting value ofcos 9 1n eqn (3), we have 


v=[e¢(2+V3)]" 
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Unit—4 : Work, Energy and Power 
Difficult Motion ina Vertical Circle 


31. A bullet of mass M is fired at 50 m/s at an angle 0 with the horizontal. At the highest point 


10 
of its trajectory, it collides head-on with a bob of mass 3 M suspended by a 3 m long 


massless string and gets embedded in the bob. After the collision; the string moves through 
an angle of 120° in its vertical plane. The value of angle 0 is nearly 


(1) 30° (Correct) 
(2) 45° (Incorrect) 
(3) 60° (Incorrect) 
(4) tan! (10) (Incorrect) 


Correct answer: (1) 

Solution: 

Velocity ofthe bullet at the highest point =u cos @ 
= 50 cos Q 


Let v be the velocity accquired by bob when bullet gets embedded 1n to it. From the law of conservation 
of lmear momentum, we get 


M(50cos 0) = (M +3M)v 


50 
(ij a 


In Fig.; Ais position of bob + bullet. The mass becomes 4M when bullet 
has got embedded. The bob moves ina vertical circle. B is position of 
bob + bullet when string has turned by 120°. Let v, of velocity of bob + 
bullet in position B. 





From law of conservation of energy; 


ifv, 1s velocity at B; we have 


va va =2g(C+£cos60°) a, (2) 





In position B the centripetal force is due to component 4 mg cos 60° of 
weight in the radial direction. Therefore 


az 
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4Mv- 
= = 4Mg cos 60" 


10 60 
—M, v, =—cos0 
3 4 


Ve aaa 104 he 
3 2 3 


From eqns (2) and (3) we have 
vi =v} —28(£+ £00860" ) 

LET CE 

3 3 3 2 


a he 
3 2 3 


3 3 


Equating (1) and (4) we have, 


(x ) 350 
—cos@| =—— 
4 3 


sos? = 350,16 _ 5600 


3 2500 7500 


cos’ 0 =2 


cos0=, = 4.7466 


=0.86 


 0=30° 


m/s... (3) 





[a =—10 m/s’] 
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UDGION 
Unit—-4 : Work, Energy and Power 
Average Motion in Vertical Circle 


32. A small block of mass m slides along a frictionless loop-to-loop track as shown. If the block 
starts from rest at P; the froce exerted by the track on the block at Q is 


P 





(1) 8&mg X y (Correct) 
(2) 6mg (Incorrect) 
(3) 4mg (Incorrect) 
(4) 2mg (Incorrect) 


Correct answer: (1) 
Solution: 

Height above XY at P=5R 
Height above XY atQ=R 

<. Height of P above Q=4R 


Let v be the velocity of the block at Q, we have gain in K.E. = Loss in gravitational P.E. 
1, 
5 mv =mg (4R) [KE gained = PE lost] 


© v =s8R un (1) 


For circular motion at Q, we have 


my’ NN m(8gR) 
R R 





= 8 mg 


<. For exerted by the track on the block = 8 mg 
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Unit—4 : Work, Energy and Power 
Average Motion in a Vertical Circle 


33. Aspherical ball of mass ‘m’ is kept at the highest point in the A’ 
space between two concentric spheres A and B as shown. The l 
radius of sphere ‘A’ is R and the ball between the spheres has 
a diameter very slightly less than ‘d’. All the surfaces are 
frictionless. At the highest point, the ball rests on the inner 
sphere A. The ball is given a gentle push towards right. The Sphere 
instantaneous position vector of the ball makes as angle § ii 
with the upper vertical OA. The angle at which the ball leaves 
contact with the sphere ‘A’ is 





Sphere 
B 


(1) cos” 2) (Correct) 
(2) cos” =) (Incorrect) 
(3) tan” 2) (Incorrect) 
(4) tan” z) (Incorrect) 


Correct answer: (1) 
Solution: 


Let ‘h’ denote the vertical distance covered by the ball from the highest point to position P where “HOP = 0 


We have h= (R + a -cos 0) 
The velocity v of the ball at P in given by 
2 d 
V = 2gh =2g[ R+$ |(1-c0s6) SO (1) 


Let N, denote the normal reaction ofAon the ball away from the centre 
at point P. We have, 
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- ce $](t-cos o) [Using (1)] 


= 2mg (1 — COS 0) 


. N, =—2mg + 2mg cos 0 + mg cos 0 


= mg(3cos0-2) 


The ball will lose contact with the sphere A when N, =0 


3cosĝð—-2=0 


ooe 
3 


= 0=cos” 2) 
3 


Option (1) 


Unit—-4 : Work, Energy and Power 


Difficult Energy 


A smooth sphere of radius R is moving along a straight path with a constant acceleration 
‘a’. A particle is released from the top of the sphere with zero velocity with respect to the 
sphere. As the particle slides down the sphere through an angle 9 with respect to the 
sphere; the kinetic energy acquired by the particle is 


(1) mgR (1 — COS 0) (Incorrect) 
(2) mR ( g—asin O) (Incorrect) 
3) mR (a sin 0 — g cos 0 + g) (Correct) 
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(4) 2mR (a sin 8—gcos 0) (Incorrect) 


Correct answer: (3) 
Solution: 
Let the sphere move towards left with a uniform acceleration ‘a’. 


In Fig.; A is initial position of mass and B its position when tt has slided down by an angle 9 on the sphere. 
The forces acting on mare as shown in Fig. Note F, = ma is the ficticious force on mass m. R is the force 
of normal reaction between m and the sphere. 


Let ‘v’ denote tangential velocity of mass m. 


We have tangantial acceleration. 


dv 
a = — 
dt 
Equation of motion is 





m OM = ma cos 0 + mgsin ð 
dt 
Multiplying by v, we get 


ap ae Roe cos 0+ mg RE sin ð Usev=R 2 
dt dt dt dt 


m 
Divide the equation by awe get 


vdv = aR cos 0 dO + gR sin 0 d0 
Integrating both sides 


2 


= =aRsin0-gR cos0+K seee (1) 


Where K is constant of integration 
At 0=0; v=0 


. K=gR 
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2 


s z =R sin O0 — gR cos + gR [From (1)] 


or v =2aR sin -—2gR cosð+2gR 


= 2R (asin 8- gcos6+ g) 


or KE =—mv' = mR (asin@-gcos0+g) 


Unit—-4 : Work, Energy and Power 
Average Motion ina Vertical Circle 


35. AB and CD are frictionless horizontal surfaces with a loop the loop track of radius ‘r’ on 
CD as shown in Fig. A ball of mass m at rest on AB is given a gentle push. h is height of AB 
above the top E of the loop The particle goes around the loop without falling off the track. 
The minimum value of ‘h’ for looping the loop is 





(1) r (Incorrect) 
(2) 2r (Incorrect) 
(3) p (Correct) 
(4) r (Incorrect) 


Correct answer: (3) 

Solution: 

Let v be the velocity ofthe ball at E; the upper most point ofthe loop. 
Then KE at E = PE lost over a height h 


or mv =mgh or mv =2mgh 
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The forces acting on m; at E are as shown in Fig.2. R is the reaction force which m exerts on loop. 













For dynamic equilibrium. R 
my? , Busse ii MV /r 
mg +R = [R = Normal reaction] E 
2mgh m 
or mg+R=481 [Using (1)] ae 
r Fig.2 


For ‘h’ to be minimum; the normal reaction R at top of the track should be zero. Therefore 


2mgh . 
mg mın — mg 

r 

r 

H- =— 

or min 57 
Option (3) 

Unit-4 : Work, Energy and Power 
Average Conservative and Non-conservative Forces 


36. A force F = 2x j newton acts in XOY plane. A particle under the action of F moves 
anticlockwise along a square loop ABCD as shown in Fig. The nature of the force and the 
total amount of work done over a cycle can be expressed as 


D (0, 2) Cj 2. 2 

A (0, 0) B (2, 0) 
(1) Conservative; 4J (Incorrect) 
(2) Conservative; 8J (Incorrect) 
(3) Non-conservative; 4J (Incorrect) 
(4) Non-conservative; 8J (Correct) 


Correct answer: (4) 
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Solution: 
We have F = 2 xj newton 
Total work done in moving the particle along the closed path is 


W= | F.dx = [(2xj).(dvi) + 


ABCDA 


D ey N 


Criar rai ea 














2 |? 2 |° 
2029) 26-9 3 

2 |, 2 |, 
ZEE 

2 2 
=44+4=8] 


As the work done by the force along a closed path is non-zero; the force in non-conservative. 


Option (4) 


Unit—4 : Work, Energy and Power 
Average Conservation of Energy 


37. Fig. shows a spring of spring constant k, attached to block of mass m is a massless, 
inextensible string passing over a massless, frictionless pulley. The mass m is held at rest 
in position where spring has its natural length. The mass m is let go, the maximum speed 


accquired by it is 
m 
k 

k 
(1) — 8 (Correct) 

m 

m 

(2) Y g (Incorrect) 
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1 /m 

(3) VE g (Incorrect) 
m 

(4) p g (Incorrect) 


Correct answer: (1) 
Solution: 


Let x be the instantaneous elongation in length of spring (equal to vertical distance moved down by mass 
m) and v instantaneous speed accquired by m. The loss in gravitational potential energy is converted into 


(1) Kinetic energy of mass m and 


(1) Energy stored in the spring 


Therefore, 
ney ee ee 1 

8 5 PY (1) 
or mv =2mgx-kx’ 
Differentiating w.r.t. x, we get 
ed = 2mg—2k x 

dx 

oo, hen T =0 

v is maximum when - 
m 

or mg=kx or x=* — (2) 


From egns (1) and (2) we have, 


2 
og ME) kl MEY og bet, 
k 2 k 2 





l 
-Z8 -m 
2 k 
ee 
or max kK? 
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Unit—-4 : Work, Energy and Power 


38. A massless spring gets compressed by 20 cm due to a 20 N force 
applied to it. The spring is placed at the bottom of 30° incline with 
one end attached to a rigid vertical support as shown in figure. 
A 10 kg mass at rest, is released from the top of the incline. The 
mass is momentarily at rest after compressing the spring through 
two meters. The distance through which the mass slides before 
coming to rest is 


(1) 
(2) 
(3) 
(4) 


4m 
$ m 
2m 


16m 


Correct answer: (1) 


Solution: 
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Conservation of Energy 





(Correct) 


(Incorrect) 
(Incorrect) 


(Incorrect) 


Let the mass be released a distance p above B on the incline. C is position of mass when its is again 
momentarily at rest. 


Then total distance covered by the block = (2 + 2) m 
Vertical distance covered by the block = (2 + 2) sin 30° 


Work done by gravity on the block = mg (2 + 2) sin 30 


or W==mg(/+2) 


F 
The spring constant of the spring = k = 7 


20N _ F 
= 20 = 100 Nm 


m 
100 


l 2 
U = The potential energy stored in the spring = =K (2) 


2 
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= = (100)(2) = 200J 


From law of conservation of energy; U = W 
l 
zme +2)=200J 


200 x 2 


mg 





(£+2)= 





200x2 
= =4m 
10x10 


Unit—4 : Work, Energy and Power 
Average Energy Conservation 


39. A block of mass M is pushed against a spring of stiffness k fixed at one end with a rigid 
vertical wall W. The block can slide on a smooth horizontal surface. The spring is initailly 
compressed through ‘a’, half the natural length of the spring. The block is released. The 
velocity of the block as a function of x, the distance from the wall W (for x less than the 
natural length of the spring) is 


W 





(1) <a’ —(2a- x) | (Correct) 
kro 2 

(2) Fa [a = (a -=X ) l (Incorrect) 

(3) - (a? = (a Xx y l (Incorrect) 
k 

(4) = a (Incorrect) 
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Correct answer: (1) 
Solution: 


When the block is released, the spring pushes the block towards right. The potential energy of the spring 
is converted to kinetic energy till it loses contact with the spring. 


7 , l Fa: 
Initial PE in the spring = > ka 


At a distance x from the wall; compression is reduced to (2a —x) for values ofx less than the natural length 
2a of the spring. Let ‘v’ be the speed of the block at this instant. 


By conservation of energy, we get 


(PE)... =(PE). +KE 


initial final 


l l > | 
—ka* =—k(2a—x) +—mv’ 
= 9 2 ( ) 2 


mv? = kla? - (2a -xy | 


Unit-4 : Work, Energy and Power 
Easy Conservation Energy 


40. A particle with constant total energy E moves in one dimension in a region where the 
potential energy is represented by U(x). The speed of the particle is zero where. 








d'U (x) 
(1) J? =0 (Incorrect) 
dU (x) 
(2) dx =0 (Incorrect) 
(3) UM=E (Correct) 
(4) U(x)=0 (Incorrect) 


Correct answer: (3) 
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Solution: 

We have total energy = E 

Also Total energy E = KE + PE 
When PE=E 

KE = zero 

and have v = 0 


<. Option (3) is correct. 


Unit—4 : Work, Energy and Power 
Average Convervation of Energy 


41. A block of mass M is resting on a rough horizontal 
surface with coefficient of friciton u. The block is M 
attached to an ideal spring of spring constant ‘k’ and 
the other end of the spring is fixed to a rigid wall 1 as Up 
shown. The block is imparted a sudden impulse resulting 
in a compression ‘b’ in the spring before coming to rest 
for the first time. The impulse imparts an initial velocity ‘u’ to the block. The co-efficient of 
friction u between the block and the horizontal surface is 


2 


ame 

(1) 2g (Incorrect) 
Mu’ + kb? 

(2) 2Meb (Incorrect) 
Mu’ — kb? 

(3) “Mb (Incorrect) 
Mu’ —kb? 

(4) Meb (Correct) 


Correct answer: (4) 
Solution: 


The initial K.E. ofthe block in used to store elastic potential energy in the block and to perform work 
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against friction. 


= Mu = = kb" + u(Mg)b 


l l 
Mgb = —Mu’ ——kb* 

oe 2 2 
Mu’ - kb? 
or u= — 

2Mgb 
Unit—-4 : Work, Energy and Power 
Average Conservation of Mechanical Energy 


42. A block B is attached to two unstretched springs S, and S, of spring constants K, and K, 
respectively. The other ends of the springs are attached to two masses M, and M, not 
attached to the walls 1 and 2. The springs and the supports have negligible mass and there 
is no friction. The block B is displaced towards wall 1 through a small distance ‘a’ and 


a 
released. The block returns and moves a maximum distance > towards wall 2. The 


a 
displacements ‘a’ and > are measured with respect to the equilibrium position of block B. 


KK, 
The ratio g Í$ 


1 





(1) + (Incorrect) 
(2) 4 (Correct) 
(3) 2 (Incorrect) 
(4) ; (Incorrect) 
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Correct answer: (2) 


Solution: 


When mass M is moved a distance ‘a’ towards wall 1; spring S, gets compressed by ‘a’. However spring 
S, has no change in its length because mass M, is free to move. The energy U, of system is due to 
compression of spring S, only. 


l 
U, Ei an (1) 


On being released, block B moves towards equilibrium position, overshoots the position and compresses 


a 
S, by 5 before coming to rest. Now mass M, detatches itself from wall and there is no change in length of 


S,. The energy of system, U,, is now due to compression of spring S, only. 


2 
Therefore U, = sk, = = (2) 


From law of conservation of energy U, = U, Le. 


2 
eae E 
2 a 9 


ee 
k; 


-o 


Unit-4 : Work, Energy and Power 
Average Conservation of Mechanical Energy 


43. An ideal spring with spring constant 100 Nm" is suspended from a ceiling. A block of mass 
0.1 kg is attached to its free end. The spring is initially unstretched. The mass is released 


from rest. The maximum extension produced in the spring is: [Take g = 10 ms] 
1 os In t 
(1) T (Incorrect) 
2) m Correct 
(2) T (Correct) 
3 ae In t 
(3) T (Incorrect) 
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l 
(4) >00” (Incorrect) 


Correct answer: (2) 
Solution: 


For mass M suspended from the free lower end ofthe spring; if ‘h’ denotes the maximum extension; then 
the P.E. lost by the mass is stored as energy in the spring. 


O 





l 
—kh’ = mgh 
5 8 
2mg 
h = — 
or k 
_2x01x10 2- 
10 100 
Unit—-4 : Work, Energy and Power 
Difficult Conservation of Energy 


44. A simple pendulum has a bob of mass m. It is suspended by an elastic string of force 
constant K. The extension 4/7 produced in the string is very small as compared to '/'. The 
pendulum bob is let go at rest from 90° angular amplitude; the maximum extension and the 
maximum speed ‘v’ of bob are: 


m 3m 
(1) A= a 5 V= 2a -2ng (Incorrect) 
k k 
2m 
(2) M= =“ ; v= 2g (Incorrect) 
3mg 3mg 
Af = — ; v=, /2g| £-—— 
(3) k el ak l (Correct) 


3 
(4) M= _ ; v=,/2g(l+ AC) (Incorrect) 


Correct answer: (3) 
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Solution: 


The bob is let go from rest in position A. 


For vertical motion of the bob, let v be speed of bob in position B and £+ A£, the instantaneous length of 
string. 





O l 
v =2g(L+A£) ——$<——$ $+ 
| l 
2g(L+A4) | i 
or v=,/2g(4+ i » i / 
(+AL / 
Stretching force at B = mg + Pona | 7 á 
| ar 
29 (L+Ae bt 
sitet wees es B mv 
(L+A4) (0+ Ae) UAE 
= 3 mg mg 
. kA@=3mg 
3m 
and Af= = 


By energy conservation PE lost = KE of the bob + PE in string 
lL , | 2 

mg(/+A¢)= amv + Jk(Ae) 

mv? =2mg(¢+Al)—k(Al) 


= 2mg{ £4272 |i (a0) 


2 
= 2me{e+2me) CE) 





k k 
6mg” 99mg" 
Beir ea oe 
y ek 
3 mg’ 
= 299-28 
ok 
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Option (3) 
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Unit—4 : Work, Energy and Power 


45. A uniform chain of linear mass density 1 has a length L 


l 
and mass M. A part = of its length hangs down from the 
edge of the table (assumed frictionless). The chain is 
gradually pulled till the entire chain is on the table.The work 


done, in the process, is proportional to 


(1) n 
2) w 
L 
3) = 
A 
A 


Correct answer: (4) 


Solution: 


M 
The linear mass density of the chain is 4 = L 


Work done to pull a small length dy up the table = dW = à gy (—dy) 
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Conservation of Mechanical Energy 


(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 


The chain is pulled without acceleration. The length hanging will continously change. Let y be the length 
hanging at an instant of time. 


The force required to pull the chain up the table = F = (Mass) g= (Ay) g=Agy 
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<. Total work done to pull the entire —> F 


0 
chain = W= J àgy(-dy)= -1812 
7 


0 y 
dy 


2 


My 








7a 


L? 
ee = 
| a 


—AgL’ -(*) gL’ 1 MgL 
y) 











2n” L)2n? 2 n 
l 
. Wa — 
n? 
Option (4) 
Unit-4 : Work, Energy and Power 
Difficult Conservation of Energy 
46. A massless rigid rod of length '/' suspended vertically from a rigid support at one end has 


a mass ‘m’ at its mid-point and another identical mass at its free end. The velocity that 
must be imparted to the lower mass which may just make the rod horizontal is 


12 
(1) 5 gl (Correct) 
(2) /2g¢ T Jg (Incorrect) 
(3) /2g¢ (Incorrect) 
(4) 2,/2g¢ (Incorrect) 


Correct answer: (1) 


Solution: 


In Fig. shown; A and B are the two masses. The masses will have same angular velocity but different linear 


velocity. 
v v' © V 
=n aan 
C p 2 
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Using energy conservation principle; Gain in gravitational P.E. = Loss in Kinetic energy 


é 1 4, 1 (vy 
E 7 > 





2 2 

or > oe a a 

2 8 8 

3 8 12 

vV=—x—gl=,/— gl 
a 2 58 y5” 
Option (1) 

Unit-4 : Work, Energy and Power 

Difficult Potential Energy 


47. A particle constrained to move along X—axis is subjected to a force in same direction varying 
with the distance x of the particle from the origin as F (x) = —kx + ax’ . kand ‘a’ are positive 


constants. The functional form of the potential energy U(x) of the particle for x <0 is best 
represented is the graph. 


U(x) U(x) 
Le xX ~ x 
(1) (2) 
U(x) U(x) 


wa X A X 
(3) (4) 
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Correct answer: (4) 


Solution: 


We have F=- 
e nave Ae 


. dU =-Fdx or U(x)=-|Fdx 


[2k 

U(x) = 0 for x = 0 and x= 
| | [2k 
U(x) is negative for x > 


As F(x) = 0 at x = 0; the slope of potential energy should be zero at x = 0. 


<. The must appropriate option is (4). 


Unit—-4 : Work, Energy and Power 
Average Work 
48. In the figures (a) and (b); AC, DG and GF are fixed inclined planes with AB = DE =h. 


x 
BC = EF = x and EL = LF = > . A small block of mass M is released from A which slides 


down AC and reachesC with a velocity v,. The same block is now released from D. It slides 
down along DGF reaching F with a velocity v,. The coefficients of friction between the 


y 


block and surfaces AC; DG and GF are U; E and 7 as Shown. The ratio 7 is 
1 
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8h —3 ux ‘ 


3h — 8 ux i 


(3) 62 
X 
X 
(4) N 


Correct answer: (1) 


Solution: 
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D 
H 
2 
G 
my B 
! h. 
A L X F 
2 Z 


(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


For Fig. (a); the KE at C is the difference of PE lost and the work against friction. 


l 
oo =mgh-umgx — —  .,,, (1) 
=mg(h-px) 
Similarly at F; 
|; u x u X 
—mv;, =mgh-—mg—-—mg— 
7 2 = 9 > 4 9 


-mgh EL 145) 
4 2 
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= mg h E aar an (2) 


From eqns (1) and (2) we have 


vi _ 8h-3ux 
v? 8(h-ux) 
v, _| 8h-3ux 
v, | 8(h—-px) 
Unit—-4 : Work, Energy and Power 
Average 


Energy 


49. A particle in acted by a conservative force F = kx where k is a positive constant. The potential 


l 
energy of the particle is aka at x = 0. The curve correctly representing the variation of 


potential energy of the particle with respect to x is 


U(x) U 
O 
x x 
(1) (2) 
U(x) 





(3) (4) 
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(1) d) (Incorrect) 
(2) (2) (Incorrect) 
(3) (3) (Incorrect) 
(4) (4) (Correct) 


Correct answer: (4) 


Solution: 


dU 


For a conservative force F =-— ae 


2 
X 


U(x)-U(0)=-[Fdx=-kfxdx oars 


1 
Given U(O) = aka 


l l l 
Therefore, U (x)= 5 ka" ~ ke = zr -x° ) 


The graph of U(x) vs x is a parabola. However atx=0, U+0 
U(x) =0 atx =a, For x >a. U(x) is a—ve number. 


The option is best represented in (4). 


Unit—-4 : Work, Energy and Power 
Easy Work done by a Variable Force 


50. <A rubber band stretched though a distance x exerts a restoring force of magnitude 
F = ax + bx’ where a and b are constants. The work done in stretching the unstretched band 


by Lis 

(d) al? +bL’ (Incorrect) 
PETE 

(2) 5 (aL +bL ) (Incorrect) 
l l 

(3) 7 aL’ + bL (Correct) 
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lf _, bL 
(4) Har 4 


Correct answer: (3) 


Solution: 


As the force is variable; the work done is calculated by integration. 


Initially x = 0 [Unstretched band] 
and finally x = L [Given] 


~. Work done W =|dW| = | Fdx 











= {(ax+bx®)dx 
0 
e bx? l 
ee alee 
2 3 
cal? bw 
2 3 


Unit-4 : Work, Energy and Power 


Easy 


(Incorrect) 


Potential Energy & Force 


51. The potential energy of a gas molecule as a function of intermolecular separation ‘r’ is 


N 
U =—--7;> MandN being positive constants. Then the potential energy at equilibrium 








M 
is given by 
a) MN° 
4 
N? 
2 
A 4M 
M? 
3 = 
©) 4N 
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(Incorrect) 


(Incorrect) 


(Correct) 


NM? 
4 





(4) 


Correct answer: (3) 


Solution: 


We have U = 


dr dr 


du | TE 


_6M _, 12N 


+ 
1 
r’ r”? 








In equilibrium; F = 0 








I2N 6M 
7B — si 
M N 





U(r) 


Easy 


Or 


INK, rn 
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(Incorrect) 


< 2N 
r =— 
M 
M? M M’ 
2N 4N 4N 


Unit-4 : Work, Energy and Power 
Work done by a Variable Force 


52. A woman pushes a truck on a railway platform which has a rough surface. She applies a 
force of 100 N over a distance of 10 m. Thereafter she gets progressively tired and her 
applied force reduces linearly over distance to 50 N. The total distance by which the truck 
has moved is 20 m. The total work done by the woman is 


(1) 1500J 
(2) 3000J 
(3) 1750J 
(4) 1000J 


Correct answer: (3) 


(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 
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Solution: 


The force applied is variable. The work done can be calculated as area under F vs S graph as shown in 
Fig. The variation from 10 m to 20 mis linear decrease from 100 N to 50 N represented by BC. 


Work done = Area under F vs S graph 





= Area OABCD 
A 
= Ar (OABE) + Ar Trap (BCDE) 100 
Z 
= 100 x 10 + = (100 + 50) x 10 [u 
i f 
= 1000 + 750 O 
= 1750 J 
Option (3) 


Easy 


Unit-4 : Work, Energy and Power 
Work done by a Force 


53. A charge q moving with a velocity v in a uniform magnetic field of intensity B experiences 
a force F given by F = q (v x B). A charged particle of mass m is allowed to move in a 
magnetic field for a time t and work done W, by the field on the charged particle is measured. 
The intensity of the magnetic field is suddenly doubled to 2B and the work doneW, on the 
same particle in same time is again measured. W, and W, are related as 


(1) 
(2) 
(3) 


(4) 


W, = 2W, 

W, = 4W, 

W, — W, 

wM 
2 


Correct answer: (3) 


Solution: 


We have F =q(vxB) 


>F v 


(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 


Work done by the force = W = F.s 
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= Fvdtcos90 = 0 


UDOON 


A program to give wings to girl students 


Unit—-4 : Work, Energy and Power 


. W,=W, =0 
Option (3) 
Easy 


Work done by a Force 


54. A force F=—k (y i+ x j) [where k is a positive constant] acts on a particle moving in the x— 


y plane. Starting from the origin; the particle is taken along the positive x—axis to the point 
(a, 0) and then parallel to the y—axis to the point (a, a). The total work done by the force on 


the particle is 
(1) -2 ka 
(2) 2ka’ 
(3) -ka 

(4) kg 


Correct answer: (1) 


Solution: 
We have F=-k(yi+xj) 


The particle undergoes two displacements 
(i) S, ; (0, 0) to (a, 0) 
(i) S,; (a 0) to (a, a) 


For (1) S, =(ai+oj)—(oi+oj) =al 
. W=E.S, =-k(ai+xj).(ai) 
= —ka’ 


(ii) S,=(ait+aj)—(ai+oj)=aj 


(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 


[y =0 along x-axis] 
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E =—k(yi+aj) [:.. n= a parallel to y direction] 


- W=ES, 


=—-k| yi+aj].(aj) 


= —ka’ 
-. Total work = W, + W, =—2 ka’ 
Option (1) 
Unit—4 : Work, Energy and Power 
Average Work done by a Force 


- ia : zj 
(+y y (e +y y 


constant of appropriate dimensions), when the particle is taken from apoint (a, 0) to a point 
(0, a) along a circular path of radius ‘a’ about the origin in the x-y plane is 


55. The work done on a particle of mass m by a force k (k being a 


2kn 
(1) ra (Incorrect) 
kr 
(2) pu (Incorrect) 
so Incorrect 
(3) Da (Incorrect) 
(4) 0 (Correct) 
Correct answer: (4) 
Solution: 
P (x, y) 
In the figure; VA 
r=xi+yj LTA 


550 


UDOON 


A program to give wings to girl students 


k . i 
Pagg 
Sy) 


<. Fis along ror the force is radial and the particle is moved along the circular path. 


. FLS 
<. Work done = zero 
Option (4) 
Unit—-4 : Work, Energy and Power 
Average Work done by a Variable Force 


56. A force, F = kF (x) , varies with the distance, x, in the manner shown in the graph. The 


X 


work done by this force, in moving a particle, of mass m, from the point (7, 0, 0) to the point 






(17, 0, 0), would be 
576 k 
E 
l 
| 
l 
l 
144k- -r - 
= 1 | 
SE oi 
Bik | =mi 
36 k 
Ii 2 3 4 
x ——> 
(in m) 
(1) (5700 k) Joule (Incorrect) 
(2) (2880 k) Joule (Incorrect) 
17 
(3) (5760 k) {n 7 Joule (Incorrect) 
5760 
(4) 119° k | Joule (Correct) 
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Correct answer: (4) 
Solution: 


We observe that F. =k x 576 forx= 1 


F =kx144 CESR ES forx=2 
4 2 

F =kx64 (322) (2) forx=3 
9 3 

F =kx36 CERE for x= 4 
10 4 


576k 


2 
X 











It follows that F. = 
<. Required work done = | F.dx 


X 


1 
=( 576k )|-— 
) : 


-(576)| L-+ =516K| 2-1 
XxX, X;, 7 17 
_ (576k) _[ 760k]... 
119 119 


Unit—-4 : Work, Energy and Power 





Average Work done by a Variable Force 


l 
57. If the gravitational force, between two masses, were to vary as D» the work done in 


taking an object of mass m from the surface of the earth, to a height h (h is of the order of 
R), above the surface of the earth (radius of earth = R), would then be 


552 


UDOON 


A program to give wings to girl students 


GMm h(h +2R) 

(1) 2 ÍR? (R+h) (Correct) 
GMm| R(h+2R) 

(2) > R? (R+h} (Incorrect) 
R(h+2R) 

(3) G R? (R +h) (Incorrect) 
h(h+2R) 

(4) G R? (R+h} (Incorrect) 


Correct answer: (1) 
Solution: 


The gravitational force, between the mass m and the earth (Mass = M), when the mass m is at a height x 
above the surface ofthe earth, would be 


GMm 
(R + x) 


F(x)= 





<. The work done, in moving the object (against the gravitational force) from the surface of the earth to a 
height h above the surface, is 


x=h x=h 
W = | -F ( x)dx =-GMm (R+x) dx 
x=0 x=0 
2 x=h 
=—(GMm) Re) 
x=0 








(ear 
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Unit—-4 : Work, Energy and Power 
Difficult Work done by a Variable Force 


58. An object, of mass M rests on an inclined plane (of length 
L), inclined at an angle 0 to be horizontal. The coefficient p A 
of friction u (x), between the object and the inclined plane, 


varies in direct proportion | w(x) = mox | to the distance 


(x) of the object from the bottom of the plane. The work Q 
done by an external force F = F(x), in just taking the object 

(i.e., without imparting it any velocity) from the bottom of 

the plane, to its top, would be 


(1) mgL| 2sin@+(p, cos @)L | (Incorrect) 
(2) E sin 0+ (u, cos 0) L | (Correct) 
(3) E cos®+ (u, sin 8) L | (Incorrect) 
(4) mgL|2cos6+(p, sin®)L | (Incorrect) 


Correct answer: (2) 

Solution: 

Consider the object at a distance x from the bottom of the plane. The forces, acting on it are as shown. The 
force of friction, F,, at this position, would be 


The external force F(x), has to be infinitesimally greater than (mg sin Ô + U,xmgcos 0) . Hence the work 
done in taking the object from the bottom of the plane, to its top, is 


x=L 
. W= | mgsin 0 + (u mg cos 0) x | dx 


x=0 


2 L 
= mgsin 0 xl + umg cos 0 7 











0 
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L . 
== =| 2sin0+ (umg cos 6)L | 


[Note: A quick way of finding the correct option, in the problem, can be as follows: The gain in P.E. of the 
object, when it moves up the plane, equals Mgh = Mg L sin 9. The work done, by the force, (when the 
object is moved up without imparting it any velocity) would equal this gain in P.E. if the plane were a 
smooth surface. We should, therefore, get W = MgL sin 9 when u, = 0. It is early to check that only 


option (2) satisfies this requirement]. 


Unit—-4 : Work, Energy and Power 
Average Work done by a Variable Force 


59. An object, of mass M is resting on a smooth horizontal surface. A horizontal force 
F © F(x)), acts on it such that the acceleration imparted by it to the object, keeps on 
increasing in direct proportion to the square of the distance (x), moved by the object, from 
its starting position. The speed of the object, after moving through a distance L, would be 


(1) k Lt (k = constant of proportionality) (Incorrect) 
(2) k NEN (k =constant of proportionality) (Incorrect) 
(3) k Lr (k =constant of proportionality) (Correct) 
(4) k LL (k =constant of proportionality) (Incorrect) 


Correct answer: (3) 

Solution: 

The acceleration, a (x), imparted to the object, at a distance x from its starting position, is 
a (x) = kx’ (k = constant of proportionality) 

The force, F(x), acting on the object, at this position, 1s 
F(x) = Ma (x) = Mk x’ 

<. Word done in moving a distance dx = dW = F(x) dx 
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DO, OY 
UDAAN 
T MKL 
+. Total work done = W = | F(x)dx = ; 


x=0 





This work increases only the K.E. of the object. Hence if v 1s the speed of the object, at the position 
x= L, we have 





12 -MKE 


Unit-4 : Work, Energy and Power 
Difficult Work done by a Variable Force 


60. An object, of mass M, rests on a rough horizontal surface, such that the coefficient of 
friction, u(x), between the object and the surface, varies as u(x) =u, (x). 
Where x is the distance, measured from the initial position of the object. An external 


(horizontal) force F (= F(x)), acting on the object, imparts it a constant acceleration, a. The 
speed, V, of the object, after moving through a distance L, is given by 





(1) V=JL(1+p gL) (Correct) 
(2) V54 [ nee (Incorrect) 
3) V=ŅL(1-ugL) (Incorrect) 
(4) Y= fie | (Incorrect) 


Correct answer: (1) 


Solution: 


We have, F(x) — (u xMg) = Ma 
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The work done, by the force F(x), in moving a distance dx, is F(x) dx. The total work done, in moving a 
distance, L, is then 


X=L 2 
L 
W= [ M(a+p,gx)dx Mis EE | 
0 


X= 


ML 
=- (1+ nosh) 


This equals the increase in K.E. ofthe object. Hence the velocity v, after covering a distance L, is given by 


l ML 
Mv = => + LU gL) 


v= /L(1+p,gL) 


Unit—-4 : Work, Energy and Power 


Average Work done by a Constant Force 


61. An object, of mass M, resting at the mid point of a smooth inclined plane, (of inclination ‘h’ 
in ‘1’ and of length 2L), is acted upon by a horizontal force F that just moves it up the plane 
(without imparting it any velocity). The magnitude of the normal reaction, N, and the work 
(W) done by the force F, are given by 


ad 


\ ot 
F 

Mg +F (VL 1? ) 

(1) N= [(Me+F)( Vis -n° )| and W = Fh (Incorrect) 
L 

Mg+F)5 

(2) N= s+ Fi] and W = FENI? h? (Incorrect) 
| MgV he +Fh | 
(3) N==——_ = and W = WE -h? (Correct) 
L 
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| Mgh +FVE -h? l 
L 


(4) N= and W = F (L’ =h ) | (Incorrect) 


Correct answer: (3) 
Solution: 


The free body diagram, for the forces acting on the object, is as shown. We, therefore, have 
N = mgcos@+ Fsin 0 


Also, it is the component F cos 0, of the force F, that does work in moving the object through a distance 
L. The work done is, therefore 


W = Fcosĝ8.L 


| | h 
We are given that sin 9 = — 


2 
Hence N -e| iB jor += | meV -h? +Fh | 


L 


2 
and W=iF h- L=(FVE -h° | 
L 


Unit-4 : Work, Energy and Power 





Easy Work done by Constant Forces 


62. A straight horizontal track, lying along the x-axis, has a length 3/. The first segment of the 
track, of length 27%, is perfectly smooth, while the second segment, of length /, has a 
coefficient of friction, u, with respect to a given object of mass M. 


This object, initially at rest, at the ‘starting point’ of the track, is acted upon by a force, Fx, 
which adjusts its value so that it maintains the object’s (along the axis) acceleration at a 
constant value, a (= 2 m/s’), over the whole length (= 3 ; ) of the straight track. The work 
done, by this force, over the two segments of the track, would be (nearly) equal if u equals 


(1) 0.05 (Incorrect) 
(2) 0.10 (Incorrect) 
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(3) 0.15 (Incorrect) 
(4) 0.20 (Correct) 


Correct answer: (4) 


Solution: 


The force, needed over the first segment = Ma. 


— F’ 
Hence W, = work done over the first segment = Ma (20 ) 
or», 


a 20 M 
Over the second segment, if F’ is the force needed, we have > 
F'-uMg = Ma 
z. F'=[Ma+pMg] 


Hence, W, = Work done over the second segment. 


=F'(£)= M(a+pug)é 


. W =W, if 2Mal = Maf + uMg£ 


TE 
g 10 
Unit—4 : Work, Energy and Power 
Average Work done by Variable Forces 
63. The coefficient of friction, between a given object and a straight horizontal track, increases 


uniformly from a value u, to a value p, (< U ), from the ‘starting point’ to the ‘end-point’, 
of a length L, of the track. 


A force F(x), of varying magnitude, acting parallel to the track, maintains the acceleration 
of the object (of mass M) at a constant value a. The work done, by the force, in moving the 
object, over the length L of the track, would equal. 


(1) Z Mí[a+2(p, +u, )g | (Incorrect) 


(2) Mt | 2a +(H, +u, )g | (Incorrect) 
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(3) = Me | 2a +(u, +H )g | (Correct) 


(4) Mt la +2 (p, TH, )g | (Incorrect) 


Correct answer: (3) 
Solution: 


The coefficient of friction, at a point distant x from the starting point, is 
u. =u +ax 


H —H, 
l 





Where & = í ) = constant rate ofincrease of u. 





, IfF_1s the force needed here, we would have 


F -u Mg=Ma or F = M(a+u,g) 


£ 
<. Work done = | F.dx 
0 


2 


=(Ma)/+ Mpg +Mag— 
=(Ma)¢+Mgé Gre a 

] 
=5Mé[2a+(h +H )g | 


Unit-4 : Work, Energy and Power 
Average ‘Power’ of a Force 


64. When a force F (= F(t)), acts on a particle, initially at rest, the distance, S (t), moved by the 
object in time t, is given by 


S (t) = kt*; k is a constant 


The ratio, of the instantaneous powers, of this force, at times t = 16 and t = 8s, would then 
be 
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(1) 32:1 (Correct) 
(2) 16:1 (Incorrect) 
(3) 8:1 (Incorrect) 
(4) 4:1 (Incorrect) 


Correct answer: (1) 
Solution: 


We have S (t) = kt’ 


. v(t)=<[(t)]=4ke 


d 

c. a(t)=—] v(t) | =12kt? 

(t) = “fv(t)] 
The force, F (t), is, therefore, given by 
F (t) = ma (t) = 12 kmt’ 
The instantaneous power, P(t), is given by 
P © =[F (OI [vO] 

P(t) =(48k’m)t° 
The ratio, of the instantaneous powers, at t = 16s and t = &(s) is 
P(16) 48k’m(16) _ (18) 
P(8) 48k’m(s) \8 

= 2° = 32 

<. The required ratio is (32 : 1) 


Unit—4 : Work, Energy and Power 
Average 


65. An object, of mass m, is initially at rest on an inclined plane of inclination ‘h’ in ‘ 7’. The 
coefficient of friction, between the object and the inclined plane, has a value u. 


A horizontally directed force, F, acts on the object and just moves it a distance S up along 
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the plane. The work done, by the force F, is 


(1) | (mg + UF ) VC -h +y mgh | (Incorrect) 
(2) “| l-h’ (F+mg)+ mgh | (Incorrect) 
(3) | (mg +pF)h+pmgV 0? —h? l (Correct) 
(4) =| mee (1+p)+ uFh | (Incorrect) 


Correct answer: (3) 
Solution: 
as ; h 
For the inclined plane, sin 9 = 7 
The various forces acting on the object, are as shown. We have 


N =(mgcosð + Fsin6) 


Since the force F just moves the object up the plane, we have (F sin 0) as just infinitesimally greater than 
the sum of (mg sin 0 + uN) . 
The work done, W, is given by 


W =(Fcos0)S 


=| mgsin 0 + u (mg cos 0 + F sin 0) |S 





= | mg(sin0+ [cos 0)+ uF sin 6 |S 


ae ia 


==) mgh + u| mg =h’ +Fh || 
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Unit—-4 : Work, Energy and Power 
Difficult Work done by a Variable Force 


66. An inclined plane, ofinclination ‘h’ in '/', has a length 2L. An object of mass M is initially 
at rest on the mid-point of this plane. The coefficient of friction, between the object and the 


inclined plane, increase uniformly from a value u, at the bottom of the plane, to a value 


U,, at the top of the plane. 


A force, F, acting on the object, (along the plane) just moves it up the plane to the top of the 
plane. The work done, by the force, is then 


mgL h 

(1) Ne -h +7% +34, ) (Incorrect) 
mgL (? —h* 

(2) 7 : i 4 +(m +34) (Correct) 
mgL Ż-—h’ 

(3) 7 £ a 4 +(3H, +H; ) (Incorrect) 
mgL JP we h 

(4) 7 E -h + race +H) (Incorrect) 


Correct answer: (2) 
Solution: 


For the inclined plane, we have 


ne 
l 


VE -h 


id 


and cos0= 


Further N = mg cos 0 





and F = mg sin 9 + u mg cos Q 


= mg (sin 8 + cos@) 
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= TE hype -h° | 


The rate of increase of u , along the plane, is 


us (HoH 7 
2L 


Hence value of u at the initial position 


u(L)=p,+ (HH) 


(Hte) 
Z 


The value of u at the final position is u, . 


Hence average value of u , over the movement from x = L to x = 2L, is 


l| u +u, 
= || Se 
Hay Al 7 7 


_( H 3He )_f H +3h 
4 4 4 


The work done 1s, therefore, 


W=F xL 


== n+(VO—b py IL 


REL no) + Ve 


id 


[Note: The same result is obtained by integrating (F(x) dx) from x= L to x = 2L. Here we would take 


u(x) =p +P) and F(x) = MEn l-h? u(x ) 
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UDGION 
Unit—-4 : Work, Energy and Power 
Average Power of Source 


67. A source, supplying energy has a constant power. When this source, exerts force on a 
particle of mass m, and moves it along a straight path, the ‘acceleration — time’ graph for 
its motion, would be the graph labelled as graph 


Time ——> Time ——> 
Acc Acc 
(A) (B) 
Time ——> Time ——> 
Acc Acc 
(C) (D) 
(1) A (Correct) 
(2) B (Incorrect) 
(3) C (Incorrect) 
(4) D (Incorrect) 


Correct answer: (1) 
Solution: 


Let us assume that the displacement, s, of the particle, varies as t”. Hence 
s=kt" 


—=nkt™ 
dt 


. y 


n—2 


and a= Š= n(n-1)k 
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<. Force, F, acting on the particle, equals n (n—1) mkt" 
<. Power (= force x velocity) = n? (n—1) mk? t®?"@) 


Since power is constant, we have, 
3 
2n-3=0 or n= 5 


3 


"a= n(n-1)kt"? = “Zit” 


It is graph (A) only that can correspond to this dependence of ‘a’ on ‘t. 


Unit—-4 : Work, Energy and Power 
Average Power of Source 


68. The power of a source, supplying energy, varies with time in the 
manner shown. When this ‘source’ exerts force on a particle of — 
mass m and moves it along a straight path, the variation, of the 
velocity of the particle, with time, would be represented by the | 


graph, labelled as graph 
Time ——> 
Vel. Vel. 
Time ——> Time ——> 
(A) (B) 
Vel. Vel. 
Time —> Time ——> 
(C) (D) 
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(1) A (Incorrect) 
(2) B (Incorrect) 
(3) C (Incorrect) 
(4) D (Correct) 


Correct answer: (4) 

Solution: 

Let us assume that the displacement, s, of the particle, varies as t”. We then have 
s = kt” 


= — = knt”” 
dt 


~ V 


dv 
and acceleration = Te = kn (n — 1)t : 


"Force = mkn (n — 1) 
P = Power = Force x Velocity 
= mk?n? (n—1) tV *@) 
= mk?n? (n—1) t> 
The given graph shows that Pat . Hence 
2n—3=1 or n=2 
Vek =2kt 


Thus vat. This is shown in the graph or labelled as graph D. 


Unit—-4 : Work, Energy and Power 
Difficult Inelastic Collision 


69. Two identical metal cubes, each of mass M and length L, moving with identical speeds V 
each, collide ‘head-on’ face-to-face, and compress each other. As a result their lengths can 
chnage by a maximum amount AT; we assume that there is no other dissipation of energy. 


Assuming the sides of the cubes, and their initial kinetic energies to remain constant, the 
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dependence, of the maximum (length) change, AL , on Y, (the Young’s modulus for the 
material of the cube) would be represented by the graph laballed as graph. 


AL 
Y—> Y—> 


(A) (B) 


> & 
mg 
» > 
Er 


Y ——> Y —— 
(C) (D) 
(1) A (Incorrect) 
2) B (Incorrect) 
3) C (Correct) 
(4) D (Incorrect) 


Correct answer: (3) 
Solution: 


Maximum compression takes place when the final K.E. ofthe system is zero; the initial K.E. has been 
‘completely’ used to provide P.E. to the compressed cubes. The force (F), needed to change the lenghts 
by an amount Aj, can be written as. 


F = kAL (k= ‘compressional’ constant for the metal) 
Using Hooke’s law, we can write 


C) E, L E 


ro o 
(4) É AL LAL 





. F=YL(AL)=kAL 
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. k=YL 


Now initial K.E. of the system 
Lae 
=2x E MV | = a constant 


= E, (say) 


For maximum compression, this K.E.gets completely converted into the P.E. ofthe two ‘compressed’ 
cubes. As AJ, denotes the ‘maximum compression’ we have 


Final P.E. of the system = 2 x =k (AL) =E, 


. k(AL) =E, 


E E 
AL = ZE = k ee k=YL 
ne Vk VYL ( ) 


l 
= Constant. —— 


VY 


Thus ALa Y “ 


It is the graph, labelled as graph C, that shows this kind of dependence of AL on Y. Hence option (3) is 
the correct choice. 


Unit—-4 : Work, Energy and Power 
Average Power Calculation 


70. A smooth ‘cylinder-piston’ assembly of cross section A, holds a volume V of an ideal gas at 
a pressure P, (P, > surrounding (atomospheric pressure). The piston is ‘let-go’ and it moves 
through a distance Ax ina time At, under isothermal conditions. The ‘power’, P, of the 
ideal gas, would then be related to Ax, as per the relation. 





UDOON 


A program to give wings to girl students 


_oRT, (, Av 

(1) AE n _ (Incorrect) 
nRT Ax 

(2) pam al = (Correct) 

nRT 

(3) P= ss (Ax) (Incorrect) 
p= nRT 0 Ax 

(4) he n a. (Incorrect) 


Correct answer: (2) 

Solution: 

Under isothermal conditinos (Temp = T = constant), we have, 
<. PV=n RT =a constant 


The force, F, on the piston, at any instant, is PA where A= area of cross section of the piston. Ifthe piston 
gets displaced by an amount dx, the work done is 


dW = Fdx = PAdx = PdV 


(+ Adx = dV = change in volume of the gas). 





ve % dV 
Hence, W = | PdV = nRT] a =nRT |n 
Vo 


Vo 


Vo 
Vo 


A(x, +Ax 
= nRTZn No = nRTZn Aana ) 
V Ax 


0 0 


—nRTén (1 + =) 
Xo 


KURE S R 
owe At At Ko 
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Unit—4 : Work, Energy and Power 
Difficult Elastic Collisions (in one-dimension) 


71. Three spheres (1), (2), (3) of masses M, (= 20 
m), M, and M, (=5 m), all lie at rest on a straigth 
line. Sphere (1) starts moving with a (given) speed 
v towards right, collides elastically with sphere  M=20 < M Mo 
(2) which, in turn then collides elastically with 
sphere (3). For a given value of v (and for the given values of masses M, and M,), the 


maximum speed acquired by sphere (3), would be 


y 


—> 
(1) (2) (3) 


16 

(1) 9 Vv (Correct) 
18 

(2) To (Incorrect) 
20 

(3) B ” (Incorrect) 
22 

(4) T5 X (Incorrect) 


Correct answer: (1) 
Solution: 


For an alastic collision between spheres (1) or (2), the speed acquired by sphere (2) 1s given by 


2M, 
v, =| ——— |v 
M, +M, 
For this value of speed of sphere (2), the speed, acquired by sphere (3), after sphere (2) collides elastically 
with it, 1s 
2M, 4M_M., 


=> ana a aaa aa 
` (M,+M,) ~ (M,+M,)(M,+M,) 


dv, 
All other factors, except M, are constants. Hence, for maximum value of v,, we need to have am. 0 
2 


wal 
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= 7 
Now dM, 1 


dv, 
dM, 


M, = yM M, 





dv, Aki (M, +M, )(M, +M,)x1-M, (M, +M, )x1+(M, +M, )x1 
(M, +M, ) (M,+M,) 


4M, | M,M, -M;} | 
(M, +M,) (M, +M, Y 


=0 if MM, =M? 


= 20mx5m =10m 


The maximum value of v, corresponds to this value of M.. 


4x(20m)x(10m) 


Hence, (v; ) nox = (20m+10m)(10m+5m) 


200 16 
= 4x — V = — V 
450 9 
Unit-4 : Work, Energy and Power 
Average Inelastic Collision 


72. 


A ball of mass m, moving with a speed (4u), collides inelastically with an identical ball 
initially at rest. If the collision is a ‘head-on’ collision, and the coefficient of restitution, for 
the collision is e (= 0.5), the fraction expressing the loss in K.E., in terms of the original 
K.E. of the system, equals 


(1) - (Incorrect) 
3 

(2) 8 (Correct) 
5 

(3) T (Incorrect) 


eZ 
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(4) = (Incorrect) 


Correct answer: (2) 
Solution: 
Let v, and v, be the speeds of the two balls after the collision. Since momentum is conserved, we have 


m.4u = m.v,+m.v, or v, +v, = 4u 


[Relative velocity after collision| 


Also e= coefficient of restitution = [Relative velocity befor collision| 


V27 V] 
4u —0 


0.5 = or v,—-Vv,=2u 


Therefore give v, =3u and v =u 


l 1 ] 
<. Total K.E. after collision = 5m(u) +5m(3u) = 5m(10u’) 


l l 
Also total K.E. before collision = 5 m(4u J = m (1 6u” ) 


l A 
_ LossinK.E.of thesystem _ 5 m( ) 


3 
Original K.E. of the system : pa (1 6u?) 8 


Unit—-4 : Work, Energy and Power 


Difficult Elastic and Inelastic Collisions in One Dimensinos 
73. A system of three masses, m,, m, and m, m, m, 
and a spring (of spring constant k) is set u 
up, as shown, an a straight narrow and 
smooth track. 
m,=50 g 50 g 100 g 


The mass, m, starts moving with a veloicty 
u (m/s) and collides elastically with the 
mass m,; A little later, when the spring has been compressed by an amount x, (metre), the 
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masses m, and m, are moving with the same veloicty, say, v. The velocity v, and the spring 


constant, k, of the spring, are then given respectively by 


2 
(1) v(m", -| st N/m 
2 30x; 


(2) V= ms , k -( 
(3) v= [5] roh) 


(4) V= = ms, k= 





Correct answer: (4) 


Solution: 


The masses m, and m, being equal, their velocities, after m, collides elastically with m,, are zero and u, 


respectively. 


A little later, when m, and m, have the same veloicty, v, and the spring has been compressed by an amount 


X, we have, by the laws of conservation of momentum and energy. 


u 
m, xu =m,v +m, V; > v=— 
3 


3 2 
and = maui? =—m, = +=, = take 





2 2_2 50x10°u" ol u 
3 3 30 x 
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Unit—4 : Work, Energy and Power 


Average Conservative + Non-conservative Forces 
74. A particle is constrained to move in the y-z plane under the Z 
action of a force. M 
(0,2) = ---- zaJ 


F= yz(j+ k) 


The particle, initially at the origin, is moved from O to L, via 
three paths (i) OKL, (ii) OML and (iii) OL. By calculating 
the work done along the three paths, we can say that the 





force F is a 

(1) Conservative force as W, = W, = W, (Incorrect) 
(2) Conservative force as W, = W, + W, (Correct) 
(3) Conservative force as W, = W, # W, (Incorrect) 
(4) Conservative force as W, = W, + W, (Incorrect) 


Correct answer: (2) 
Solution: 


The force being a variable one, we have to calcualte the work through 
W= | F.ds = | F.(dyj+dzk) 
= [L(yz) dy + (yz) dz | 
For path (1) 
W, = (Ww, ) along OK + (W, )(along KL) 
= (O) + f| (2z)(0) + (2z)dz | = val =4J 
For path (2) 


" 


W, = (W, ) along OM + (W, )(along ML) 
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=(0)+ [[(2y)dy +(2y)(0) J=|y", = 43 
For path (3). 


Here y =z and dy = dz for all segments on the path OL 


2 2 2 
n W, = | 2y’dy = Py 
0 


16 
=J 
» 3 





We thus find that the force F is non-conservative as W, = W, # W, 


(The work done, in going from O to L, is seen to be path dependent) 


Unit-4 : Work, Energy and Power 
Average Inelastic Collision 


75. A sharp dart, moving with a speed V, pierces through the first of the two plates, shown here, 
but gets embedded in the second plate. If the two ‘plates’ move with equal speeds, because 
of these actions of the dart on them, this common speed, v, would equal. 


H 


().02 m 


RX WW 


; 
i 
f 
i 
‘ 
5 
) 
A 
i 
5 
s 
s 
i 
s 
‘ 
| 





0 
Pr l (Incorrect) 


y 
(2) Z) (Incorrect) 


(3) = (Correct) 
(4) p3 (Incorrect) 


Correct answer: (3) 
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Solution: 


Let the dart emerge with a speed v, after its passage through the first plate. Since this plate has acquired a 
velocity v, we have 


[0.02m] V= (0.02m) vV, +mMV 


The dart, now moving with a speed v,, gets embedded in the second plate and their combined mass, again 
moves with a speed v. By the law of conservation of momentum, we now get 


(0.02m)v, = (0.02m + 4.98m) v=Smv 


<. From the first equation, we get 


[0.02m|V =5mv+mv =6mv 
y- 0.02m V= V 
60 300 


Unit-4 : Work, Energy and Power 
Average Kinetic + Potential Energy 


76. A ball, of mas m, is pushed down the wall of a frictionless 
hemispherical bowl from a point A. The speed, v, with which the ball 
is pushed down, from this point at a height h, is just sufficient to 
make the ball rise to the point B. The graph, showing the dependence 
of v? on h, is the graph labelled as graph 








(L) 


— <, 





(M) (N) 
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(1) K (Incorrect) 
(2) L (Incorrect) 
(3) M (Correct) 

(4) N (Incorrect) 


Correct answer: (3) 
Solution: 


At point A, the total energy of the ball 
| 
= mv“ +mgh 


At point B, since the velocity ofthe ball becomes (momentally) zero, its total energy is just its potential 
energy, 1.e. mgR. 


= mv’ + mgh = mgR 


. v? =2g(R-h) 
= (—2g)h +2gR 


<. The graph of v’, against h, is a straight line of slope (—2g) and having an intercept 2gR on the v’ axis. 
This corresponds to graph M. 


Hence option (3) is the correct choice. 


Unit—4 : Work, Energy and Power 
Average Inelastic and Collision in Two Dimensions 


77. A body, of mass m,, moving with a velocity v, along the y—axis, collides with another body 
of mass m,, moving, along the z-axis, with a velocity v,. If the two bodies ‘coalesce into 
one’, after the collision, the loss in K.E., of the system, would equal 


I| m? +m; 3. J 

(1) Al mm, v +v) (Incorrect) 
li| mm, E 
—| —— || v +v 

(2) 5 (= +m, \ l >) (Correct) 
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l l 

3) 5 : aa a ice, Joe +m3V; (Incorrect) 
l l Za 2 2,2 

(4) > a a, rera (miv; +m; v3 | (Incorrect) 


Correct answer: (2) 


Solution: 


Let the combined mass (m, + m,) move witha velocity v along a direction inclined at an angle Q to the y- 
axis. By the law of conservation of momentum, we than have 


(m,+m,)vcosa=m,v, and (m, +m, )vsina =m,v, 
. (m,+m,) v? =miv; +m3v; 


yes 22 
2_ mvi +m;v; 


2 
(m +m, ) 
Loss in K.E. 
2 oe 22 
E ; (mi vi +m3V3 | 
mv’ +—m,Vv; (m +m ) ; 


Unit—-4 : Work, Energy and Power 
Difficult Work, Energy and Power 


78. Athin cart, of mass M, is lying at rest, at the origin of a narrow straight horizontal track. A 
force F (= F(x)), is applied on it, at an angle 9 to the horizontal. The acceleration, produced 
in the cart, increases in direct proportion to the distance, x, moved by the cart. If the 
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coefficient of friction, between the cart and the road, is u , the work done, by the force F, in 


moving the cart through a distance L, would equal. 


ML cos 
—— ja L+2 
(1) 2(cos0+usin6) + 2g] 


ML cos 80 
——_—__]?a L 
(2) (cos0-+ sind)! aol + pg] 


ML cos 8 
— ~ 2a L 
(3) (cos6-—psind)! aol +18 


ML cos 8 
——__la | +2 
(4) er ern) a + 2g] 


Correct answer: (1) 


Solution: 


(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


The free body diagram for the cart is as shown. When the cart has moved a distance, x, the acceleration 


produced init, equals a,x. Hence we have 
Fcos0@ = M(a,x)+pN 
and N=Mg-Fsin@ 


We, therefore, get F(cos 0+ usin 0) = Ma,.x+yuMg 


| F= F(x) -lel 

(cos 0+ usin 0) 
Max +48) (2556) dx) 
(cos 0+ usin 0) 


Mcos0@ L 
s- lan L 
cos8+ usin ð 2 


. dW = 


ML cos 0 
= ———— ja L+2 
2(cos 0+ sin 8) [aol + 2h) 
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Unit—-4 : Work, Energy and Power 
Average Inelastic Collision 


79. Two balls, of masses m, and m,, are suspended side by side 
from strings of equal lengths. The ball m, is pulled to the left 
to a height ‘h’ and ‘let go’. When it strikes the second ball, it 
gets stuck to it and the ‘combination’ now rises to the right 


m, 
—— |, ofthe masses of the 
m; 


h 
through a height =) . The ratio 





two balls, equals 


(1) (vn 7 1) (Correct) 
(2) Jn (Incorrect) 
(3) (n — 1) (Incorrect) 
4) n (Incorrect) 
Correct answer: (1) 
pA 
Solution: a 
l 
The velocity, ofthe ball m,, just before it strikes the ball m, (initially at l 
rest) is 4/2gh . i 
45°! 


The law of conservation of momentum yields. 


(m,./2gh )+m, x0 =(m, +m,)v 


Where vis the velocity of the ‘combination’ just after the ‘collision’. Hence 


o mM, 2¢h 
(m, +m, ) 


h 
The K.E. of the ‘combination’, just after the collision, makes it rise to a height We, therefore, have 
l h 
5 (m +m,)v° =(m, +m,)e{ 
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ih ee 
n 
2 
m, Je h) 2¢h 
m, +m, n 
oS 
m +m, Vn 





Unit-4 : Work, Energy and Power 


Average 


Inelastic Collision in Two dimensions 


80. A ball, of mass m, moving with a velocity, v, of 10 m/s, ‘collides’, at an angle of ‘incidence’ 


l 
of 45°, with a smooth (frictionless) surface having a coefficient of restitution (e) of B . The 


difference between the angle of ‘reflection’ and ‘incidence’ of the ball, and the change in 


the velocity of the ball, are equal, respectively, to 


) (-1 50 


) (- 15°) and ( (11.3m/s)j 


(4) (+15°) and (11.3m/s)j 


Correct answer: (4) 


Solution: 


and (7m/s)j 


5°) 
) (415°) and (7m/s)j 
) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 


The initial horizontal (or x) and vertical (or y) component, ofthe velocity ofthe ball, are v cos 45° and v sin 


45° respectively. 
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The surface being smooth, the final (1.e. after ‘reflection’) horizontal component, of the velocity of the ball, 
would still be v cos 45°. The vertical component, however, would be (e v sin 45°). The vertical component, 
however, would be (e v sin 45°). If therefore, the final velocity (v) of the ball makes an angle 9 with the 
horizontal, we have 


0 
vcos8=vcos45 


and vsin 8 = e vsin 45° 


"tan = etan 45° =x = 


‘| 


 0=30° 


The angle of ‘reflection’ is, therefore, (90°-30°) = 60°. Hence the diference, between the angle of ‘reflection’ 
and the angle of incidence, is (60°-45°) = +15°. 


The final velocity, V is given by 
V= (vcos 45° i +(evsin 45" )j 
The initial velocity, V, is given by 
V= (vcos45°)i +(vsin45°)(-j) 
~, Change in velocity 


=V-—v=vsin45 (e+) j 


He 
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UNIT-5 : ROTATIONAL MOTION 


Learning Objectives 

After going through unit, you would be able to understand, appreciate and apply the following concepts: 
° Translational and rotational motion ofa rigid body. 

° Concept ofC.M. Its usefulness. 

° Location of C.M. of a system of particles or a body ofregular shape. 

° Equation of motion of C.M. and its use in study of translational motion. 

° Rotational motion ofa rigid body about a fixed axis. 

° Angular momentum ofa point mass and a rigid body. 

° Torque — the cause of rotational motion. 

° Relation between torque and angular momentum. Conservation ofangular momentum. 
° Rotational Inertia — moment of imertia. 

e Expression for M.I. Use of theorems of parallel and perpendicular axis. 

° Concept of radius of gyration. 

° Equations ofrotational motion and their use in problem solving. 


° Simultaneous rotational and tranlation motion. Use of conservation principles. 
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Rotational 
Motion 
Moment of 
inertia 


Translational 
Motion 
Center of Location 
mass of C.M. 
Equation of Applications 
motion of C.M. of C.M. in 


problem 
solving 





Angular 
momentum 


Relation 
between 
torque and 
moment of 
inertia 


Law of 
conservation 
of angular 
momentum 
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Theorems 


of 
M.I 


Expressions for 


regular shaped 


Simultaneous 
translational 


and 


rotational 


motion 


Use of conservation 
principles in 
problem solving 
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ROTATIONAL MOTION 


Rigid body 


The particles constituting the body are so arranged that there 1s no change either in shape or size when 
external forces are applied. 


Motion of a Rigid Body 


1. Translational motion: There is a change in position of body in space. 


2. Rotational motion: There is no change in position of body in space but the body turns or rotates 
around an axis in space. This motion is purely rotational in nature. 


3. Simultaneous motion ofrotation and translation. Examples: (a) Car moving on road; wheels have 
rotational motion and the position of car, as a whole, changes in space. (b) A sphere rolling down an 
inclined plane without slipping. (c) Mass attached to a string passing over a fixed pulley. As the mass 
descends; mass has translational motion and pulley rotational motion. 


Translational Motion 


Use is made of Newton’s laws of motion. Newton’s 2™ law stated as 
F=ma 


is Strictly valid for a “point mass’. For a finite sized rigid body; we consider rigid body as made up of a large 
number of point masses. There are external forces as well as internal forces on any point mass considered. 
We can write down equation of motion of every point mass constituting the body. Equation of motion ofj” 
mass 1S 


d’r. 
m-a =F" + > f, 
dt iżj 
i=ltoN 





We have a very large number of “differential equations”. Simultaneous solution of all equations is almost 
impossible. There is a need to simplify the problem. The ‘overall’ motion is studied easily using the concept 
of the center of mass of the system. We consider: 


(1) The entire mass of the body to be concentrated at the center of mass. 
(2) Allexternal forces are imagined to act simultaneously at the center of mass. 
(3) The equation of motion, describing translation motion 1s 


d’R — Flo! 


M dt? ext 
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R is the instantaneous position of the center of mass of the system. 


(4) The total linear momentum P ofthe system 


P= p;=2 myj=MV 


V is the instantaneous velocity of C.M ofthe sytem. 


Using concept of C.M, the translational motion of rigid body is reduced to the problem ofa single point 
mass. The problem can be solved using the methods used in solving problems of a single point mass. 
However first important step is to find the position vector R ofthe center of mass. It can be shown that for 
a collection ofn discrete point masses M,, M,, ............06. i} oe eee m 


n 


2 ME 


r; is the instantanneous position vector of the j" mass. 





Fig. 1 O 


For a continuous distribution of mass; summation in Eqn. (1) is replaced by integration. 


E fr(pav) 
~ f(pav) m (2) 


Main draw back of C.M. concept is: 
1. No information regarding detail of motion of individual particles making system can be obtained. 


2. No information regarding relative motion of the particle of the system can be obtained. 
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Example—1 : 


Show that center of mass of two particles A and B of mass m, and m, a distance r apart divides 
the line AB into two parts in the inverse ratio of masses. 


Solution: 


Fig. 2 shows masses m, and m, distance AB =r, apart. Choose line AB as x-axis and A as origin ofco- 
ordinates. Co-ordinates of A and B are (0) and (r) respectively. Let C be the center of mass of the two 
particle system. Then 


— X —e——_(1-X) —— 


Fig. 2 
ac-x-A0tmr _ m,r 
m +m, m +m, 
Bore 
m, +m, 
l 
-~ or KERS 
BC m, m m, 


Example-2 : 


A particle A of mass m is located in sapce at r, = 3j — 2j + k . A second particle B of mass 2m is 


placed at point B. The position vector, R, of C.M. of system is 
R=i+j-2k 
What is r, ? 


Solution : 


We know, 


pR — P“ + 2mr, 
m+2m 


or Î+j-2k =] (31-2)+£) +24, | 
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2r, =(3i+3)-6k)-(3i-2j+k} 


_ 5j-7k 


or r, 
2 


Example-3 : 





K— 3L —>— 4 ———3 [— 
Fig. 3 


Fig. 3 shows three blocks A, B and C of same material of surface mass density o . Locate C.M. 
of the arrrangement. 


Solution : 


Let m,, m, and m, be masses ofA, B and C respectively. Obviously. 
m, =(34 o=90o; m, =(20x40)o=80'o; m, =(0x30)o=30'0 


Let O, and O, and O, be the mid point ofA, B and C. These points are C.M. ofeach block. The system 
shown is equivalent to point masses m,, m,, m, placed at O,, O, and O, as shown in Fig. 4. Co-ordinaters 
of O,, O, and O, are 





Fig. 4 
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3f 3h t 
O, (= *). O, (54; £), O, 850 3 


Let (X, Y) be the co-ordinates of C.M. of system 


(920) = +(80°6)(50)+3'0(8.5¢) 

aa 2) 200 (2) 
(920) 1 +(8Po)+ (320). 

aa, 


Example—4 : 


A uniform circular disc of radius R; has a circular part of radius r center O, cut-out and a square 
of side a center O, placed on it as shown in Fig. 5 (a). Mass per unit area of circular disc and 


square is o, and o, respectively. What is location of C.M. of the arrangement? 





AY 

zim, $0 

$Y 

l l P 

Zaa ža St 

IO O, 
heb 

Fig. 5 (b) 


Solution: 


m= mass of circular (complete) disc ofradius R = nR ^o, 
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= : e 2 
m, = mass ofcircular disc cut-out = nro, 


Pe 2 
m, = mass of square = a'o, 


The arrangement is equivalent to mass m, —m, and + m, placed at O, O, and O, respetively. (X, Y) are 
co-ordinates of C.M. 


y _Mx0+(-m,)b+m, (0) E rb 
m+(-m,)+m, (R?-17)+ le 
TO, 
vy _mx0+(=m, x FM XC _ E ac 
m+(—m,)+m, TO (R? -r)a 
> 


Example-S5: 


A bomb of mass M at rest; some how on its own explodes into three fragments having masses in 
ratio of 1:2:3 flying off in direction making an angle of 25°, 40° and 55° with horizontal. Locate 
the position of C.M of fragments? 


Solution: 


Initially C.M. of bomb is at rest at its center. The bomb explodes on its own Le. there is no external force. 
The equation of motion of C.M. of fragments 1s 
dR 


(m +m, +m, ) Je =0 





or MA =0 


Since M # 0; A= = = 0. Since = = 0; v =v, = Initial speed of center of mass = 0 
t t 


The center of mass remains at the center of the bomb, 1.e. in its original position. 
Example-6 : 
A ball of mass M is at rest at a height H above ground in a vertical plane in gravity of earth. After 


dropping through a height Hy ; it on its own, breaks up into n fragments moving in different 


directions in the plane of motion. What is path of C.M. of fragments? 
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Solution: 


Let vertical downward direction be the direction of z—axis and initial position of ball as origin of 
co-ordinates. Let z be the instantaneous position co-ordinate of C.M of ball, before explosion. The equation 
of motion of C.M 1s 


d°z 7 


d°z 
wat a 


——=Mg 
dt 
The center of mass moves along z—axis with uniform acceleration g. 


When ball breaks up, on its own; there 1s no other external force. The equation of motion of C.M. of 
fragments is 


2 dz = d'z 
Sm -Eme o ge 
j= n= 


This is same as Eqn. (1). Hence C.M of fragment continues moving along z—axis with uniform 
acceleration = g 


Rotational Motion of a Rigid Body about a Fixed Axis 





Fig. 6 


Fig. 6 shows a rigid body rotating about a fixed axis zoz’ with a constant angular speed œ. Consider rigid 
body as made up of point masses m,, m, ....... M seese m, as shown in Fig. 6. As rigid body rotates each 
point moves along a circle. The radius of circle equals the perpendicular distance r, ofthe j" mass from axis 
zoz . The value ofr. changes as j takes values 1, 2 ..... n. However every point mass completes one circle 
in same time T. T equals time taken by the rigid body to complete one full circle (or one revolution). 
Therefore angular speed of each point mass making the body is same. However the linear speed of each 
point mass in rigid body 1s different. 
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v. = The linear speed of j" mass = 1,0 . 
J 


We want to develope rotational dynamics in a manner similar to translational motion. Corresponding to 
every concept in Newtonian mechanics, there 1s a similar concept in rotational dynamics. The development 
of basics involves circular motion of each of the individual point masses. We will, therefore, describe basic 
concepts, using a single point mass and then generalize the concept for the rigid body. 


Angular Speed and Angular Velocity 


MO = on A 


— 0 
(b) 


Fig. 7 





For a particle moving in a circle of radius r; the instantaneous position P, of the particle is given by its 
angular position @. | XOP = 0 is the angle between the line OP and a conveniently chosen reference line 
say XOX’. The instantaneous angular speed. 


Ea tti‘i‘is™SC~C~C (1) 


The linear speed, v of particle P is 
v- p 272) x 12" 
At>0 At At>0\ At 


=r Lt aL =f 
~a aal Oaa (2) 


The angular velocity œ has to be assigned a direction in addition to its magnitude as defined by Eqn. (1). 
The direction of @ is always (1) perpendicular to the plane in which particle moves (11) sense of @ 1s given 
by the right hand screw rule 1.e. place a right handed screw perpendicular to the plane of circle. Rotate 
screw in direction of motion of particle. The direction in which screw advances is direction of œ . Therefore 
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n isaunit vector in the direction of outward normal to the plane of motion. The relation between linear 


velocity v and angular velocity @ is shown in Fig. 7 (c). v is in the direction of tangent to circle at the 
instantaneous position P of the particle. Obviously 


v=0xr 


Note: If @ is constant; the angular speed is also constant and the motion takes 
place is a fixed plane. @ changes ifeither magnitude of @ changes but plane 
of motion remains same or if magnitude of œ remains same but plane of motion 
changes as shown in Fig. 7 (d). 


v is an axial vector 1.e. there 1s no lateral inversion in v when mirror image of 
system is considered with mirror placed at position of axis of relation. 





Fig. 7 (d) 


Angular Momentum 


In linear motion (translational motion) the quantity of motion is measured in terms ofthe linear momentum 
of a particle. The linear momentum p = mv . The quantity of rotational motion ofa particle is measured in 


terms of angular momentum or moment of momentum £. 





Line of action 
of linear momentum 


Fig. 8 
For a particle of mass mat a position P given by OP =r; having instantaneous linear momentum p = Mv ; 


the magnitude of instantaneous angular momentum £ about point O is defined as 
p | = Linear momentum x distance of line of action of p from point 0 


=pxOA =pxrsin@ 


0 =angle between rand p. The direction of # is always perpendicular to the plane contaiming p and r. Its 
sense of given y the right-hand screw rule. In terms of vectors 
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l=r xp 


For a rigid body the angular momentum L about any point O 1s the vector sum 


ofthe angular momentum of various point masses constituting the body. Let r, 


Q; 
be the position vector of the j™ piont mass m,. œ is the angular speed of the T — 
body. The linear velocity v; ofj" mass is v; = @xr,. Therefore i 

2 
O Fig. 9 
L= `r xp; = Smr x(@xr, 


It can be shown that for a rigid body rotating about a fixed axis; the angular momentum can be written as 


L=Io 


where I is the moment of inertia of the rigid body about the axis ofrotation. Note expression for L is exactly 
similar to p = mv for linear motion. 


Torque or Moment of a Force 


Torque measures the rotational effect of an applied force. It plays same role in rotational motion as is the 
role ofa force in translational motion. It is obvious that rotational effect ofa force depends not only on the 
magnitude of the aplied force but also on the position of point of application of the force. 


1. For opening a ‘door’ hinged at one end we apply external force on the handle. The handle is positioned 
at a large, convenient distance from the hinge. If handel is nearer the hinges a larger force is required 
to open the door. 

2. The steering wheel ofa car or truck is a circular ring of conveniently large radius. A small applied 
external force can easily turn the car 1.e. turning effect of force is large. 

3. The jack used to lift a car is used having a rod of fairly large length. A small external applied force, 


can easily “lift up” the car via the jack. 


The torque T or moment ofa force is defined as 


i = applied force x | distance of line of action of force 


from say point O, about which torque of force is to be 
calculated = FxOA = Frsin 0 


Direction of 





Tis O 
For F#0; r #0 the torque is zero if 
sn8=0 or 0=0 or a 
Line of action 
The torque of force is zero ifline of action of force is parallel — Fig. 10 
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or antiparallel to r. We can also conclude that 7 = 0 , ifline of action of force passes through point O, about 
which torque of force 1s to be calculate. 


Torque is a vector quantity. Its direction is always 
(1) Perpendicular to the plane containing r and F 


(2) Thesense of T is given by the right-hand screw rule 1.e. ‘place’ a rigid-handed screw perpendicular 
to the plane containing rand F. Rotate screw so that r goes and coincides with F. The direction in 
which screw advances is direction of qt . In Fig. 10 T is perpendicular to plane of page and has an 
“anticlockwise direction”. It is represented as ©. In terms of vectors. 

t=rxF 
Just as an unbalanced force 1s the cause of translational motion; an unbalanced torque is the cause of 


rotational motion. For a large number of forces F,; j= 1, 2, .... n; acting at points having position vectors 


r, ; the net torque about origin of co-ordinates is 


t= (5x5) 
: 


There can be a torque on a system with zero net force (Fig. 11a). There can be a zero torque with a net 
force (Fig. 11b). Ina system shown in (Fig. 11c) neither F nor q 1s zero. 


f f 
F=f #0 
f F=0 k F=2f f a fie o 
t=2fR tT=0 
(a) (b) (c) 
Fig. 11 


Law of Conservation of Angular Momentum 


We know, 
L=rxp and t=rxF 
dL dr dp 
— = —x p + r x — 
dt dt dt 
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— (v x mv )+ (r x F) [a N = F . Newton’s 2nd law of motion] 


Since vx v= 0; we have 


dL 
T= — 
dt 


If there is no external torque i.e. T=0; 


—=0 or L =constant 


This is the law of conservation of angular momentum. 1.e. if there is no net external torque on a system, the 
total angular momentum of system is a constant. The law of conservation of angular momentum is a very 
convenient tool for solving problems in rotational dynamics. 


Example—7 : 


A particle of mass m is initially at point having position vector r, . The particle moves with a 


uniform velocity v,. What is the instantaneous angular momentum of particle about origin of co- 


ordinates? 
Solution : 


The instantaneous position vector r 1s 
r=rt+Volt 
The instantaneous linear momentum, p; 1s 
P = my, 
The instantaneous angular momentum L about origin ofco-ordinates is 


L=rxp 
= (r +v,t)xmv, 


= r) X MV, E Vo X Yo = 0] 
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Example-8 : 


A particle of mass 100 g is moving along a straight line in X—Y plane with a constant speed of 
2ms". The equation of straight line is 


y= 43 


V3 


x and y are in meter. What is angular momentum of particle about origin of co-ordinates? 
Solution : 


Fig. 12 shows straight line along which particle moves. 
The line makes an angle of 30° with x-axis. 


p = linear momentum of particle 

=mv=0.1 x 2 = 0.2 kgms” 

l, = magnitude of angular momentum of P 
about O 

=p x OA =p x OC sin 30° 

= (0.2 x 3 x 0.5 = 0.3 kgm’s” 





Example-9 : 


A conical pendulum of length / has a bob of mass m; moving in a horizontal circle with uniform 
angular speed œ. What is angular momentum of bob about the center ofits circular path? 


Solution : 

Fig. 13 shows the conical pendulum. O, 1s point of suspension and 
O,P = £ = length of pendulum. 

OP =r= ¿sin = radius of circular path of bob 

v = linear speed of bob =r œ 

L, = magnitude of angular momentum of bob about 0. 


= mvr = mr’? @ 





2 - 2 
= mf osin’ 0 
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Example—10: 


< 


Fig. 14 shows two particles P and Q moving as shown. The net 
angular momentum of P and Q about point O is 4 mva. Whatisy? P W A 


Solution : 


L, =Angular momentum of P about 0 


© 
k- < >it > >! 


= 2mv, .a; Clockwise — 
L, =Angular momentum of Q about 0 
= 8 mv,.y; anticlockwise 
Fig. 14 
L = The net angular momentum = bo 


= 2mv, [4y—a]; anticlockwise 


= 4mv,a (Given) 
4y-—a=2a or y=— 


Example-11 : F 


A sphere of mass M, radius R is placed on a rough inclined 

plane of inclincation Qas shown in Fig. 15. A string is 
attached to sphere as shown. The sphere is kept in 
equilibrium by pulling string with a constant force F. What 0 
is tension in string? 


Solution : Fig. 15 


Fig. 16 shows free-body diagram of sphere. Since sphere is in equilibrium there is neither a motion of 
translation nor rotation. For translation equilibrium 


MgsmO@=f4+T oan. (1) 


For rotational equilibrium; the net torque about O iszero. 
Therefore 


TR=f.R 
or T5 a (11) 





From Eqns. (1) and (11) we have 


Fig. 16 


_ Mgsin 0 
2 


T 
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Rotational Inertia — Moment of Inertia 


A rotating body possesses “rotational inertia” 1.e. a body at rest does not O 
start rotating on its own and a body rotating does not stop rotating on its 

own. This property is similar to the linear inertia. The linear inertia is 
determined by the mass of a body (m). The rotational inertia however 

depends not only on the mass but the axis ofrotation also. Fig. 17 shows a 

rigid body rotating about zoz as axis with a constant angular speed œ. m, 

is the j mass (point) of the rigid body at a perpendicular distance r. from 

axis of rotation. As rigid body rotates m, moves in a circle of radius T, The 

K.E. ofj” mass 


kein -im (1,0) Fig. 17 


K = The total rotational K.E. of the body = » k, 
_ l 2 o l Io? 
=- (2 msr ).o ~ 5 62) 


I=) me 


For a body having continuous distribution of mass 


I=|(pdv)r° 


where dv is an infintesinally small volume element at a perpendicular distance r from the axis of rotation. 

Though M.I and mass are similar quantities; M.I depends on (1) axis of rotation and (1) distribution of mass 

whereas linear intertia or mass does not depend on the direction of motion. Mass 1s a scalar quantity, 

whereas in general M.I is much more complex quantity known as a TENSOR. However for a fixed axis of 
rotation M.I behaves like a scalar quantity. We will restrict ourselves only to rotational motion about a fixed 
axis. 

The theorem of (1) parallel and (2) perpendicular axes are very convient tools to calculate M.I about 

different axes. 


M.I is also defined numerically in a manner exactly similar to defination of mass in linear motion. We know, 
for linear motion 


m=— 
a 

Simularly for rotational motion; 

1-2 

OL 
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Theorem of Parallel Axes 


Fig. 18 shows a rigid body of mass M. Point G is the C.G. of rigid body. 

ZOZ is the axis about which body rotates. The M.I ofbody about ZOZ’ 

axis is I. Let Z Gz,’ be an axes parallel to ZOZ’ passing through C.G . _— 
<— Rigi 

The M.I. ofbody about Z,GZ, as axes is Ig. pony 


h= perpendicular distance between the two parallel axes. 
According to theorem of parallel axes Zz Z, 
lai Mh? 


Consider a number of parallel axes 1, 2,3 .......... etc. through a rigid 
body. The M.I about these axes is I L, L ............. etc. Let I, be M.I 


about a parallel axis through C.G. Then 


Theorem of Perpendicular Axes 


(1) A Laminar Body: A laminar body is a two dimensional body. 
Fig. 19(a) shows a laminar body in x-y plane. x, y and z are 
three mutually perpendicular axis through same point O. x and 
y are mutually perpendicular in plane of lamina. z—axis is 
perpendicular to plane of lamina. Let I, L and I_ be M.I of 
body about x-, y and z—axis respectively. According to theorem 
of perpendicular axis 


Laminar Body 
X 


I =I + I Fig. 19(a) 


In words; M.I of laminar body about an axis perpendicular to plane of lamina equals the sum of 
moments of inertia of body about two mutually perpendicular axes in the plane of lamina. All three 
axes must pass through same point O on the body. 


(2) Three Dimensional Body 


Fig. 19(b) shows a three dimensional rigid body. x, y, z are Rigid Body 
axis making a Cartesian co-ordinate system. I, LL is M.I of 
rigid body x-, y— and z axis. 


Consider an elementary mass ( öm) at point P, 


distant r, = OP from origin. According to theorem of 
perpendicular axis. 


+I +1, =2|9 (ëm) | Fig. 19(b) 
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Moment of Inertia vs. Mass 


The mass of a body is a constant. It does not depend on direction of motion. M.I ofa rigid body is not a 
constant it depends on 


(1) axis ofrotation 


(1) distribution of mass 


Radius of Gyration 


Radius of gyration k about an axis is perpendicular distance from the axis where the entire mass of body is 
imagined to be concentrated so so that M.I of this point mass is same as the actual M.I ofthe rigid body. 
Expressed mathematically 


I= Mk’ = mr, 
> 





Radius of gyration depends on axis of rotation. 


Expressions of Moment of Inertia 


Circular Ring M = mass 1) Through center O and 
R = radius į toplane ofring 


Any diameter 


Any tangent in its own plane 


Uniform M = mass Through center O and | 


Circular Disc R = radius to plane of disc 


Any diameter 


Any tangent in plane of disc 





Hollow sphere 


OR 


(spherical shell) | R= radius 


Solid sphere M = mass 
R = radius 


Solid Cylinder 


Thin Rod 





(One-dimensional) 


Rectangular M = mass 


Lamina L= length 


B = breadth 


Fete, 
a 


Any diameter 







Any tangent 


Any diameter 


Any tangent 


Own axis 


Through midpoint O and 


perpendicular to length of 
cylinder 


Midpoint O and perpen- 


dicular to length of rod 


One end and L to length 


Midpoint O making an 


angle 9 with length 


Midpoint O and parallel 


to length 


Midpoint O and parallel 


to breadth 


Midpoint O and perpen- 


dicular to plane of lamina 
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Parallel lopeid M= mass Midpoint O and parallel 
L= length to height 
B = breadth i) Midpoint O and parallel 
H = height to length 
Midpoint O and parallel 
to breadth 
Example-12 : 
Axis | 
Eight identical point mass each of mass, m; are placed at the r 


corners of a mass-less cube of side a as shown in Fig. 20. I, 


and I, denote M.I of system about axis 1 and axis 2 as shown E T 


I 
in Fig. 20. What is 7 ? 





L F 
Solution : 
For axis—| 
L= =0 
L=I =I,=I[,= ma’ 


C D E H 


2 
1,=1,= m(v2a) 
I, =4ma* + 2m(V2a) =8ma n (i) 
For axis—2 


Through midpoint of side AB and CD 


604 


UDOON 


A program to give wings to girl students 


Hence, 
1=4| m(9/) J+ o( Be] 
=6ma i, (i) 
L 4 
L 3 


Example-13 : 


A uniform ring of mass M, radius R has a moment of inertia I about axis through its center and 


I 
perpendicular to its plane. A uniform disc of same mass as ring has M.I of > about a tangent in 


its own plane as axis. The radius of disc is 


R 2 
@) > (b) or 
2 3 
(c) 7 R (d) a R 


Solution : 
I= M.I ofring about given axis = MR? 


Let r be radius of disc. The M.I, of disc, I, about a tangent in its own plane is 








7 Mtr? 


1 


2 SMr7 


I + Mr [Theorem of parallel axis] 


I 
Given 5 = I,. Therefore 





2 
MR? _5 yp 
Z 4 


|2 
r=,/—R 
or 5 
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Example-14: 





(a) (b) 
Fig. 21 


A thin rod AB = 2L has a mass of 2M. It lies along X—axis. Its moment of inertia about YOY” as 
axis [refer to Fig. 21(a)] is I,. The rod is bent at its midpoint O as shown in Fig. 21(b). The M.I 


I 
about same axis I,. What is 9 
2 


Solution : 


1 =—(2M)(2L) 


oe : 
= ME (i 


In Fig. 21(b); the axis Y Y’ is perpendicular to part OB and passes through its end O 


— ML? 
3 





I'==(M)(L) 


The part OA; makes an angle 9 = 69° with axis YOY’ passing through end O. Its M.I, 


ML’ 





I"==ML' sin? 60 = 


I, =M.1 of arrangement of both rods about given axis. 





ML ML’ _ 7477 





=['+I"= LMP Gi) 
3 4 «12 
Ze 
13 8 
L TME 2 
4 
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Example-15: 


Three thin rods OA, OB and OC has same length L. The linear density 
of the three rodsis A,, A, and A, respectively. I, I, I, M.I of the 


system about x, y and z-axis. What is I: I sI? 
Solution : 


I =M.I of system about x-axis 





= loa + los + loc 


= 0+ (AgL)L HALE 


(a +45) 3 
3 


Similarly, 
Z As tÀ L? and I = Ay tay É 
E 3 í 3 


LiL: (A +A): (A +A, ): (Ay +A) 


Example-16 : m 
Three identical thin rods AB; AC and BC each of mass M length Lare 
joined together to form an equilateral triangle. I, is M.I of system about 

side AB as axis. I, M.I of system about axis through end A and 

L 
perpendicular to plane of triangle. L is 
2 A B 
1 Fig. 23(a) 

D 1 D 5 

» 2 » 3 
D 3 © 5 


Solution: 


L 7 lap + Lic T Tac 
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l | M 
Tan = 05 Ic = Inc = ME sin 60 = 


ML? 
i~ 2 eoccce 
Similarly, 


I 





I) = [ML + ME + Inc 


From right angled AABD in fig. 23(b); we have 


V3 


AD 
—=cos30 .. AD=—_—L 
AB 2 


2 
l V3 
lc = 75 ME +M Sr) [Clif theorem of || axis] 
5 
=7ML De (ii) 
2 5 3 


L=—MLU+—ML=—ML’ 
3 6 2 


Example-17 : 


Five identical spheres each of mass M, radius R are rigidly joined to 
one another as shown in Fig. 24. The M.I of system about zz’ as axis; 
(shown in Fig. 24) is 


(1) 25 MR? (2) 35 MR? 
(3) 45 MR? (4) 55 MR?’ 
Solution: 


Lo Lp Io Ip» I, denote M.I of, spheres A, B, C, D and E respectively about 
ZZ aS axis. ZZ as tangent to sphere B and D. Therefore, 


l, =I) = MR? + MR? 
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Using theorem of parallel axis 


I, = MR +M(3R) 


and k=l = =MR’ +M(4R) 


I= EMR’ roMR? |+2{ 2MR° eM? }+2{ ZMR + 16M" | 


= 45 MR? 


Equations of Pure Rotational Motion of a Rigid Body 
Consider a body rotating about a fixed axis. The equation of motion (rotational motion) is 


la=r 


or I do =T 
dt? 
I= M.I of body about axis of rotation. 
t = Net torque of forces about axis of rotation. 
a =Angular acceleration. 


For a body having “uniformly accelerated” rotational motion the kinematical equations discribing motion 
are: 


@(t)=(0)+at 
0 = [o(0)]t+ ar 


Col — [o(0)] =2a0 


where (0) and @ (t) denote initial (1.e. t = 0) and instantaneous (i.e. t =t) angular speed of body. « 1s 


the uniform angular acceleration and § is angle described in time t =t. 
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Simultaneous Motion of Rotation and Translation 

A rotating body can have simultaneously motion of rotation and translation. For example: 


l. Acar moving on a road. As a whole car has a translational motion and wheels of car have a rotational 
motion. 


2. Amass attached to a pulley via a massless, tnextensible string. When let go mass has translational 
motion and pulley rotational motion. 


3. A sphere or cylinder rolling down a rough inclined plane. 
The motion can be analysed in terms of 


1. Translational motion of center of mass ofrigid body. The equation of translational motion is 


2 
M“ =MA=F 


t’ 





F is the resultant ofall forces as if they are acting on C.M. 
2.  Therotational part of motion is considered as rotation about axis through C.M. Equation of rotational 


motion 1s 


la = so =T 

where qt is net torque of forces about axis of rotation. 
3. Fora body rolling down without slipping; 

A = Linear accceleration of C.M. = Ra 

V =Linear velocity of C.M. = Ro 
It an be shown that for a body of circular cross-section, rolling down a rough inclined plane ofinclincation 
0 ; without slipping. 

gsin@ 

A= Linear acceleration of C.M. = | ne — | 


R? 





V = Linear speed of C.M., at bottom of inclined plane of vertical height H; starting from rest at the top of 


inclined plane = 
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The problem can also be analysed using law of conservation of energy. For a body of circular mass section 
rolling down, a rough inclined plane, without slipping. 


Loss 1s gravitational potential energy = Gain in translation and rotational kinetic energy. 
Example—18 : 


A block of square cross-section of side a has height h. It is placed on a rough inclined plane of 
inclincation 0. u is coefficient of friction between block and inclnied plane. Show that 


a 

1. Block will topple over without slipping if H > he 
a 

2. Block will slide before it topples over if H < z: 


Solution : 


In Fig. 25 ABCD is block. AB = a; AD =h. The free body diagram is 
as shown. Obviously 


f, = uN = umg cos 0 


If mgsin 0 < f,; block does not slide down the inclined palne. It 


ft? 





will toppic over if torque due to weight about end A is more than 
torque due to force of friction. 1.e. 


Fig. 25 


(mgsin®)” > (me cos0)($ 


a 
tan 0 > — 
Le, x 
Therefore block does not slide before toppling if 


a 
tanĝð >-< 
h u 


i j 
-H ho (1) 
The block will slide down before toppling if 


mg sin Q > fy 
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mg sin > umg cos 0 
or tanð >u 
Inother words block slides before toppling if 
H < k 
h 
Example-19 : 


A uniform circular disc of mass M, radius R is free to rotate about its own axis. It experiences a 
torque Tt; given by 


T=Q0+8 
where a and £ are constants. 9 is angular displacement of disc. Obtain an expression for 
angular speed, œ; in terms of 0. 
Solution : 
The M.I of disc about its own axis 


_ MR? 
2 


I 





The instantaneous angular acceleration; œ , 1s 


T _ 2(a0+B) 


ae TMR? ree (1) 


do da dð dw 
0 a ae — 


“a do d  ¢ $™ (wy) 


From Eqns. (1) and (11); we have 


odo = 





(16+ B)d0 


R? 


Integrate, 





fodo= — [(a0+B)d0 


0 
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2 2 


ow 2 |a 
or 2 MR? 


+60 





a Í 
o=|-2 (a0 +280) 


Example-20 : 


A cylinder of mass M, radius R, length L is suspended in a vertical 
plane from a rigid support by two strings AB and CD of fixed 
length as shown in Fig. 26. There is another string wound 
uniformly. The free and E of this string is pulled vertically down 
with a constant force F. The cylinder is free to rotate about its 
own axis. What is length of string unwound in time t? 


Solution: 





Since strings AB and CD are ofa fixed length; the cylinder can only 
rotate about its own axis Le. it has pure rotational motion. The torque, Fig. 26 
t ; of external applied force. 


tT=FR 


The angular acceleration; a, 1s 


t FR 2f 


I (m) MR 
2 





The motion ofcylinder is uniformly accelerated. Let 0 be angle discribed in time t. Obviously 


1 Ft? 
0=—at’ = : 
MR 





L = The length ofstring unwound = RO = (= | t’ 
M 


Example-21 : 


A cylinder of mass M, radius R; length L is rotating about its own axis with an angular speed œ. 


It gathers dust, at rest; uniformly from all sides at a constant rate till its radius is doubled. The 
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M 
mass of dust collected is 7: What is final angular speed of the arrangement? 


Solution : 


Regarding cylinder and dust as a system; there is no external force and therefore no external torque, the 
angular momentum is conserved. 


L, = The initial angular momentum 


ene: 
{5M Jo an (i) 


Let I, be the M.I of cylinder + dust collected about axis of rotation. Then 


2 * 
ta (Mer +r] -? MR? 
2 2\.4 8 





Let w, be the final angular speed of system. Then 


L, = The final angular momentum 


9 
= 1,0, = MR’ Jo, sae (11) 
From law of conservation of angular momentum 


MR’, 9MR'o, 


L=L or 
1 2 2 g 


Example-22 : 


A thin rod OA of mass M; length L is pivoted at end O in a vertical position. 
The rod is free to rotate about a horizontal axis through end O. At t= 0; the 
end A is given an initial speed v, as shown in Fig. 27 and let go. What is O 


angular speed of rod when it has turned through an angle of 60°? 
Fig. 27 


. . i . . a RÍ +R; 
* Foot Note : M.I ofan angular cylinder of inner radius R, and outer radius R, about its own axis is I =M mari] 
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Solution: 


A In Fig. 28; OB is instantaneous position of rod when it has rotated through 
angle @. The rod is moving ina vertical plane in gravity of earth, there is a 
loss in gravitational potential energy. C is C.G of rod intially. C, 1s 
instantaneous position of C.G as shown in Fig. 28. 


h = The vertical distance by which C.G goes down = CC, = OC-OC, 





= =(1-cos6) 


Fig. 28 


MgL 
The loss in gravitational P.E = Mgh = — (1 — COS 0) mn (1) 


Let œ be the instantaneous angular speed ofrod. 


_ l _ Ir, 2 
The gain in rotational K.E = > Lo = o, | 


- “ies G : (J - i 


From law of conservation of energy 


2 2 
MEL anoj Mfo 








1? 
2 3g V5 a 
© =- (l-cos0)+73 P (iii) 


Given 9 = 60°. Therefore 


o? = 38, Yo | 20 +38b 
2L i JE 


5 
pa 
Or 


“Ll 2 
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Example—23 : 


Fig. 29 shows a pulley P; fixed on top of an inclined plane. A 
massless, inextensible string is wrapped around the pulley. The 
free end of string is attached to a block of mass 200 g as shown. 
u = 0.1 is coefficient of friction between inclined plane and block. 
M.I of pulley about its own axis is 0.8 kgm? and its radius is 40 
cm. The system is let go from rest. The mass m descends a 
distance of 1m along the inclined plane. What is linear speed of 
m? There is no slipping of string on pulley. g = 10 ms”. 





Fig. 29 


Solution : 

When m descends down by a distance of 1m along the plane; the vertical distance, h, is 
h=1 x cos 53°=0.6m 

The loss in gravitational P.E of m= mgh 


=O02x10xX06=1.25 > aun (1) 
The work done against force of friction between block and inclined plane = (umg cos 37° )x l 
=0.1x0.2x10x0.8x1=0.16J a... (11) 


l l 
The gain in K.E = ~ 0.2x v" +5 (0.8) 0" 


v= linear speed of mass M; œ = angular speed of pulley. Since there is no slipping v= Ro . Therefore 


2 
y 
The gain in K.E = 0.1v° +0.4 =] =2.6 v? 


From law conservation ofenergy 


1.2-0.16=2.6v" 


v= Am 0.63 ms™ 
2.6 
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PROBLEMS FOR PRACTICE 


. . S 
PQRS is a square plate of side a. Surface mass density o . Locate its centerof p 
mass. What is change in position of C.M if 





(a) square 1 and 3 are cut out 
(b) all four squares are cut out p Q 
[Ans: (a) & (b) No change] Fig. 30 


R R 
A uniform circular disc ofradius R has a circular part of radius A having its center at a distance p 


from that of disc; cut out. Locate C.M of remaining part of disc. 


ane RÈ 
[ S: zg] 


Fig. 31 shows two balls A and B ofmass 1 kg and 2 kg respectively moving with same speed of 
2ms™` as shown in fig. 31. What is velocity of C.M ofA and B? 
B 


A 
2. 2 ie 2s ike Smf 2kg ~30° 
[Ans: 3 iT 34 ] 
Fig. 31 2ms 


Two particles A and B have masses in ratio of 1: 3. The particle Ais pushed towards C.M of A and 
B by a distance of 5 cm. By what distance B be moved so that C.M does not change? 


[Ans: 17 cm] 


A 
OAB is an equilateral triangle of side ¢ . Mass m, 2m and 3mare placed m 
at the three corners as shown in Fig. 32. Taking O as origin; OB as x— 
axis and y—axis through O perpendicular to OB locate co-ordinates of 
C.M ofthe arrangment. "n 3m 
O B 
2% l _— £t — 
t= ye 
Ans | 5° A h Fig. 32 


A uniform wooden log has mass M; length L. It is at rest on a smooth horizontal surface. A ball of 


mass | M | is at rest at one end oflo g. Some how on its own the ball starts moving towards the 


n 
opposite end with a constant speed v. What is distance moved by wooden log when ball reaches the 
other end? 
De-a 
[Ans: (n +1)! 
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We 


10. 


11. 


12. 


13. 


14. 


Two particles of mass 0.5 kg and 1 kg are located at origin and a point having co-ordinate +4m on 
x—axis. The two masses move towards one another under their mutual force of attraction where the 
two masses collide one another. 


[Ans: 2.67 m from initial position of 0.5 kg mass] 


A particle of mass 200g is projected in a vertical planein gravity of earth with an initial soeed of 2ms", 
in a direction so as to have maximum horizontal range. What is its angular momentum about point of 
projection when it is at the heighest point on its parabolic path? 


[Ans: 2.8310° kgm?s] 


A particle of mass 1 kg moves along a straight line x = y—2 with a speed of 2ms"'. Calculate its 
angular momentum about origin of co-oridinates. 


[Ans: 2/2 kgm’s"] 


Regard earth as a sphere of radius R = 6400 km and mass = M = 6x10“ kg. What is angular 
momentum of earth around its own axis? 


[Ans: 7.12 x 10” kgm’s"'] 
A particle of mass m moves into a circular orbit of radius R around a fixed mass M under their 
gravitational force. Calculate angular momentum of m around center ofits circular path. 


[Ans: [GM?mR ]”] 
An electron moves in a circular oribit of principle quantum number n in a hydrogen atom. What is 
torque of electrostatic force on electron due to proton about the center of its orbit? 


[ Ans: zero | 


A pulley of mass M, radius R is suspended from a rigid support as shown in 
Fig. 33. It is free to rotate about a horizontal axis through its center O. A massless 
string passes around the pulley. The two ends of string are pulled with force F, and 
F, (F, > F,) as shown. What is (1) the torque and (11) angular acceleration; of the 
pulley? 


F, F, 
[Ans: (i) (F —F ) R, anticlockwise (ii) A ] 
a MR Fig. 33 


A fly wheel of M.I 0.4 kgm’ is rotating about its own axis with a speed of 600 rpm. It is brought to 
rest by applying a constant torque in 10s. What is torque applied? What is change in angular 
momentum at t = 5s? 


[Ans: (i) 0.872 N-—m (il) 42 kgm/’s"'; decrease] 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


UDOON 
Th engine of an aeroplane has power of 2000 H.P. What is torque developed by the engine. When 
rotor has acequired an angular speed of 40 rps? 
[ Ans: 5973 N-m] 


A rotor has a radius of 4m. It can with stand a maximum acceleration 10 times g (= acceleration due 
to gravity of earth). What is maximum number of revolutions per second the rotor can make without 
breaking? 


ee ts 
[ S: 57 


A door of length 2.5m, breadth 1.25m has a mass of 10 kg. It is free to rotate about its length as axis 
in a vertical plane. A bullet of mass 50 g moving horizontally with a speed of 200 ms" hits the door 
at its midpoint and get emmbeded in the door. Calculate the loss of kinetic energy. 


[Ans: 996.3 J] 


A thin rod of mass 400 g is 1m long. It 1s held ina vertical position at rest; with one end pivoted to 
ground. It is given a fluck so that it starts moving a vertical plane. What is linear speed of free end of 
rod as it just hits ground? g = 10ms~” 


[Ans: 5.48 ms] 


R 
A uniform circular disc of radius R has a part of radius 5 cut out. The mass ofremaining annular 


disc is M. Calculate M.I about an axis through center of mass and perpendicular to plane of disc. 


37 Ma? 
72 





[ Ans: ] 


A cylinder of mass 5 kg diameter 60 cm is at rest and free to rotate about its own axis. It is given 
angular impluses, each of magnitude 3 kg m's” at a regular interval of 4s. What is angular speed of 
cylinder 30s after first impluse? 


[Ans: 106.6 rad s] 


A cylinder of mass M, radius R is held at rest in a horizontal position by suspending the cylinder from 
a rigid support by two massless, inextensible strings wrapped around it. The system is let go at t=0. 


(1) What isthe instantaneous angular speed of cylinder? 


(1) What is tension in each string? 


2g l 
-| — It; -M 
rans (22 6 £] 
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22: 


23. 


24. 


23; 


A body of mass M, has radius of gyration k about its own axis. It rolls down a rough inclined plane 
of inclncation 0 fromrest without slipping. What is force of friction acting on body? 


A disc; hollow sphere and solid sphere have same mass and radius. The three are released together 
from top ofinclined plane. u, is coefficient of friction between inclined plane and each body. The 
disc and hollow sphere slip down the inclined plane. The solid sphere rolls down without slipping. t,, 
Tt 
t, and t, is time taken by the three to reach the bottom of inclined plane. Given u, =0.5, 9 = 7 


What is t,, t, and t,? 


wt) , (24) 


8 8 





[Ans: t =t, -| 


A uniform cylinder of mass M, radius R is released from rest from top ofa rough inclined plane of 
inclincation 0. It rolls down the inclined without slipping. What is K.E of cylinder at bottom of 
inclined plane’? 


[ Ans: — Mel sin 0] 


B Q 
Fig. 34 
In Fig. 34 AB is a smooth curved track in a vertical plane. A particle of mass m is released from rest 
at A. It gets off track at B and moves on a smooth horizontal surface. B then hits a thin vertical rod 


at rest at its end Q and sticks to rod. The rod is free to rotate about a horizontal axis through end P. 
What is maximum angular deflection ofrod? Mass ofrod=2 m. 


cos” | 
[ Ans: TOL | 
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QUESTION BANK 
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Key Learning Points 
A rigid body does not change its shape or size when external force (s) act on tt. 
It can have 
(a) translational motion 
(b) rotational motion about a fixed axis 
(c) both translational and rotational motion simultaneously. 
To describe only translational motion in space; we use the concept of center of mass. The center of 


mass 1s a point where the entire mass of the body is imagined to be concentrated. 


For a collection of point masses m,, m,, ....... M seee m having position vectors ; N, P ,....F;,.... K, ; 


the position vector, R, ofC.M is 


n 


> mr, 


R== 


2m 
j=l 
For a body having a continuous distribution of mass, 


E |(pdv)r 


= | pdv 


where dm = pdv is an elementary mass on body around a point having position F. 


The equation of translational motion of C.M is 


d°R — MA = Fi! 


20 ext 


M 





F.°* is resultant ofall external forces on body if there were acting at center of mass. 


For a rigid body having a pure rotational motion about a fixed axis; every point mass making body 
moves in circular path. The radius r, of circular path of j" particle is its perpendicular distance from 
axis of rotation. r, is different for different point masses making body. The angular speed, ®,, of 


every point is same. The linear speed, V» of j” masses is 


Vv, =f, o 
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6. 


10. 


11. 


12. 


The quantity ofrotational motion of a particle of mass m, having velocity v when its instantaneous 


position vector r, is known as its angular momentum or moment of momentum £ . By definition 


f=rxp 


g | = magnitude of px L distance of line of action ofp from point O about which angular momentum 


is calculated. 
For a large collection of point masses; 


L =Total angular momentum of system. 


=), 4;=9 (r;xp;) 
j=l j=l 

For a rigid body rotating about a fixed axis, it can be shown, that 

L=lo 
I = Moment of inertia of rigid body about axis of rotation. 
œ = angular speed of rigid body. 
The torque; qt; ofa force about a point O is T=rxF. ris the position vector of point, P where force 
acts w.r.t point O. 


Torque is also known as moment of force. It is cause of rotational motion. 
The equation ofrotational motion 1s 
dL 
a T 
For a body rotating about a fixed axis it reduces to 
Ia = 
aœ = angular acceleration of rigid body. 
I= M.I of rigid body about axis of rotation. 


The law of conservation of angular momentum states that if there is no net external torque, the 
angular momentum is a constant. 


The rotational inertia ofa body is known as moment of inertia (I). For a point mass, m, moving ina 
circle of radius r, the moment of inertia I = rm’. For a discrete collection of point masses; 


n 
_ 2 
I= > my, 
j=l 
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r, is perpendicular distance ofj” mass from axis of rotation. 


For a body, having a continuous distribution of mass; 


[= | (dm) r? = f(pav)r? 


where dm = pdv isan elementary mass at a perpendicular distance r from axis of rotation. 


The moment of inertia, I; ofa rigid body is also defined using Newton’s second law of rotational 
motion, 1.€. 
t=loa 
M.I (1) is numerically equal to torque required to produce unit angular acceleration about a given 
axis. 
M.I ofa rigid body is not a constant. It depends on: 
(a) axis ofrotation and 
(b) distribution ofmass 
The radius of gyration, k, ofa rigid body about a given axis is 
I= Mk’ 


where k is perpendicular distance ofa point, where the entire mass of rigid body is imagined to be 
concentrated; from axis of rotation. 


For calculation of M.I, two theorems are very useful. These are: 


(a) Theorem of parallel axis: The M.I, (1) ofa rigid body of mass M; about a given axis equals 
its M.I about a parallel axis through C.G (.e. Ig) plus product of mass (M) and square of 
perpendicular distance (h) between the two parallel axis. Expressed mathmatically 


I= Ig + Mh’ 


(b) Theorem of perpendicular axis: For a laminar body lying in x-y plane; the M.I about z-axis 
(1.e. axis perpendicular to plane of body) is sum of M.I of body about two mutually perpendicular 
axis, (Say x— and y-axis) in its own plane. All three axis pass through same point O. Expressed 
mathematically 


LSLHI, 
The kinematical equations describing uniformly accelerated rotational motion about a fixed axis are: 


@(t)=(0)+at 
0 = [o(0)]t+ ar 


Col -[@(0)] = 2a0 
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18. 


19. 


20. 


21. 


For a body having simultaneous rotational and translational motion; the motion is described in terms 
of 


(a) The translational motion of C.M of body. The equation of translational motion is 
MA=F 
A = Linear acceleration of C.M, F = Resultant ofall forces as it they were acting on C.M. 


(b) The rotational motion is described in terms of rotation about an axis through C.M. The equation 
of rotational motions is 


la=rt 


a =angular acceleration of rigid body. I = M.I ofrigid body about axis through C.M. 7 is net 
external torque. 


(c) For body rolling down without slipping; 
v=Ro and A=Ra 
For a body rolling without slipping kinetic energy has two parts: 


(a) Translation K.E. (K,) of C.M. It is 


K, =+MV? 
2 


V = velocity of C.M of body. 


l 
(b) Rotational K.E (K,)= 5 Io” 


For body rolling down with slipping V = Rœ 


For a body of circular cross-section rolling down a rough inclined plane of inclincation 9, without 
slipping; the linear acceleration, a of C.M 1s 


= gsind 
G3 
MR 


The law of conservation of energy is a convenient tool to describe motion ofa body rolling down 
without slipping. 
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Average Centre of Mass 


1. Particle A of mass 2m and B of mass 4m are placed at x = —a and x = +2a respectively on 
x-axis. What % of mass of B be transerred to A so that the centre of mass of the system 
shifts to origin of co-ordinates? 


(1) 25% (Incorrect) 
(2) 50% (Correct) 
(3) 75% (Incorrect) 
(4) 100% (Incorrect) 


Correct answer: (2) 


Solution: 
A O B (2m+m,) O (4m-m,) 
— a oe AO | 
k- a >k— 2a —i k- a >— 2a — 
(a) (b) 
Fig. 1 


Let m, be mass moved from B to A as shown in Fig. 1(b). The co-ordinates of C.M is at origin of 
co-ordinates Le. X = 0 


(2m +m, )(—a)+(4m—m, )x 2a 


6m 


0= 
or (2m+m)=2(4m-m,) 


m, =2m 


baai — — so 
a 100 = Percentage of mass of B transferred = 50% 
Unit-5 : Rotational Motion 
Average Centre of Mass 


2. Masses m; m and 2m are placed at points having position vectors. 
r, =i+2j-k; r, =4i-j+2k; r, =? 
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in such a manner that center of mass of system is at R =i+j.r, is 


(1) (-i+3j-k)/2 (Correct) 
2) (i £355 k) 72 (Incorrect) 
(3) (i _3j- k) /2 (Incorrect) 
(4) (4-3)+k)/2 (Incorrect) 


Correct answer: (1) 


Solution: 

Let r, = xi+ yj+ zk. Then ea 

or i+j=(i+2)—k)+(4i-j+2k)+2(xi+yj+zk)/4 
or 4(i+j)=(5+2x)i+(1+2y)j+(1+2z)k 


Equating coefficient of i,j and k we have 


4=54¢2e n (i) 
4=14+2y a, (ii) 
O=1422 0 2 2 oan. (iii) 


l l 
X=——~, N Sa 4=-7. | 
Therefore 5 y 5 5 Obviously 


r, =(-i+3j-k)/2 


Unit—5 : Rotational Motion 


Average Centre of Mass 


3. ABC isan equilateral triangle of side £. O is centeroid of triangle. Mass m each are placed 
at A, B and C. A mass of 2m is placed at O choosing O as origin of co-ordinates and x, y— 
axis as shown in Fig. 2; the co-ordinates of C.M of the arrangement are: 
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X 
TEAT 
A B 
— | — 
Fig. 2 
J3 
0; — Z 
(1) ; 
£53, 
(2) 2 
(F°) 
(3) 3 
l 
0; —— 
“) . a 
Correct answer: (4) 
Solution: 
l 4 4 l 
For the system shown co-ordinates of A| -—;-——= |; BI —;-—= | C| 0;—= 
eN a V3 


and Y be the co-ordinates of C.M. Then 


m{ —5 ]+m( £ }+m(0):+2m(0) 


X= — =0 
A a a 
5m 543 
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(Incorrect) 


(Incorrect) 
(Incorrect) 


(Correct) 


and 0(0,0). Let X 


DO, OY 
UDA AN 
Unit-5 : Rotational Motion 
Average Centre of Mass 


4. OAB is an equilaterial triangle of side ¢. C, D and E are midpoints of the three sides. 
Points mass are placed on these points as shown in Fig. 3. The co-ordinates of C.M of 


system are 

o (62 — 
(2) 7 =) (Incorrect) 
(3) E] (Correct) 
o (25) fenó 


Correct answer: (3) 
Solution: 


Choose x-y axis as shown in Fig. 3. Co-ordinates of different points are: 


E Be 


0(0,0); TONE “y 


oh Spee 


(X, Y) are co-ordinates of C.M. 


E mx0-+m(é)+m{ 5 ]+2m 5)+2m{ £ )+2m( 5 


m+m+m-+3(2m) 


Y 





9m/ 
2x9m 





Nis 
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mOsm $ |e 2mos 2m $ azm 4S. 
pa: S.: E 2 





9m 
7 3./3m0 E. 
2x9m AE 
Unit-5 : Rotational Motion 
Average Centre of Mass 


5. A uniform semi-circular disc of radius R has a mass M. The distance of the centre of mass 
from O of the disc on its radius OC dividing the disc symmetrically is 


R 

(1) 3 (Incorrect) 
R 

(2) > (Incorrect) 
2R 

(3) ES (Correct) 
3R 

(4) ES (Incorrect) 


Correct answer: (3) 


Solution: 


Fig. 4 


Fig. 4 shows a uniform circular disc ofradius R. Consider the disc as made up of coincentric semi-circular 
rings. The radius ofrings varies from 0 to R. By symmetry the center of mass lies on y—axis. Consider an 
elementary ring of radius r thickness dr as shown in Fig. 4. 


dm = Mass of elementary ring considered 
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= Tl (rdr) ©; O=mass/ area = constant 


R 


| rdm 


0 
R 


Y =Cordinate of C.M = 





D t— 
O 
= 


R 
| nor’dr R’ 
_ 9 — 3 2R 
R i a 
R 3 
| nordr a 
2 
0 
Unit—S : Rotational Motion 
Difficult Centre of Mass 
6. From a uniform circular disc of radius R a part of radius a is cut—out with center at 0, as 
shown in Fig. 5. The center of mass of the remaining part of disc is at: 
R R 
(1) X=- Y= 





0° 20 (Incorrect) 
(2) X= > Y= 5 (Incorrect) 
(3) X= G X 5 (Correct) 
(4) X= Se Y= 5 


Correct answer: (3) 


(Incorrect) 


632 


A program to give wings to girl students 


Solution: 


Let m be mass of complete disc of radius R.The mass m, of the part removed is - To obtain C.M of 


m 


remaining disc we consider mass m to be plaed at O and {=| at O, as shown in Fig. 6. Distance 


OO, a The co-ordinates of O, are Cons aad 
i 4 42° 4 v2 


The co-ordinates (X, Y) of C.M are: 








mx0+ - 4 > 

X= o UDA (=) 
7 d- m) 20/2 
16 
R Fig. 6 
Similarly Y = -| ——— 
D, 
Unit-5 : Rotational Motion 

Difficult Centre of Mass 


7. Fig. 7 shows a uniform disc of center O, radius R of a material of mass per unit area o .A 
part of center O, and radius r is removed. Another disc of center O, radius r, of material of 
mass per unit area 2c is placed on the larger disc. The center of mass of the arrangment 
is at 
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D Rory Yer) 


D =R 


o ea [ea 


7 a (ceca 


Correct answer: (2) 

















Solution: 
Let m, = Mass of complete disc of radius R = TR*o 


: A 2 
m, = Mass of disc of radius r, removed = nR ‘o 


m, = Mass of disc of radius r, placed with center at 


O.= nr’ (20) = 2nr’o 


2 





The given arrangment is equivalent to what is shown in Fig. 8. Note mass at 


O, has negative sign because it has been removed. Co-ordinates of O (0, 
0); O, (a, 0) and O, (0, b) 


Let (X, Y) be the co-ordinates of C.M ofthe arrangment. Then 


Fig. 8 


m(0)+(—m, )a+m, (0) 


m+(—m,)+m, 
ae. e a 
(m-m,+m,) n| R? -r° +2r |o 


o r'a 
R? +r’ 


aa 
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Similarly, 


m(0)+(—m, )(0)+m, xb 


Y= 
m+(—m,)+m, 
7 2nr°o.b = 2r’b 
n| R? —r +21? |o (R? +r’) 
Unit-5 : Rotational Motion 
Easy Centre of Mass 


8. A particle A of mass M is falling freely, from rest, under gravity of earth. At a height h, 
above ground it somehow on its own breaks up into two fragments B and C (m, > m,). The 
change in the path of C.M of A and C.M of B and C is 


(1) nochange (Correct) 
(2) moves towards path of B (Incorrect) 
(3) moves towards path of C (Incorrect) 
(4) change depends on height, h; where A breaks into fragments (Incorrect) 


Correct answer: (1) 
Solution: 


Particle A is moving freely under gravity; the C.M of A moves downwards along the vertical line path of A. 
Since A breaks upto two fragments on its own 1.e. their is no external force; the eugation of motion of C.M 
of B and C is same as of particle A. This means there is no change in path of C.M of fragments A and B. 


Unit-5 : Rotational Motion 
Difficult Centre of Mass 


9. A thin uniform rod of mass M length L is placed along x—axis as shown in Fig. 9. The rod is 
replaced by a non-uniform rod of same dimentions. The linear mass density ) at a distance 
x from origin is 


A= (L-x) oc «= 


where à, is a constant. The distance by which center of m- x — 


mass of original rod shifts is: Fig. 9 
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(1) zero (Incorrect) 

(2) = (Incorrect) 
L 

(3) 4 (Incorrect) 
L 

(4) e (Incorrect) 


Correct answer: (4) 


Solution: 


L 
For uniform rod OA, the center ofmass X, =— . For non-uniform rod, the position X, of C.M is 


2 
L i 
J(sadx) 2, f(L—x) xd 
X=% Tae 
fade M f(L-x)dx 
0 0 
L PL 
Ea L 2 L 
~ eae ee 
pL) 6 3 
2 
The change in positi eme 
ec ange in position o A 3 3 = 6 


Unit—5 : Rotational Motion 


Difficult Centre of Mass 


10. Two particles A and B of mass m and 2m are placed at x, = 0 and x, = 3a. At t=0; B starts 
moving towards A with a constant speed v,. The center of mass of system is at X= a; at time 


t. Then t, is 
a 

D J (Incorrect) 
0 
2a 

(2) = (Incorrect) 
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a 
F a In t 
(3) 2v, (Incorrect) 
3a 
4) A C t 
(4) 2v, (Correct) 


Correct answer: (4) 


Solution: 
The initial position X, ofthe C.M. of system (1. e. t = 0) is 


y —(0)+2m(3a) _ 
aa m+2m g 


v, = The initial speed of C.M of system 


—~mx0-2mv, (2v 
m+2m 3 
When B starts moving towards A; there is no external force. The speed of center of mass remains same at 
all times. The instantaneous positon, X of C.M is 
2v 
X=X,+v,t= za- 7). 
Let X=aatt=t,. Then 


2 
a=2a-[ Ye )i 


3a 


Unit-5 : Rotational Motion 
Centre of Mass 


Difficult 
11. ‘Two point masses m, and m, lie a distance D apart as shwon in Fig. 10. At t=0; an external 
force F is applied on m, and system is let go. S and S, denote distance travelled by C.M and 


the instantaneous seperation between the two masses; then 
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Correct answer: (3) 
Solution: 
Let a, and a, be the acceleration of mass m, and m, repectively. Then 
a, = 0 (There is no external force applied on m, ), and 
a, =— 
m, 


Let a. be acceleration of C.M. Then 


ma +m,a, F 
a, = = — = constant 
m+m, (m+m, 


C 


S = Distance travelled by C.M in time t 


1 , If Ft 
=-a t =- 
2 2\m +m, 


S, = Instantaneous distance between m, and m, 
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= D + distance travelled by m, in time t 


1( Ft? 
-D++a,t? are pa 
2 2( m, 


Unit—5 : Rotational Motion 


Difficult Centre of Mass 


12. OA is a thin rod of mass 4m, length 2L placed along p vy, 
x-axis as shown in Fig. 11. A particle P, of mass m starts @—®——.-§__._, x 
moving along rod with a constant speed v,. The variation 
of position co-ordinate X of C.M. of system with time (t); 


till P reaches end A is Fig. 11 
X X 
L 
t t 
O O 
(1) (2) 
m X 
1.6L 
4L 1.2 L 
5 0.8 L i 
0.4L i 
t O : 
O 2L 
Vv 


(3) (4) 


Correct answer: (4) 
Solution: 
The entire mass 4m of rod can be considered as concentrated at its center 1.e. . = L. The instantaneous 


position of P=x, =v,t. The instantaneous position of C.M X is 


_ 4mxL+mvot 


X = 0.8L +0.2v,t 


4m +m 
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X vs t graph is a straight line. Also X (t= 0)=0.8L 


2L 


Let P reach end A ofrod at t = i= a Then 
0 


X(t=t) =0.8L+0.4L=1.2L 


Unit—5 : Rotational Motion 


Average Centre of Mass 


13. A rod OA of mass M; length L lies along x—axis with one end at origin of co-ordinates. A 
particle of mass m is initially at rest at the other end A. At t = 0; particle starts moving 
towards end O with a uniform acceleration a. For (0 <t <7; where t is time taken by 
particle to reach end O the instantaneous position of C.M of system, X is: 








(1) =o oat’ (Incorrect) 
(2) ear ae (Come 
(3) Eal t (Incorrect) 
4) EA y t (Incorrect) 


Correct answer: (2) 


Solution: 


L 
The mass M ofrod is considered as concentrated at its midpoint O; X, = Di Let P be the instantaneous 


position of particle on rod. The instantaneous position 


co-ordinate of P —— (rja | $e 
O, P 
1 Ooy 
= 1 = ar | A 
2 k— M2 — 


X = The instantaneous position co-ordinate of C.M Fig. 12 
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Unit-5 : Rotational Motion 
Average Centre of Mass 


14. Along planck of mass 10 kg lies on an absolutely smooth horizontal surface. A ball of mass 
0.5 kg is initially at rest on one end of planck. At t = 0, the ball start moving with a constant 
speed v,. As it moves from one end to the other end; the planck accquires a speed of 
0.2 ms. Then v, is 


(1) 0.2 ms” (Incorrect) 
(2) 2ms' (Incorrect) 
(3) 4.2 ms” (Correct) 
(4) 4.0 ms” (Incorrect) 


Correct answer: (3) 

Solution: 

As the ball moves on planck there is no external force. The center of mass of ‘planck-ball” system is 
initially at rest, it remains at rest as ball moves on planck. Let ball travel a distance L (= the length of planck) 


L 
is time t. Then Vo = In this time the planck moves by a distance 


mL 


7 
m S 
v = The speed accquired by planck = £ _ t 

t M+m 


MV, 
(M + m) 


Given M = 10 kg; m=0.5 kg; v = 0.2 ms", therefore 
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0.2(10+0.5 
Vo oer t ) ns- 
0.5 
= 4.2 ms! 
Unit-5 : Rotational Motion 
Difficult 


Centre of Mass 


15. Two particlesA and B of mass m, and m, are moving with velocity u, and u, in “Lab-frame 
of reference”. In a frame of reference attached to the center of mass of A and B; the total 


linear momentum ofA and B is 


(1) zero 
2) mu tmu, 
(3) (m, tm) v; where v is velocity of C.M of A and B 
(4) Less than (m u, + m,u, 
Correct answer: (1) 
Solution: 


The initial velocity V, of center ofmass A and B is 


mu +m,u 
V 1”1 2”2 
0 


= constant 
m +m, © 


Let v, and v, be velocity ofA and B in C.M frame of reference. Then 
5 Ped a a a ea 


lc 0 


P = The total linear momentum of A and B in C.M frame of reference. 
= m,y, T m,v,, =m, (u, -V tm, u, -V 
=(mu +mu)- mtm) V, ae. (11) 

From Eqns. (1) and (11) we have, 
P = zero 
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(Incorrect) 
(Incorrect) 


(Incorrect) 
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Unit—5 : Rotational Motion 


Average Centre of Mass 


16. ‘Two point masses m and m, are at rest a distance 2D apart. At t= 0; the two start moving 
towards one another, under their mutual force of interaction. What is distance travelled by 
the center of mass when separation between particle is reduced to D? 


(1) zero (Correct) 
(2) D2 (Incorrect) 
(3) Less than D/2 (Incorrect) 
(4) More than D/2 but less than D (Incorrect) 


Correct answer: (1) 
Solution: 
Fig. 12 shows position of masses m, and m, at t= 0. 


x = Initial co-ordinate of C.M 


—m,x0+m,(2D) 2m,D 


m, +m, (m +m, ) 
V, = The initial velocity of C.M 


_m,x0+m, x0 -o 
m, +m, 


The equation ofmotion of C.M of system is 


2 
(m,+m,)° = 26 


dt 





Note there is no external force. Masses move towards one another due to their mutual force of interaction, 
which 1s an internal force. Therefore 





dX dV 
5 = — -—(0) 
dt dt 
a V=V,=0 


The center of mass is initially at rest and it remains at rest throughout. Therefore distance travelled by 
center of mass is zero. 
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Unit-5 : Rotational Motion 
Easy Angular Momentum 


17. A particle of mass m, moves with a velocity v = Vo v, is costant along a straight line 


parallel to Y—axis as shown in Fig. 13. Pis the instantaneous position of particle. rand § 
are as Shown in Fig. 13. The instantaneous angular momentum L, of P about origin O; is 





(1) directly proportional to r only (Incorrect) 
(2) mdependent ofr and Q (Incorrect) 
(3) directly proportional to cos @ only (Incorrect) 
(4) directly proportional to r and 0 only (Correct) 


Correct answer: (2) 

Solution: 

Let h be the perpendicular distance of line along which particle moves from O. The angular momentum L, is 
L,=mv,h 

L, does not depend onr or 9 (rand 0 both change in such a manner that h =r sin § = constant.) 


Alternative Solution: 


Since there is no external force i.e. F, = 0; there is no external torque, therefore L is constant. 


Unit-5 : Rotational Motion 
Difficult Angular Momentum 


18. A particle of mass m moves along a curved path in x-y plane about origin of co-ordinates as 
axis in such a manner that instantaneous acceleration is always perpendicular to 


instantaneous velocity. The mganitude of linear velocity and acceleration is q and £ 
respectively. The angular momentum of particle about origin (0) of co-ordinates is 
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(1) maß (Incorrect) 

(2) i (Incorrect) 
ma 

(3) B (Correct) 

(4) m =| (Incorrect) 


Correct answer: (3) 
Solution: 


Since instantaneous velocity is always perpendicular to instantaneous acceleration, the particle moves in a 
circle with center O. Let R be radius of circular path. The magnitue of acceleration is 


The magnitude of linear momentum of particle = m a . The magnitude of angular momentum; / ; about O is 


(= pxR = (ma) ma 





Unit—5 : Rotational Motion 


Average Angular Momentum 
19. 
Bap 
Om = ow ee ee eee eee eeeees 
m à 
? JO 
b 
4 2Vo 
.…..nsnnonsnnennnen -q— 
2m 
Fig. 14 


Two particle P and Q of mass m and 2m are moving in the plane of page as shown in Fig. 14 
The angular momentum of the two particle system about point O is 
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(1) mv,a; clockwise 
(2) 4mv,b; anticlockwise 
(3) mv, (at2b); clockwise 


(4) mv, [4b—a] anticlockwise 


Correct answer: (4) 


Solution: 


L= Total angular momentum of the two particle system about point O=L,+ L a 


L, = Angular momentum of P about O = mv, a; clockwise 


L, = Angular momentum of Q about O = 4mv b; anticlockwise 


~ JL]=|L 


o|- [Le 


= mv, [4b-a] 


The direction of L is anticlockwise 


(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 


Unit—5 : Rotational Motion 


Difficult 
20. 


A uniform disc of mass 2m radius R is pivoted at its center O on 
a smooth horizontal surafce. The disc in free to rotate about a 
vertical axis ZOZ’ through its center O. The disc is initially at 
rest. A particle of mass m is moving on the horizontal surface 
with an intial speed v as shown in Fig. 15. The particle hits disc at 
its edge A and sticks to the disc. What is angular speed of “disc- 
mass system” when m just sticks to it at A? Somehow on its own 
the mass m starts moving towards center of disc. What is angular 
speed of the system when m reaches O? 


n œ. 
(1) 2R' R 
y ~:~ 
(2) RR 
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I 
I 


Conservation of Angular Momentum 


CD 


| Ym 





Fig. 15 


(Correct) 


(Incorrect) 
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_ Incorrect 
(3) R’R (Incorrect) 
% = Incorrect 
(4) R’OR (Incorrect) 


Correct answer: (1) 
Solution: 


For “disc-mass system’; there 1s no external force, therefore no external torque. The angular momentum of 
system is conserved. 


L=L,..+L,,..=0+mvR 


DISC m 


L= lo, 


I=lL_...+1l. = 


l 
DISC mass 2 


(2m)R* +mR* = 2mR* 
. mvR=2mR°o, or ©, =— 
2R 


The mass m moves on disc, somehow on its own e. there is no external force. Angular momentum is again 
conserved. 





Io, =1'o'; œ' = angular speed of system as mass m reach O. 
l' = Ipsec = mR* 
_ ( 2mR? V 
“| mR? 5R 
Unit-5 : Rotational Motion 
Average Angular Momentum 


21. A particle of mass m is moving in a vertical plane. It is projected with a speed v, at an angle 
0 with the horizontal, from the origin of co-ordinates. The angular momentum of particle, 
about origin of co-ordinates, when it is at same horizontal level as point of projection is 


(1) zero (Incorrect) 
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ae: 
mv, sin“ O 


(2) ogo (Incorrect) 


2mv; sin Ocos* 0 
(3) g (Incorrect) 


2mv; sin’ Ocos 0 
(4) g (Correct) 
Correct answer: (4) 
Solution: 


Fig. 16 show the parabolic path ofparticle when it is in position P. The 
velocity of particle is v, as shown in Fig. 16. OQ is perpendicular from 
origin O on the line of action of linear momentum of particle at P. 


¢ =angular momentum of particle at P about O = mv, x OQ 





=mv, R sin 0 
v sin 20 
where OP=R= TE = horizontal range ofP. 
ie mv, sin 20sin 0 
8 
_ 2my; sin” Ocos@ 
8 
Unit-5 : Rotational Motion 
Average Angular Momentum 


22. A sphere P of mass M, radius R is moving on a smooth horizontal surface with an angular 
speed œ. The speed of center of mass is v. P undergoes a perfectly clastic head-on collision 


with an identical sphere B at rest. The angular speeds of P and Q after collison are œ and 


œ, . Then 


(1) @ <0, (Incorrect) 
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(2) 0,=0,4@ (Incorrect) 
(3) o,=0 (Incorrect) 
(4) 0,=@ (Correct) 


Correct answer: (4) 
Solution: 


There is no friction between P and surface in contact. When P and Q colloide there is no transfer ofangular 
momentum from P to Q. Sphere P only transfers its linear momentum to Q. Hence after collision P has 


same angular speed as before collosion. Therefore œ, = œ. 


Unit-5 : Rotational Motion 
Difficult Angular Momentum 


23. Two point masses m, and m, are fixed at the ends of a massless rod of length ¢.The sytem 
revolves around an axis through C.M and perpendicular to the length of rod. It is completing 
n revolutions per second. The angular momentum of the system about axis of rotation is 





mm, | > 
(1) (um a (Incorrect) 
mm 
2n| —— |? .n 
(2) (= me) (Correct) 
2 
mm, |p| 2 
(3) m, +m, | a7 (Incorrect) 
(4) 4r (m +m, )¢°n* (Incorrect) 


Correct answer: (2) 


Solution: 





UDOION 
The moment of inertia (J) of the system about axis through C.M (O) and perpendicular to AB is 


=, 2 2 
l=m,x, +m,x; 


m,¢ m,¢ 
X = XY, = ———————————— 


2 2 
l l 
I=m, En +m, En 
m, +m, m, +m, 


2 
7 mm, £ 


(m +m, ) 


The angular speed (œ) of the system is œ= 27n 


The angular momentum L; of the system about axis of rotation; 


L=Io 


Unit—5 : Rotational Motion 


Average Angular Momentum 


24. A particle of mass m, tied to one end of a string is whirled into a horizontal circle. The 
length of string is gradually reduced in such a manner that the angular momentum of particle 
about center of circle remains same. T is tension in string when instantaneous radius of 


circle is r; then 


GQ) Teor! (Incorrect) 
Q) Tor? (Incorrect) 
G) Tor? (Correct) 
(4) Tor (Incorrect) 


Correct answer: (3) 
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Solution: 


Let œ be the instantaneous angular speed of stone when instantaneous radius of circle is r. The angular 
momentum / , of stone about center of circle. 


l= mro = constant ws (1) 


The instantaneous tension T in string provides necessary centeipetal force. Therefore, 








T=mro 
( 2 
=m] [Clf=n (i) 
? 
e Since / and mare constant, therefore 
Tor 
Unit-5 : Rotational Motion 
Difficult 


Conservation of Angular Momentum 
25: 


ke- L/2 > 
Fig. 18 
A thin uniform rod AB of mass 2m has length 2L. The rod is pivoted at midpoint O on a 


smooth horizontal surface. A particle P of mass m moving with speed v, as shown in Fig. 18; 


hits rod at point C and sticks to it. The rod-mass system rotates with an angular speed œ. 
Then 


(1) Vo= = Jo L (Incorrect) 


(2) Vo= avo L (Correct) 
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7 
(3) Y= T VoL (Incorrect) 


5 
(4) We P JoL (Incorrect) 


Correct answer: (2) 

Solution: 

Consider “rod-particle system”. Since there is no external force angular momentum of system is conserved. 
L, = Initial angular momentum of system about O = mv, (L/2) 

L,= Final angular momentum of system about O = Jo. 


I= M.I ofrod particle system about axis through midpoint O and perpendicular to length ofrod 


l 


-E (mee +m( 5) 


2 
ery P = UT nl? 
3 4 


From law of conservation of angular momentum 





mv,L ll 
L =L, or z p 7) 
1] 
Vo = ra 
Unit-5 : Rotational Motion 
Average Angular Momentum 


26. A uniform disc of mass 2m, radius R is at rest in a vertical position. 
It is free to rotate about a horizontal axis through center O. A 
particle of m moving with speed v is aimed towards the edge of 
the disc as shown in Fig. 19. The particle hits disc and gets 
emmbeded in it. The angular speed; œ, of the arrangment when 
particle gets embedded is (neglect gravity) 





(1) = (Incorrect) 
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(2) OR 
2v 

(3) R 
3 v 

(4) OR 


Correct answer: (2) 


Solution: 


UDAION 
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(Correct) 


(Incorrect) 


(Incorrect) 


Consider disc-particle system; there 1s no external force and therefore no external torque. The angular 


momentum of system about O 1s conserved. 
L. = The total initial angular momentum = mvR 


L,= The total final angular momentum = (Lj... + Laricio) © 


= 5 (2m)r: +mR° | wo = 2mR © 
Now, L,=L, ; therefore 


mvR =2mR’o 


Unit—5 : Rotational Motion 


Average 


27. A disc of mass M; radius R is rotating about ZOZ as axis. PQ is a 
chord on the disc. A bead of mass m is held at P. The arragnment is 


given an initial angular speed «,. At the same time bead starts moving 


along chord from P to Q. The angular speed œ vs time (t) graph of the 


arragnment is 
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(3) (4) 


Correct answer: (4) 
Solution: 


As bead slides along chord PQ there is no external force and therefore no external torque. The angular 
momentum of system remains constant. However the M.I (1) of the system varies as bead moves. The M.I 
decreases becomes minimum when bead is at middle of chord PQ and then increases. M.I with bead at 
end P and Q is same. Therefore œ first increases accquires a maximum value when I is minimum and then 
starts decreasing. Final value of œ = œ, when bead reaches end Q. The variation of I is non-linear as 


shown in (4). 


Unit-5 : Rotational Motion 
Average Conservation Law 


28. A wire of mass m is bent into an equilateral triangle of side / . Two beads (identical) each of 
mass m, can slide freely along sides PQ and QR of triangle. The triangle is set into rotation 
about axis ZZ’ and simultaneously beads are let go from point P. As system rotates beads 
slide down. For the system, what is conserved? 


7A 
4P 
Q R 
Z Fig. 21 


654 


UDOON 

(1) Angular speed and total energy (Incorrect) 

(2) Angular momentum and moment ofinertia (Incorrect) 

(3) Total energy (1.e. sum of kinetic and potential energy) and total angular momentum (Correct) 

(4) Kinetic energy and angular momentum (Incorrect) 
Correct answer: (3) 


Solution: 


As beads slide down sides PQ and PR there is no external force (sides of APQR are smooth) and 
therefore no external torque. The total angular momentum of system is, therefore, conserved. 


As beads slide down the beads lose gravitational potential, but their is a gain in K.E. The total energy is, 
therefore, conserved. 


Unit—5 : Rotational Motion 
Average Torque of a Force 


29. A charged particle having charge q; mass m is under the action of an electric field E = E i : 


At some instant of time its position co-ordinates are (a, b). What is the magnitude of torque 
of force on particle due to electric field about origin of co-ordinates at this moment of time? 


(1) zero (Incorrect) 
(2) qE,.a (Incorrect) 
(3) qE,.b (Correct) 
(4) qE,a.b (Incorrect) 


Correct answer: (3) 


Solution: 


The instantaneous force F on particle is F = qE = qE a . The instantaneous position vector r of particle 1s 
r=ait+ bj 

The instantaneous torque q = r x F 
= (ai+ bj) x qE,i 
=—qE,b (k) 
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Unit-5 : Rotational Motion 
Average Torque 


30. In a hypothetical region of space gravitational force is 





where k is a constant. In this region a planet of mass m moves around another body of 
mass M. The torque of gravitational force on m due to M; about position of M is (r is 
position vector of m with respct to M) 


(1) zero (Correct) 
k 

(2) EA (Incorrect) 

(3) kr (Incorrect) 
k 

(4) 7 (Incorrect) 


Correct answer: (1) 
Solution: 


Since the gravitational force is still a radial force 1.e. is directed along the line joining m and M; torque of 
gravitational force on m due to M, about position ofM, is zero. The perpendicular distance of line of action 
of F from poistion ofM is zero. 


Unit—5 : Rotational Motion 


Average Torque 
31. A particle is moving in x-y plane. The instantaneous position co-ordinates of particle are 


(a, b). There are two forces F, = 2F i; F, = Fj acting on the particle. The torque of forces 


on particle about origin of co-ordinates is 


(1) (2F,a ji (Incorrect) 
(2) (F,b) j (Incorrect) 
(3) | F, (a — 2b) | k (Correct) 
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(4) [F (2a + b) | k (Incorrect) 


Correct answer: (3) 


Solution: 


r = The instantaneous position vector ofparticle = ai + bj 


The instantaneous torque of forces on particle about origin of co-ordinates 1s 
T=rx (F, +F, ) 
= (ai+ bj] x [2R + Fj 
=2Rb(ĵxi)+Fafixj] 
=| Ę (a — 2b) |k 
Unit-5 : Rotational Motion 
Easy Torque 


32. Aforce F = 0.5j newton acts at a point having position co-ordinate r, = 3i meter. Another 


force F, = _0.6i acts ata point having position vector r, = 4j meter. The net torque of the 


two forces about origin of co-ordinates is 


(1) zero (Incorrect) 
2) 0.9Nm; k (Incorrect) 
(3) 3.9Nm; k (Correct) 
(4) —3.9Nm; k (Incorrect) 


Correct answer: (3) 


Solution: 


t, = Torque of force F, =r, x F = 3ix 0.5] =1.5k= 1.5k:N—m 


Tt, = Torque of force F, =r, x F, = 4jx (-0.6i] 
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— ~2.4;xi = 2.4k:N—m 


Then net torque tT 1s 


T=T, +T, =3.9N-m; k 


Unit-5 : Rotational Motion 
Average Equations of Motion 


33. A thin rod OA of length L has a linear mass density that increases on moving from O 
towards A. The rod is free to rotate about on axis perpendicular 


to OA passing through either end O or A. A constant force Fis Oo > A 
applied at the free end of rod perpendicular to its length. Which "“———~ L — 

of the following quantities does not depend on whether rod Fig. 22 

rotates about axis through end O or Ais 

(1) external applied torque (Correct) 
(2) angular acceleration (Incorrect) 
(3) moment of inertia (Incorrect) 
(4) angular momentum at the end of Is. (Incorrect) 


Correct answer: (1) 

Solution: 

The magnitude of the external applied torque =F x L 
whether rod is rotating about axis through end O or A. 


The M.I of rod about axis through end O and A is not same. I, > I,. This is due to variation of I with 
distribution of mass. Therefore angular speed or angular acceleration will be different when axis passes 
through end O or A. 


Unit-5 : Rotational Motion 
Average Equation of Motion 


34. A uniform rod PQ has mass M; length L. In Fig. 23 X-Y plane is vertical. The rod is pivoted 
at point O. The rod is at rest in a vertical position. It is given a flick and let go. The torque 
due to weight of rod about ponit O is 
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¥ 
P 
X 

O 
(1) zero Z PS (Incorrect) 
(2) auniformtorque (Incorrect) 
(3) anon-uniform torque of constant magnitude (Incorrect) 
(4) anon-uniform torque of constant direction (Correct) 


Correct answer: (4) 
Solution: 


Due to flick imparted to rod the rod rotates in a vertical plane (X-Y plane) about axis through end O. Let 
0 be the instantaneous angle rod makes with vertical as shown in Fig. 24. Then 


A 
. 


w = The weight ofrod = -(mg)j 


r= The instantaneous position vector of C.G. 


k 

L L j 

=| Žsin0 li+| =cos0 |j 
G E ji G 

The instantaneous torque about O due to weight ofrod is 6 "s2 7 
tTt=rxF 

L. a IL A A , 
= G sın o ji Seo J j (me) Z Fig. 24 
--( 28L sino J 


The magnitude of torque changes with time t because 9 varies with time. However direction of t is same 
at all times. 
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35. A cylinder of mass M is placed on a smooth inclined plane of inclincation 9 as shown in 
Fig. 25. A massless rope is passing around cylinder. One end of rope is fixed as shown. The 
other end of rope is pulled upwards with a force F with rope kept vertical. The cylinder is in 


equilibrium if 
F 
L 
Fig. 25 

(1) F=Megsimno (Incorrect) 
(2) F=Mgcos @ (Incorrect) 

_ Mgsin@ 
(3) oe (1+sin0) (Correct) 

_ Mgcos@ 
(4) 7 (1+sin0) (Incorrect) 


Correct answer: (3) 
Solution: 


The forces acting on cylinder are shown in Fig. 26. Taking moment of 
forces about point A at equilibrium. 


Mg (AB) =F. CD 
= F (CO + OD) 
or Mgrs 9 =F(r+rsin @) 





where OA =r = The radius of cylinder. Therefore 


= Mgsin® Fig. 26 
p (1+ sin 0 ) 
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36. A uniform ring of mass M radius R has two identical beads P and Q each of mass m; free to 
move along it. Initially beads are in position P and Q. The M.I of “ring-bead” system about 
axis through center O and perpendicular to plane of ring is I. The beads are moved to 
position P’ and Q’ as shown in Fig. 27. The M.I of system is now I’. Then 





(1) I=MR’*;I=1' Fig. 27 (Incorrect) 
(2) I=(M+m)R°;I4I' (Incorrect) 
(3) I= (M+ 2m) R^; 141 (Incorrect) 
(4) I=(M+2m)R°; I=I' (Correct) 


Correct answer: (4) 


Solution: 


I=M.I of “ring bead system” about given axis = Ling +1, +1, 


ring 
=MR +mR? + mR’ 
=(M+2m)R° 


When beads move to position P’ and Q’ their perpendicular distance from axis ofrotation remain same. 
Hence I’ =I 


Unit-5 : Rotational Motion 
Difficult Moment of Inertia 


37. Fig. 28 shows a uniform ring of mass 2m; radius R. P and Q are two identical beads each of 
mass m. The ring-bead system is rotating about XOX’ as axis. The beads are moved to 
position P’ and Q’ as shown in Fig. 28. The change in moment of inertia of the sytem is 
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(1) zero (Incorrect) 
(2) mR?|sin* a +sin’B | (Correct) 
(3) mR*| cos? a.+cos’ B | (Incorrect) 
(4) mR’|sin* a +cos’ p | (Incorrect) 


Correct answer: (2) 
Solution: 


I = The initial M.I ofring-bead system 
=I, +1, +], =—(2m)R? = mR? 
~ -ring L P + Qo` A m) = 


I, and if is zero because beads are lying on the axis ofrotation. Their perpendicular distance from axis of 
rotation is zero. 


I’ = The final M.I ofring bead system 
= =(2m)R’ +m(R sin a) +m(R sinB) 
=mR*+mR’ (sin? a +sin? B) 
"Al = The change in M.I of the system 


=]- I=mR? (sin’o. + sin® B) 
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38. A uniform wire of length 2L, mass per unit length 1 is bent into a circular loop of 2 turns. 


The M.I of the loop about any tangent in its own plane is 














(1) 3AL 
An? 
AL 
(2) 7 
T 
E 
(3) 3 
T 
(4) AL? 
Qn’ 


Correct answer: (1) 
Solution: 
M = Total mass of circular loop = Mass of wire = 2AL 


Let r be radius of each turn of circular loop formed. Then 


2(2nr)=2L or r= 
T 


The M.I ofone turn about any tangent in its own plane. 


EOG] 


3M | aM L ) —3ML? 


2n g 161° 








4 4 


I = The total M.I of the two turn loop 








E 3ML? | 3(2LA)L° 3AL 
o= |ie | 8 CA? 
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39. Three thin rods each of mass m; length / are joined to form a hollow equilateral triangle 
ABC. The M.I of the system about an axis through centeroid O of triangle and perpendicular 
to its plane is same as M.I of ring of mass M radius ¢ about axis through its center and 
perpendicular to the plane of ring. Then 


(1) M=3m (Incorrect) 
(2) M= =m (Incorrect) 
(3) M=m (Incorrect) 
(4) M= = (Correct) 


Correct answer: (4) 

Solution: 

In Fig. 29 AB, BC and AC are the three rods. O 1s centeroid of the triangle. 
x = OD = OE = OF 

= Perpendicular distance of each rod from axis of rotation. 


From right angled triangle O A D 





x l 
—_=tan30° «. = —— 
(%) "9B 


Let I, be M.I of any rod about axis through O and perpendicular to plane of triangle. Using theorem of 
parallel axis. 


me? > më LÝ më 
I= +m/(x) = +m|—= | =—— 
12 12 I3 6 


mé" 








- I= The total M.I of the system = 31, = 


Given I = M% . Therefore, 


M==, 
2 
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40. 


A thin non-uniform rod OA oflengh L is placed along X—axis with one end O at origin of co- 
ordinates. The linear mass density 1 at a point distance x from O is 


À = Àx 


À, is a constant. The M.I of rod about an axis through its 














center of mass and perpendicular to it length is: Fig. 30 
ML’ 

(1) 9 (Incorrect) 
2ML 

(2) 9 (Incorrect) 
4ML 

(3) 9 (Incorrect) 
ML’ 

(4) 18 (Correct) 


Correct answer: (4) 


Solution: 


Let M be the total mass ofrod. Then 








L L 2 
KL 

[Adx=Agfxde= (i) 

0 0 2 C 
M- x > 

Let x be the position co-ordinate ofC.M, C ofrod. Then 1 Otd)» 

«KX == 

L L a 

Jxdm A fx’dx Fig. 31 

0 





YOY” is axis through C.M perpendicular to length ofrod. PQ is an elementary mass, dm, as shown in 
Fig. 31 
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dI =(dm)[X-x] =, ES J xdx 








L 2 4 2 
L ML 

t= f( =-= den = 
i 3 36 18 
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41. A uniform thin rod has mass M lengthL. I is M.I of rod about an axis through its midpoint 
making angle 9 with the rod. I vs 9 graph is 


I 
0 
-10/2 O T/2 
(2) 





O 0 
(1) 
I 
Dy. 
1/7 O 1/7 i -1/2 O 1/9 
(3) (4) 


Correct answer: (3) 
Solution: 


I= M.I ofrod about given axis is 


2 
= Me sin’ 0 
12 





I is Q graph is as shown in (3) 
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42. PQRS is a square lamina of side a. The M.I of lamina about XOX‘ as axis is I. The M.I 
about line CD as axis is 





Y 
D 
Xx’ X 
C 
(d) I - (Correct) 
(2) Icos @ Fig. 32 (Incorrect) 
(3) Ism@ (Incorrect) 
(4) Isin 9 cos 9 (Incorrect) 


Correct answer: (1) 
Solution: 


Choose X’ and Y” as shown in Fig. 33. Consider an elementary mass 


- 
.” 
2 


5m at pt P. Let co-ordinates of P be (x, y) in X-Y axis and be (x’, y^) 
in X’-Y’ axis. Obviously OA = x, OB = y, OA’ =x’; OB’ = y’. 


From Fig. 33 we have 


OA= OA, -A A’ 





= OA cos Q —PA’ sin 9 

or x=x cos@-y sing 
Similarly y =x’ sin 9 +y’ cos @ 

By definition, 

I= M.I about COX’ as axis = > (öm) y 


= > öm(x 'sin O + y'cos 0) g 


= > (Sm x ie )sin? 0+ » (Sm y” )cos’ 0+ 2. omx’.ysinO@cosO — a. (1) 
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By definition, 


i X m(x’); "=> Sm(y’) 


and I’ equals II” as the square is completely symmetrical about any two mutually perpendicular lines 
through center O. 


Also » om (x y ') = 0 . The body balances about its center of gravity O. Therefore 
» (Sm) g.y'=0 
We can rewrite Eqn. (1) as 


I= T (sin? 0 + cos? 0) =] 


Unit—5 : Rotational Motion 


Average Motion of Inertia 


43. A uniform sphere of mass M; radius R has a moment of inertia, I; about its symmetry axis. 
The shpere is reshaped into a uniform circular disc. The M.I of disc about a tangent 


perpendicular to plane of disc is ŠI . The radius of disc is 
5 


(1) = (Incorrect) 
(2) = (Incorrect) 
(3) = (Correct) 
o ® T 


Correct answer: (3) 
Solution: 


The symmetry axis of sphere is any diameter of sphere. Therefore 


Zin? l 
I==MR (i) 


A program to give wings to girl students 


Let r be radius of disc into which sphere 1s reshaped. Mass of disc 1s same as that of sphere 1.e. M. The 
M.I, I; of disc about given axis is 


Mr? 


I' = 





+MP = M” (ii) 
2 


, 3 
Given 1 = A I. Therefore 


(ime }=Emr 
2 5 


5 
2 
r=—R 
or 3 
Unit—5 : Rotational Motion 
Difficult Moment of Inertia 


44. A uniform wooden cylinder has mass M; radius R, length L = /3 R. Lis M.I of cylinder 
about an axis through its midpoint and perpendicular to its length. The cylinder is shaved 
reducing its radius till its mass becomes 50% of its earlier value. I’ is moment of inertia of 
cylinder now about same axis as beofre. The fractional change in M.I of cylinder is 


(1) -1 (Incorrect) 
(2) -0.5 (Incorrect) 
(3) -5/8 (Correct) 
(4) -5/16 (Incorrect) 


Correct answer: (3) 
Solution: 


I=M.Iofcyilnder about an axis through its midpoint and perpendicular to the length of cylinder. 


Mage 
4 12 


2 
23 2y 2 (Y3R 2 
(REY ul R OBR) |_ Mr? 
4 12 2 


* This expression ofM.I is given in list of M.I expression in main text. 
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Let r be radius of shaved cylinder. Then 


mass of shaved cylinder = = mass of given cylinder 
2 R 


2 
I = M.l of “shaved” cylinder about given axis. 


nr Lp = [RL] HE 





2 


2| 8 12 16 


4 12| 2/8 


2 
2 2 2 JIR 
MEEN R a _ 3 gp? 


AI = Change in M.I=I’—I = (=| MR? 


a2 Fractional change in M.I =— 3) 
I 


Unit—5 : Rotational Motion 
Average Moment of Inertia 


45. A uniform lamina of surface mass density o is cut into shape shown in Fig. 34. The M.I of 
the lamina about an axis through center O and perpendicular to plane of lamina is 














3nR*o 

(1) g (Incorrect) 

Fig. 34 

5SnR*o i 

(2) 4 (Incorrect) 
192R*o 

(3) g (Correct) 
192R*o 

(4) 16 (Incorrect) 
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Correct answer: (3) 


Solution: 


Let I, be moment of inertia, of the part ofradius R about given axis;. Then 





3 R? 3nR* 
I, -4 (m"a) E ]- r 2 


Let I, be the moment of inertia of the part of radius 2R about given axis. Then 





l 2R’ 
L = LCR) o| ; = 27R“o 


|= M.I of the given lamina; about given axis 


4 
=1, +1, -(2+2}mr‘s- a 
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46. 


A uniform wire of mass per unit length ), is used to make a wheel consistiting of a rim of 
radius R and 12 spokes joined together. The M.I of wheel about its symmetry axis is I. The 
same straight wire of length L has M.I; about an axis through its mid-point and perpendicular 


L 
to its length; as I. Then R is 


(1) (+2 (Incorrect) 

(2) (2+ 4)” (Incorrect) 

(3) 2(3m+2 ‘a (Correct) 
(3n+2) 

(4) > (Incorrect) 


Correct answer: (3) 
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Solution: 


Fig. 35 shows the wheel. The mass ofrim= M, = 27RA . Mass ofeach spoke = M, = RÀ . The symmetry 
axis is axis through center O and perpendicular to plane of wheel. The M.I., about symmetry axis. 


I=M,R’ +12 2M,R° | 
3 


4— Rim 


4 
=AR? | 2n+— 
3 | a (1) 
The M.I of the rod of length L; about given axis. 


l 


AL? Spoke 
— T 


I AL) C 


12 Fig. 35 


From Eqn. (1) and (11) we have 


AR: (et) AL 
3 12 





= =[4(6n+4)|* =2[3r+2]“ 
Unit-5 : Rotational Motion 
Difficult MI 


47. A uniform disc of mass M radius R has moment of inertia I about diameter XOX‘ as axis. 
1, 2 and 3 are chords passing through same point P on the disc. I, L, L is M.I of disc about 
1, 2 and 3 as axis. Then 





ly Lai, (Incorrect) 
2) 11 41, (Incorrect) 
(3) L<L>L (Incorrect) 
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Solution: 


Let h be perpendicular distance of point P from XOX’. Consider diameter X,OX; parallel to chord P1. 
The perpendicular distance of P1 from X,OX, ish’. Therefore 


I, = MR? +M(h') 











Similarly, 
2 
Ls MR + Mh? 
MR? 
and I, = +M(h") 


Since h'>h>h", therefore I, >I, >L. 
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48. In Fig. 38 AOB and COD are two sectors of circles of radius R, and R, joined at O. The 
surface mass density of the two parts is o, and o, respectively. The M.I of the two parts 


about an axis through O and perpendicular to their plane are equal. Then 





O] R, 
o ghk 
> GE o 
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3 Si | S| Se | In t 

(3) cs, (0, |R, (Incorrect) 
2 

ay le Ro, (In t) 

(4) RO, correc 


Correct answer: (2) 
Solution: 


The M.I; of sector OAB; [,, is 


0, \ TRIO, 52 | 8, no R 
r(e 5er- 5 | — (1) 


Similarly; the M.I of sector OCD; I; 1s 


2-22 


I (| no Ri sis 
2 50 ne n (11) 


Given LSL Therefore 


Deis 


o _(0,)(R.) 
O3 0, JR, 
Unit-5 : Rotational Motion 
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49. A uniform circular disc has radius R. A part of radius > has been cut- 


out as shown in Fig. 39. M is mass of annular disc. The M.I about an 
axis through O, and perpendicular to plane of disc is 
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23 
— MR’ 

(1) 4 (Correct) 
7 2 

(2) a~ (Incorrect) 
23 

(3) 39 MR’ (Incorrect) 
23 

(4) 39 MR (Incorrect) 


Correct answer: (1) 
Solution: 


Let M, be mass of complete disc of radius R. Its M.I; I, about axis considered is (using theorem of parallel 
axis). 


[ = 7 


2 





M R? R\ 3MR? 
Mmf )- i _ (i) 


M 
Let M, be mass of part of disc cut-out. Obviously M, = a . The M.I, L,, of this part about given axis is 


M, (RY MR 
2 > 2 3 L (11) 


The M.I, I; of the annular disc; 


23 


I=I,-], = 35 MR’ — (111) 
M M 4 
The mass, M, of annular disc is ™ = M) =3 Fa or M,= ~ 
Therefore, 
eee au R? -ŽS MR? 
32\3 24 
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50. A hemisphere of mass M; radius R is rotating about a chord parallel to its diameter at a 


perpendicular distance of = as axis. The radius of gyration about the axis of rotation is 


(Given center of mass of hemisphere is at a height of = from the base). 


(1) T (Incorrect) 
(2) = R (Correct) 
o = (incorrect 
(4) T5 (Incorrect) 


Correct answer: (1) 


Solution: 





Fig. 40 


Fig. 40 shows hemisphere XOX", is a diameter. The M.I, I, about XOX’ as axis = MR? . In Fig. 40, 
5 


G is position ofC.G. ofhemisphere X GX’ is axis through C.G. parallel to diameter XOX”. Let L be M.I 


about X GX" as axis. From theorem of parallel axis. 


2 
L =I, +m 


2 9 > 83 5 
I, =| —-—-— |MR* =——MR 
or g E 2) 300 (1) 
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In Fig. 40 AB is the desired axis about which radius of gyration, k is to be calculated. Let I, be M.I about 


AB as axis. From Theorem of parallel axes 


3R OBR) 
L =Ig+M| -2> 
2 g z R) 


-[ $ 12 IMR? =ŻMR? 
320 64 5 


Also I, = Mk’. Therefore, 
k= 2 R 
5 


Unit—5 : Rotational Motion 
Difficult 


51. A uniform cylinder lies on a horizontal surface and is free to 
rotate about its own axis. It is imparted an impluse by applying a 
force F as shown in Fig. 41. The cylinder begins to roll without 
slipping after the impulse has been imparted. M, R, and L denote 


mass, radius and length of cylinder. Then 


R 
ees 
(2) h=R 

L 
O t= 

R 
a = 


Correct answer: (1) 
Solution: 


Let I and J denote the linear and angular impluse imparted to cylinder. By definition. 


I, =| F.dt 
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Fig. 41 


(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


DO, Ov 
UDAAN 
J=[rdt=[(Fh)dt (ii) 
From Eqns (1) and (11) we have, 
J= (Ia ) xh n (11) 


Let v be the velocity of center of mass and œ the angular speed of cylinder, just after impluse has been 
imparted. Obrvously 


L= Change in linear momentum 
=(MV-0)=MV a, (iv) 


J = Change in angular momentum= [@—0 


=-MRe (v) 
2 
From Eqn. (11), (1v) and (v); we have 


ZMR? = MVh 


Also V = Ro; there is no slipping. Therefore 


h=+ 
2 
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52. A uniform disc of mass M, radius R is rotating in a horizontal plane about its own axis with 
a constant angular speed œ, . A ring of mass M ; radius x is initially at rest. The ring is 
2 2 


gently placed coincentrically on rotating plateform. The system starts rotating with constant 
angular speed œw. The loss in rotational K.E. is 


(1) zero (Incorrect) 
(2) =- (Correct) 
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MR o; 

(3) z (Incorrect) 
MR o 

(4) = (Incorrect) 


Correct answer: (2) 
Solution: 


Let I; J, and K, denote the moment of inertia; angular momentum and rotational K.E. of rotating disc. 
Then 


i MR’ a 
L=-MR*; J, =I, = 2 and kaL 
2 2 21 


1 





The ring has been placed on rotating disc and the system has accquired a stready state angular speed œ. 
Let I; J, and K, be the corresponding quantities for the system. Then 


2 2 
p= Lur [MR] -R 





2 8 
J,=Lo=J, (Law of conservation of angular momentum) 
2 2 
and ne Peas 
215. 2, 


fl 1 
AK = Change in rotational K.E. = K, - K, = a(t — = 
1 2 


-2 2 8 |- J; 
2| MR? SMR’| SMR’ 








— MR*o@, 
20 
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53. A uniform sphere of mass M; radius R has M.I, I about any diameter as axis. The sphere 
is recast into a cube. The M.I of cube about an axis through its mid-point parallel to any 
side of cube is 


(1) - (Incorrect) 
2) (n)71 (Incorrect) 
(3) (z) I (Correct) 
(4) I (Incorrect) 


Correct answer: (3) 
Solution: 


The moment of inertia, I, of sphere about diameter as axis 1s 


1=2MR? 
5 


Let L be the side of the cube formed when sphere 1s recast. Then 


M==R'p=Lp 


Ys 
At 
L=|—]/R 
o b-( 
I =M.. of cube about given axis 


-M S24 [MEM (42) 








12 6 6\3 

(at) x2 | Ae 

z= —| — x— | = — I 
6\ 3 2 3) 3(4)¥% 


7s 
TH s 
3| 6 
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54. The radius of gyration of a solid shpere of mass M, radius R about some axis is \/2 R . By 


what distance the axis of rotation be shifted so that radius of gyration becomes 2R? 


(1) V1.6R (Incorrect) 
(2) 3.6R (Incorrect) 
(3) (v3.6 a v1.6) R (Correct) 
(4) (v3.6 = v1.6) R (Incorrect) 


Correct answer: (3) 


Solution: 


Let I, be M.I ofsphere about axis having k, = J2R. Let h, be distance of the axis from a parallel axis 
through C.G. From theorem of parallel axis. 


M(J2R) =Ig+Mhi 


2MR* = MR +Mh; 


or h = [SR=VTER D (i) 


Let h, be distance of second axis from a parallel axis through C.G., so that I, = Mk; and k,=2R. 
Obvisouly 


M(2R) = =MR’ +Mh;> 


. h = [R= V36R = (ii) 


Change in position of axis of rotation. 
=h, -h, =| V3.6 - V1.6 |R 
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55. A thin rod AB of length 2Lis made up of two equal parts AO 
O 


and OB of different materials. 1, and à, is mass per unit 477" B 


lenth of the two parts of rod. What is moment ofintertiaof “—— 7 — 


rod about an axis through one end A and perpendicular to Fig. 42 

length of rod? 
[7 

(1) (A, +5A, ie (Incorrect) 
L? 

(2) (+7, a (Incorrect) 
L 

(3) (A, +4A, i (Incorrect) 
L? 

(4) (A, +7A, le (Correct) 


Correct answer: (4) 
Solution: 
Let I, be M.I of part AO about given axis. Axis passes through one end A 


of rod; therefore 


PAL 
er ear 





[=] m, =A,L] 


Let I, be moment of inertia of part OB of rod. Let L be M.I of part OB 
about axist through its midpoint O, and perpendicular to OB. Then 








2 3 
I aa es 
i 12 12 


From theorem of parallel axis 


2 2 
L=1, +m, (=) =m, SmE 
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= =m) = Lan 


I=M.I of complete rod about given axis. 


3 


=I, +1, = (M + Thy = 


Unit—5 : Rotational Motion 


Average 


56. Two identical solid spheres each of mass M, radius R are 
connected to one another by a thin rod of length 2/3 R as 


shown in Fig. 44. Mass of rod is 0.28 M. The M.I of the 
arrangment about an axis through midpoint of rod and 
perpendicular to its length is 


(1) 1.8MR° 
(2) 7.08MR° 
(3) 7.85MR° 
(4) 16MR° 


Correct answer: (4) 
Solution: 


I =M.I of rod about given axis. 
(2V3R | 
= 0.28M a | 0.28 MR? 


I, =M.I ofeach sphere about given axis. 
2 2 
==MR’ +M| (1+V3)R | 


= 0.4 MR? + 7.46 MR? = 7.86 MR? 


683 


UDOON 


A program to give wings to girl students 


Moment o f Inertia 


kK— 23R —i 
Fig. 44 
(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 
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I=M.I of the arrangment about gives axis. 


=], +2J, =0.28MR* +2x7.86 MR” 


=(0.28+15.72)MR° 
= 16 MR?’ 
Unit—5 : Rotational Motion 
Average Equations of Rotational Motion 


57. Auniform cylinder isrotating aboutis own axis with a constant angular speed œ. Very gently 
it is placed on a rough horizontal surface at t, . At t=t, it starts rolling without slipping. The 
rotational kinetic energy of cylinder at t,, t, and t, (>t,) is K,, K, and K, respectively. Then 


(1) K,=K,=K, (Incorrect) 
(2) K =K,K,=K, (Correct) 
(3) K,>K,>K, (Incorrect) 
(4) K,<K,;K, 4K, (Incorrect) 


Correct answer: (2) 
Solution: 


When rotating cylinder is gently placed on rough horizontal surface at t = t ; it mitally slips. But at t =t,, 
slipping stops. There is loss of energy due to friction between horizontal surface and cylinder 1.e K,<K.. 
At t> t,; the cylinder moves with speed it has accquired and its energy remains same as at t =t, Le 
K =K.. 

2 3 


Unit-5 : Rotational Motion 
Difficult Equation of Rotational Motion 


58. A wheel is free to rotate aboutits own axis. It starts from rest and has an angular acceleration. 
o=a-—bt 


a and b are constants. The number of revolutions it makes before it momentarily comes to 
rest and begins to rotate in a direction opposite to the earlier is 


(1) 7 (Incorrect) 
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2a 

(2) ae (Incorrect) 
2 3 

(3) a (Incorrect) 
3 

(4) os (Correct) 


Correct answer: (4) 


Solution: 


The wheel has a non-uniformly acceleration motion. Given 


2a 
œ = 0 att=t,, when wheel is momentarily at rest. Obvisouly t, = DS Let 0 be the angular displacement 
of wheel. We have 


dé bt? 

© = — = at - — 

dt 2 
0 t 2 2 3 
[do=| os dt or poe 
i 2 2 6 


2 2 3 3 
o(att=t,)= 21 2p -2(2) -2( 2) _ 24 
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UDGION 
Unit-5 : Rotational Motion 
Average Equation of Motion 


59. A motor of power 0.5 KW operates at a speed of 1500 r.p.m. under a given load. The motor 
drives a pulley of radius 50 mm using a belt. The difference in tension between the two 
parts of belt, in newton, is 


200 
(1) = (Correct) 
100 
(2) p (Incorrect) 
(3) 1007x (Incorrect) 
(4) 200r (Incorrect) 
Correct answer: (1) 
Solution: 
1500x2r 
Let t be the torque produces by the motor when rotating at œ= 1500 r.p.m. = ~o rod/s , 


We know 


P 
t@=P or T=— 


0.5x10° 


E p 2n] 
60 


= N-m 
Tt 


Let AT = T, —T, be the difference in the tension in the two parts of belt. R = radius of pulley. Clearly 
t=(T,-T,).R=(AT).R 


1O = (AT)x5x107 
TU 


2 
o AT= an newton 
T 
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UDGION 
Unit-5 : Rotational Motion 
Difficult Equations of Rotational Motion 


60. Athin rod OA of mass M, length L has a point mass m attached to its end A. The rod is in 
a veritcal plane in gravity of earth. The end O of rod is pivoted. The rod is free to rotate 
about a horizontal axis through O. The system is let go from rest in the position shown in 
Fig. 45. The intial angular acceleration of the arrangment is 








I 
i A 
| 
+ | 
ar 
oi 
| 
Fig. 45 
3g). 
(1) zg sin 0 (Incorrect) 
3m ) gsin@ 
(2) (== L (Incorrect) 
Ee m) gsinð 
(3) M L (Incorrect) 
3(M+2m) g sin 0 
(4) 2 (M n 3m) L (Correct) 


Correct answer: (4) 
Solution: | 


The torque, q, on the system is due to weight Mg ofrod and mg of point mass 
at A. From Fig. 46 


t = Total torque = Mg x CC, + Mg x AA, 





= ne sin 0 + mgL sin O 
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= eer gLsin ð = ee gLsinð 
2 2 
I = The M.I of system about horizontal axis through end O. 


- TMI +m = (mm) k 








t |3(M+2m) || gsin® 
The initial acceleration = % = 7 = so) L 


Unit-5 : Rotational Motion 
Difficult Equations of Rotaional Motion 


61. A uniform cylinder rolls down an rough inclined plane without slipping. Which of the following 
statements is incorrect? 


(1) Force of friction coming into play equals limiting value of friction. (Correct) 
(2) Force of friction does not act as a dissipative force. (Incorrect) 
(3) Rotational motion 1s because of force of friction. (Incorrect) 
(4) Total energy ofthe system is conserved. (Incorrect) 


Correct answer: (1) 


Solution: 
Force of friction coming into play is not necessarily equal to the limiting friction. It is f, 0 < f < f, . 


Friction does not act as a dissipative force. The loss in translation K.E., due to friction, is exactly equal to 
gain in rotational K.E., which is due to force of friction. 


Unit-5 : Rotational Motion 
Difficult Equations of Rotational Motion 


62. AB isa rod of length 2m. It is placed against a vertical wall with its end A is in contact with 
wall. The end B of rod (in contact with horizontal floor) is pulled along the floor with a 
constant speed of 0.5 ms. The speed of the end A of the rod when it makes angle of 37° 
with floor is 
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v=0.5ms" 





(1) 0.4 ms” Fig. 47 
(2) 0.3 ms” 

(3) 0.5 ms” 

(4) 0.67 ms" 


Correct answer: (2) 


Solution: 


Fig. 48 shows ladder when 9 = 37°. 
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(Incorrect) 
(Imcorrect) 
(Incorrect) 


(Correct) 


Let (x, 0) and (0, y) be the instantaneous co-ordinates of end B and A respectively. The length AB = ¢ of 


rodis (7 =x* +y" 


Differentiate w.r.t time (t) 


= 2| x+y 


dt dt 
dy __| x |dx | 
= dt yodt (1) 
dx x 0. 
Obviously ae Vs = 0.5ms “ (Given). Also 5 = cot 37 = T 


Therefore, velocity ofend A; v, is 


dy 
Va at 


a Vz = = 0.5=-0.67 ms 
3 3 


ON | CO 


Negative sign indicates that end Amoves vertially downwards. 
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Average 


63. A thin rod OA of mass M; length L is free to rotate about an 
axis through end O perpendicular to length of rod. A constant 
fore F is applied at the end A of rod such that F is always 
perpendicular to the original position of rod. The angular 
momentum of rod when it has rotated through an angle of 


30° is 


MFL 


V3 








Correct answer: (2) 


Solution: 


Fig. 50 shows instantaneous position OB ofrod when it has turned through 





Unit—5 : Rotational Motion 


an angle 9. The work done, w, on the rod by the applied force. 


0 
w= [(Fe cosð)dð [~ t=Fécos0] 
0 


= F/sin ð 


Let œ be the angular speed accquired by rod. From work energy theorem 


K = Rotation K.E. ofrod= w = F/sin@ 


The instantaneous angular momentum ofrod 
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Angular Momentum 


Fig. 49 


(Incorrect) 


(Correct) 


(Incorrect) 


(Incorrect) 


Fig. 50 
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3 e 
-J=/2JK= ~ sin 9 


Given 0 = 30°; therefore 


3 
ja FML 
3 





Unit-5 : Rotational Motion 
Average Motion of Rigid Body 


64. A cylinder rols up an inclined plane without slipping starting from the bottom of the inclined 
plane. It reaches up to some height on the plane and starts rolling down without slipping. 
The direction of force of friction acting on the cylinlder is: 


(1) up the inclined while ascending and down the inclined while discending. (Incorrect) 
(2) up the inclined both during ascent and descent. (Correct) 
(3) down the inclined both during ascent and decent. (Incorrect) 
(4) down the inclined while ascending and up the incline while descending. (Incorrect) 


Correct answer: (2) 
Solution: 


The linear acceleration or retardation of C.M during ascent and descent have same magnitude. This is only 
possible if direction of force of friction; f; coming into play 1s directed up the plane; both during ascent and 
descent. 


Unit—5 : Rotational Motion 


Average Equation of Rotational Motion 


65. A thin uniform rod AB of mass M; length Lis placed ona 


smooth horizontal table. Forces F, and F, are applied on F; ey 
rod as shown in Fig. 51. There is no rotational motion of 
rod. The linear acceleration of rod is A B 
O 
M— = — 
F, 


691 


(1) 


(2) 


(3) 


(4) 


Correct answer: (3) 


Solution: 


3E, 
M 


(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 


Since there is no rotational motion of rod; the net torque on rod about its center O; due to applied forces 


must be zero. Therefore, 


L 
E x— = F x— 
1 2 2 g 


or F, = 4F 


The net force on rod = F = at = 3F, 


The linear acceleration, a, ofrod is 


Difficult 


66. In Fig 52 pulley has mass M, radius R. A massless, inextensible string is 
wrapped around the pulley. m = = is attached to free end of string. The 


system is let go from rest. The linear aceleration of m is (there is no slipping 
between the string and the pulley). 


(1) g 


Unit—5 : Rotational Motion 
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Equations of Rotational Motion 


Fig. 52 


(Incorrect) 
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(2) 0.5g (Correct) 
(3) 0.67g (Incorrect) 
(4) 0.33g (Incorrect) 


Correct answer: (2) 


Solution: 
T 
Fig. 53(a) and (b) show free body diagram of mass m and pulley respectively. 
T is tension in string. Let a be linear acceleration ofm. Its equation of motion is 
ma=mg-T m (1) | 
Ma M 
ee e mg T 
sa 2 2 a (a) (b) 
Let a bethe angular acceleration ofpulley. Equation ofrotational motion of Fig. 53 
pulley is 
Ia=t or SMR’) a-=TR i 
ee eee (11) 
Since there is no slipping between pulley and string; 
a=RaqQ © ene (111) 
From Eq ns (1), (11) and (11) we have 
a= 
2 
Unit-5 : Rotational Motion 
Difficult Equations of Rotational Motion 


67. Fig. 54 shows a cylinder of mass M = 4m placed on a rough horizontal surface attached to 
mass m; and a massless, inextensible string passing over a massless pulley. The system is 
let go from rest. There is no slipping; the acceleration (linear) of mass m is 


Fig. 54 
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(1) : (Incorrect) 
8 

(2) 5 (Incorrect) 
4g 

(3) 5 (Correct) 
3g 

(4) = (Incorrect) 


Correct answer: (3) 


Solution: 3 
Let abe linear acceleration of mass m and T the tension in 
string. f is force of friction coming into play between table T i 
top and cylinder. Let œ be the angular acceleration of E 
cylinder. The linear acceleration of C.M of cylinder also 1s a. 2 
Fig. 55 (a) and (b) show free-body diagram of mass m and F 
cylinder. The equations ofmotion are: 
mg 4 mg 

mg-Tsma a (1) (a) (b) 

T-f=4ma 00 (11) Fig. 55 

(T+f)R=lo (iii) 
Since there 1s no slipping; 

a=RO ae (iv) 
From above equations; 

mG 

5 8 
Unit-5 : Rotational Motion 

Difficult Equations of Motion 


68. A body of circular cross-section starts from rest from top of a rough inclined plane of 


inclincation 30°, vertical height 0.875 m; u, = 0.3 . It rolls down without slipping; reaching 


694 


the bottom of inclined in 1 s. The shape of body is (g = 9.8 ms) 


(1) Ring 
(2) Disc 
(3) Hollow sphere 
(4) Solid sphere 
Correct answer: (4) 
Solution: 
The slant side, ¢ ; of inclined plane is 


h 


(ac = 2x0.875m =1.75m 
sin 30 





B80 or 
l 


Let a be the linear acceleration of center of mass of body. Given 


u=0;S= ¢ =1.75m;t= 1s;a=? 
l 2 
. 1.75 =—~xax (I) 


or a=3.5ms* an (i) 


Let I be the M.I ofthe body about axis through its center of mass. We know 


gsin ð 





4.9 
I=mR?’| — -1 
i FE | 


=k 
5 


The body is a solid sphere. 
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(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 


UDGION 
Unit-5 : Rotational Motion 
Difficult Equations of Motion 


69. A body slides down a smooth iniclined plane of inclincation 30°, vertical height, h. It starts 
from rest from the top and accquires a speed v, on reaching the bottom of inclined plane. 
The body is recast in the shape of a uniform disc. The disc starts from rest from top of an 


identical rough inclined plane ( u= 0.2) as before. It rolls down without slipping. It accquires 


M 
a linear speed v, as it reaches the bottom of the inclined plane — is 
1 


(d) 1 (Incorrect) 
2 

(2) 3 (Correct) 
2 

(3) 5 (Incorrect) 
2 

(4) 7 (Incorrect) 


Correct answer: (2) 


Solution: 


The acceleration of body down smooth inclined plane is g sin 8. The speed v, is 


vi=V2gh a (i) 


Let a be the linear acceleration of C.M of circular disc as it rolls down the inclined plane. Then 


| — 

pos an 
la| 3 

2 


1+ my 





The speed, v, as it reaches the bottom of inclined plane is 
v= 2( Zesino } 
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=— gh [7 h = ¢sin 0] 
ee 4 2 wx al 
v; 3x2 3 V; 3 


Unit-5 : Rotational Motion 
Difficult Equationsof Rotational Motion 


70. A massless, inextensible string is wrapped around a solid cylinder of mass M; radius R. 
The string is pulled up vertically to prevent the center of mass from falling down as the 
string unwinds itself. The work done by the applied force when cylinder accuires angular 





speed œ; is 
(1) MR'o’ (Incorrect) 
MR”œ' 
(2) -3> (Incorrect) 
MR”œ 
(3) 4 (Correct) 
2MR°o, 
(4) 3. (Incorrect) 
Correct answer: (3) 
Solution: 
Fig. 56 shows cylinder with vertical string pulled up by a force F. As C.M of cylinder F 
is at rest; F = Mg. The torque; t ; due to applied force about O is 
t= F.R = MgR 
, , MR’? 
The M.I of cylinder about its symmetry axis = | = 
Mg 
E E TT cae 
a = The angular accleration of cylinder = 7 = — Fig. 56 
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Let 0 be the total angle describe by cylinder as it accquires angular speed œ, . Then 


œ —(0) -2(22 Jo 





The work done = t.0 
—_ MR’o; 
4 


Alternately, 


w = Change in rotational KE = (5 MR’ | O = Z MR?o; 


N| = 


Unit-5 : Rotational Motion 
Difficult Equations of Motion 


71. A uniform disc of mass 1.2 kg radius 200 mm is rotating about its own axis with an angular 


600 
speed of pg r.p.m. It is gently placed on a rough horizontal surface (u = 0.15) . The disc 


comes to rest in 


(1) Is (Incorrect) 
(2) 1.5s (Incorrect) 
(3) 2s (Correct) 
(4) 3s (Incorrect) 


Correct answer: (3) 
Solution: 


dx 
There is an external torque t , on disc due to friction between horizontal surface 
and disc. To calculated t consider an elementary ring of radius x thinkness 

dx. The mass, dm; of ring considered. 


Fig. 57 
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mE (man 


(3) 


dt = Torque on elementary ring about center O 





=u(dm)g.x = ENE a 


R 
t = The total torque ondisc ~ | i 
0 


_ 2uMgR 
3 


Let a be angular retardation of disc 


R 
2uMe — 
T j 53 4ug 
Q = - =—_— = —— 
I MR 3R 

2 





Let œ, be initial angular speed of disc. Then 


w = 0; = ; t=? 
3R 
30,R 
0=0 -0t or t=% -t 
a  4ug 
Given ®, = eer = eee a s'=20rads' 
T Tx 60 


R =200mm=0.2m; uw =0.15; g =10 ms” 


= 3x20x0.2 ! 
4x0.15x10 


=25 
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UDGION 
Unit-5 : Rotational Motion 
Difficult Equation of Rotational Motion 


72. A hollow sphere of mass M = 6m; radius R is filled with water of mass m. It is rolling 
without slipping on a rough horizontal surface. The linear velocity of the system is v. The 
energy of the arrangement is 


(1) 4mv (Incorrect) 
(2) 4.5 mv’ (Incorrect) 
(3) 5.0 mv’ (Incorrect) 
(4) 5.5 mv’ (Correct) 


Correct answer: (4) 
Solution: 


The sphere has energy K, due to both rotational and translation motion. Obvisouly 


Ree om o? +~(6m)v? 
Zio 2 


Since shpere rolls without slipping. 
v= Ro 
K, = AES om? +3mv =5mv 
213 
The water inside sphere has only translational motion. Its energy K, is 
l 2 2 
K, = eae = (0.5 mv 


K = The total energy ofthe system. 
=K +K =5.5 mv’ 


Unit-5 : Rotational Motion 
Difficult Equations of Rotational Motion 


73. A uniform disc is revolving around its own axis. Due to friction at the axis; it experiences 
an angular retardation directly proportional to its instantaneous angular speed. It makes z 
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revolutions when its angular speed becomes 50% of its initial value. How many more 
revolutions it will make in coming to rest? 


(1) z (Correct) 

(2) 2z (Incorrect) 

(3) : (Incorrect) 
3Z 

(4) 5 (Incorrect) 


Correct answer: (1) 
Solution: 


Let a and œ denote the instantaneous acceleration and angular speed of disc. Given 


a =— =-ko 
dt 


where k is a constant. Therefore 


dd 
We know ®= a Therefore 


dO0=«,e “dt 


GE fao = o feat 
0 0 


0 == [1-e™] 


n= Number of revolution completed in time t. 


6 P i 
-a a (i 
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z. Wo — 
Let am att=t, 
From Eqn (1) we have 
-k + 


w -k 
=e" or e 
2 


From Eqn (11) we have 





n=z= e 


Let N be total number of revolutions made by wheel in coming to rest, 1.e. t + oo. From Eqn (1) 


N =o. = 
27k 





The additional number of revolution mode =N -n 


=27-Z=Z 
Unit—5 : Rotational Motion 
Average Conservation of Angular Momentum 
74. Asmall sized ball A of mass m moves on a smooth horizontal A v 


table P with a speed v. O is a fixed sphere of mass M and ses a ie 
radius R capable of rotating about a diameter as axis. The SP EL 
ball A jumps from P, comes in contact with sphere and rolls 
over it without slipping and then jumps to table Q. The linear 


M 
speed of ball on table Q is v,. Then 7 is Fig. 58 


1 











(1) M4m (Incorrect) 
m 

(2) m+2M (Incorrect) 
2m 

(3) M+3m (Incorrect) 
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5m 


(4) a (Correct) 


Correct answer: (4) 
Solution: 


Regarding ball and sphere as a system; there is no external force and therefore no external torque. The 
angular momentum of system is conserved. Let v, be linear speed of ball as it jumps off to table Q from 
sphere. Let œ be angular speed accquired by sphere. Since there is no slipping between A and sphere, 


v, = Ro. Using law of conservation of angular momentum (Take angular momentum about point O). 


mv,R = =MR*o+mv,R 


mv,R = =MR° (2 +mv,R 


cae 
Mv, = ao V, 


Vv om 
v, 5m+2M 
Unit-5 : Rotational Motion 
Average Angular Momentum 


75. A thin rod A of mass M, length L fits into a hollow tube (thin) B ofmass Y 


M 
z and length L as shown in Fig. 59. The arrangment rotates with an 


angular speed œ, about YY as axis. Due to rotation A start slipping 


through B. The angular speed of the arrangment when A is just about to 
come out of B is 








Fig. 59 
Wo 
(1) T (Incorrect) 
20 
(2) 1 i (Correct) 
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40, 
(3) (Incorrect) 
13 
2 
(4) 1 7 (Incorrect) 


Correct answer: (2) 


Solution: 


There is no external force and therefore no external torque. The angular momentum of system is conserved. 


L = The initial angular momentum= 1,0, 


I/M l AML? 
L =I, +I, -1M esime = 





3 3 9 
4ML © y 
M a ———C pene (1) o 
9 B 
A 
Fig. 60 shows the system when rod A is about to emerge out of B. Let I, be 
M.I of, arrangement about Y Y” as axis. 
2 
L -1(2)p- pee (=) ü Fig. 60 
ches. 12 2 
- ME 
9 


L, = The final angular momentum of the system 
22 
= Lo= > Mo P (ii) 


From law of conservation of angular momentum L, = L, . Therefore 


2 
4ML os 22ML o or =o. 
9 9 11 
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Unit—5 : Rotational Motion 
Difficult Equations of Rotational Motion 


76. A cylinder of mass M; radius R is set into motion on a rough horizontal surface with a linear 


z 
speed v, in forward direction and an angular speed of on in anticlockwise direction. u is 


coefficient of friction between cylinder and horizontal surface. The linear speed of cylinder 
when it starts rolling is: 


Vo 

(1) > (Incorrect) 
Av, 

(2) Eg (Incorrect) 
5V9 

(3) 7 (Incorrect) 
TV 

(4) E3 (Correct) 


Correct answer: (4) 


Solution: 


Given ®) = an . Since v) # Ro; the cylinder slips an horizontal surface. Consider motion about an axis 


fixed to ground and passing through the instantaneous point of contact of cylinder with ground. There is no 
net torque about this axis; therefore angular momentum is conserved. Let v and œ denote the linear and 
angular speed when cylinder stops slipping 1.e. it starts rolling. Then 


SMR’ Jo, +Mv,R = EMR’ Joos MvR 
2 2 


+ MR?| 2° |4Mv,R =ŁMR? |% |+MvR 
2 3R 2 R 


TMv,R _ 3MvR 
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Unit—5 : Rotational Motion 


Difficult 


Equations of Rotational Motion 


77. A uniform “Catherine Wheel” consists of many thin circular turns of a combustible material. 
The wheel is free to rotate about a vertical axis through its center in a horizontal plane. The 
combustile material burns at a constant rate œ producing a constant thrust F acting in the 
tangential direction. The speed, œ, accquired by wheel, starting from rest, when its radius 
is half of the initial value R is (M, = Initial mass of Catherine wheel) 








4tFoR 
(1) M,a 
2TFR 
2 
D Ma 
2nFoR* 
D Ma 
4nrFo 
4 Tacka 
4 Mo 


Correct answer: (1) 


Solution: 


(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


Let M be the instantaneous mass of wheel when its instantaneous radius 1s r. Then 





2 2 
oe (=| or M=M, (=| mes (i) 
M, R R 
The instantaneous M.I, of wheel about axis ofrotation. 
4 
ea = Mor , 
2 2R 


The instantaneous torque = q = F.r 


The instantaneous acceleration 1s 


_d@ t 2FRf g 
t I Mr — (11) 
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We have M=M, -at or mro=nR’o-at 


rr =R? -(=} 
TO 


where o = mass per unit area of wheel. 


Differentiate w.r.t time (t) 
5 dt 2) 
dt TO 


dr _ a 
= dt 2Tro 





From Eqns (11) and (11) we have 





do do aa a je 





dt dr’dt  \2nor) dr 

4nFoR* 

do =-——— ar 

Mar 
Integrating we have 
¢  4nFoR? 
fdo a ———— |r “dr 
0 M o0 R 

_ 4nFoR 
M,a 
Unit-5 : Rotational Motion 

Difficult Equatinos of Rotational Motion 


78. Fig. 61 shows a parabolic track y = kx’; The part AO is 
frictional and part OB is smooth. A cylinder of radius R; mass 
M, is let go from rest from point P. It rolls down AO without 
slipping. It ascends on the other side of track up to point Q. 
There is no loss of energy when cylinder moves from part 
AO to OB at point O. Then 
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m ee 
o h= HER 


Correct answer: (1) 


Solution: 


Let v and œ be linear speed of C.M and angular speed of cylinder at O. From law of conservation of 


energy. 


Loss in gravitational P.E. = Gain in K.E. 
l <> 1/1 aia 
Mg(H -R) = — Mv +—| —MR< jo 
2 22 
Since there is no slipping v= R œ. Therefore 


2 
Mg(H-R)=—Mv? +Z MR? z) 


or v -t8(-R) _ (i) 


Since the part OB of track is smooth; as cylinder climbs up it losses translational part of its kinetic energy. 


The loss in translation K.E equals gain in gravitational P.E. Therefore 
hcg 
A Mv = Mg (h — R) 


or y? =2g(h-R) e (11) 


From Eqns (1) and (11) we have 
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4g(H-R 
E ) _28(h-R) 
3 
(2H+R) 
or = ————_— 
3 
Unit—5 : Rotational Motion 

Difficult Equations of Rotational Motion 


79. A uniform cylinder of mass M, radius R is rotating about its own axis with a speed ofn r.p.s. 
It is gently placed against a corner as shown in Fig. 62. Coefficient of freection between 
walls and cylinder is u. The number of revolutions completed by cylinder before coming to 


rest is 
a 

mR(W + 1) 

(1) l6nug(u+1) Fig. 62 (Incorrect) 
n’R (p? +1) 

(2) 327°ug(u +1) (Correct) 
n'R(u+1) 

(3) Iny gp? +1) (Incorrect) 
n?R? (p? +1) 

(4) 32m pg (u +1) (Incorrect) 


Correct answer: (2) 


Solution: 


The forces acting are shown in Fig. 63. There is no translational motion 


therefore. 
Ntb =Mo es (1) 
and N,=uN, eee (11) 
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From Eqns (1) and (11) we have 


= Mg and y, = tM 
uo +1 uo +1 








1 


Taking torque of forces about O. 


t=(f,+f,)R= 





BluHD op m 
lil 


(u? +1) ski 


t 1s 1n clockwise direction. 


Let a be the angular retardation. Then 


SMR’ Ja =T 
2 


q- Zhe (e+) | 
(uw? +1)R — (iv) 


Grad 27m; o=0; a=- 


7 n? R(w +1) 
~~ 16ug(u+1) 


9 n° (p° +1)R 


The number of revolution = = r = 32m°pg(p +1) 


Unit—5 : Rotational Motion 


Average 


Equations of Rotational Motion 


80. A thin uniform rod OA of length L, mass M is pivoted to ground at end O in a vertical plane. 
The rod is free to rotate about a horizontal axis through O. It is released from rest in 
position OA. When it is in position OB, the angular speed of rod is 
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(343 — 1) g í 

(1) aL (Correct) 
(343 — 1) g É 

(2) L (Incorrect) 
(3-1) 

(3) | op (Incorrect) 

K 

(V3-2)g 

(4) | 7 (Incorrect) 


Correct answer: (1) 
Solution: 


The loss is gravitational P.E in moving from position OA to position OB. 
= Mg=[cos 30—cos 60] = ae NS — 1| 


This energy is converted into rotational K.E. ofrod. Let œ be angular speed ofrod in position OB. 


l 1/1 
Gain in rotational K.E = 5 Io” = 5 E ML’ | a 


From law of conservation of energy 
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